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The de Haas-van Alphen effect for a system of interacting fermions is investigated. It is shown that, 
granting certain analytic properties (which were used before in establishing the existence of a Fermi surface, 
and which have only been established in the sense of perturbation theory), it is possible to obtain a simple 
expression for the oscillatory part of the thermodynamic potential. In particular, one finds that the de 
Haas-van Alphen oscillations have the same amplitude and period as in the usual quasi-particle picture, but 
that the phase is given by a more complicated proceedure. 


I. INTRODUCTION 


| iy a recent paper! we have studied some properties of 
a 


system of interacting fermions, which are related 

to what might be called the “single-particle” aspects of 
such a system. These included the existence of a sharp 
discontinuity in the momentum distribution, defining 
the Fermi surface, and simple formulas for the heat 
capacity and spin paramagnetism in terms of certain 
effective single-particle excitation energies. The tech- 
nique used for studying the effects of interaction among 
the fermions was that of Luttinger and Ward.? The 
existence of these single-particle properties is related to 
an analytic property of the single-particle propagators 
which appear in LW. This property has only been 
established on the assumption that one may expand 
certain quantities in powers of the interaction strength.® 
In this paper we shall continue to assume this analytic 
property, and use it to investigate the response of an 
interacting many-fermion system to an external homo- 
geneous magnetic field. As is well known,‘ the inde- 
pendent-particle model leads to what is known as the de 


*This work was supported in part by the Office of Naval 
Research. 

1 J. M. Luttinger, Phys. Rev. 119, 1153 (1960). We shall refer to 
this paper as I. 

2 J. M. Luttinger and J. C. Ward, Phys. Rev. 118, 1417 (1960). 
This paper will be referred to as LW. We shall use the notation of 
I and LW as far as is practical. 

3 J. M. Luttinger, Phys. Rev. 121, 942 (1961). 

4 See, for example, A. H. Kahn and H. P. R. Frederikse, Ad- 
vances in Solid-State Physics, edited by F. Seitz and D. Turnbull 
(Academic Press, New York, 1959), Vol. 9, p. 257; A. B. Pippard, 
Reports on Progress in Physics (The Physical Society, London, 
1960), Vol. 23, p. 176. 


Haas-van Alphen (DHVA) effect: namely, that the 
magnetization is not a monotonic function of the field 
strength H, but undergoes oscillations when viewed as 
a function of 1/H. The period of the oscillations is re- 
lated to a purely geometrical property of the Fermi 
surface (FS).° Similar oscillations occur in other physical 
properties such as the heat capacity, the magneto- 
resistance, the Hall coefficient, etc. For simplicity we 
shall refer to these collectively as DHVA oscillations. 
What we shall show here is the following: given the 
basic analytic properties of the propagator which have 
been established to arbitrary order in perturbation 
theory, the DHVA oscillations are again present in the 
equilibrium phenomena. More specifically, it is shown 
that the entire oscillatory behavior of the thermo- 
dynamic potential 2 (of the grand partition function) 
has exactly the same form as one would get if one as- 
sumed that the elementary excitations introduced in I 
behaved just like independent particles in a magnetic 
field. From this expression, the DHVA oscillations of the 
magnetization or heat capacity can be calculated by the 
usual formulas. 

In Sec. II, the part of 2 responsible for the DHVA 
oscillations is isolated and expressed in terms of the true 
single-particle excitation energies in a magnetic field. In 
Sec. III the single-particle propagator is studied in 
detail. In particular, the gauge invariance of the original 
Hamiltonian is shown to determine the essential prop- 
erties which we need. The true single-particle energies in 
5 The general treatment for an arbitrary Fermi surface is found 
1986). Lifshitz and A. M. Kosevich, Soviet Phys.—JETP 2, 636 
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an external field are then shown to be, to the accuracy 
required for the DHVA effect, just what one would 
expect for quasi-particles of charge e in the external 
field. 


II. OSCILLATING PART OF THE THERMODYNAMIC 
POTENTIAL 


From (1.75) the thermodynamic potential Q is given 
by 


1 
2= we > Tr{infe+G(¢)—f7] 
+5" ($)G(F)} exp(F0*)+0'{G}, (1) 


0'{G} = [contribution of all closed-linked skeleton 
diagrams, but with S,(¢1)6,," replaced by 
Ser’ (1) J. (2) 


S’(¢) is the matrix propagator and G({;) the matrix 
proper self-energy part, related by 


S’(§) = 1/Ki-« -G (6) J, (3) 


where ¢ is the unperturbed single-particle Hamiltonian 
of the fermions. The matrix propagator formalism of I is 
necessary because in the presence of an external mag- 
netic field the translational invariance of the interaction 
no longer insures that an incoming line in a propagator 
has the same quantum numbers as an outgoing one. 
Further we shall also be interested in the case of elec- 
trons in an external periodic potential as well as the 
external magnetic field and the interaction, and for this 
situation the matrix propagators are of course necessary. 

To isolate the oscillatory part of (1) we have to 
consider some orders of magnitude. There are three 
relevant energies in our problem: the chemical potential 
u, the thermal energy &7, and the magnetic energy 
w=eH/mc. (Units such that #= 1 are chosen throughout 
this paper.) The range of interest for the DHVA effect is 


kT, wKuy, (4) 


and kT not exceeding w in order of magnitude. The 

leading term in the DHVA effect is the one which we 

obtain by dropping corrections in (k7/)*, and powers 

of w/u beyond the first which is necessary to give an 

effect. The ratio kT/w is not assumed small, however. 
Let us write G as follows 


G=Got+Gr+Goeee- (S) 


In (5), Go means the part of G which is field dependent 
but has no explicit DHVA oscillations in it, taken at 
absolute zero. Gr is the first temperature correction to 
this. By the usual Sommerfeld treatment of the integrals 
arising in Fermi-Dirac statistics, one easily sees that 


Gr~ (RT/u)’Go. (6) 


Gose is the leading oscillatory term of G, in the sense we 
have been discussing. It is not difficult to see that 


Gose™ (w/p)'Go, (7) 
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under the conditions given above. This is done in detail 
for a simple case in Appendix A, but the result is quite 
general, and obtained by essentially the same method. 
Therefore, 

Gose/Gr~ (w/kT)?(u/w)* >A, (8) 


so we may drop Gr for our purposes. 
Further, by the stationary property of the expression 
(1) for 2, viewed as a functional of G, we have 


—1 
Q=— ¥ Tr{ln[e+Go(¢)—£:.J+S0' (¢)Go(E)} 
ee. 


Xexp(¢0*)+0'{Go} +O(Gos2). (9) 
In (9), 
Soli) =1/[hr— <— Golf). (10) 
Again, consistent with our assumptions, we can drop the 
last term in (9). This is because it is O[ (w/u)* ]. The rest, 
as we shall see, gives rise to conventional DHVA 
oscillations in 2, which are of order of (w/u)!. [See, for 
example, reference 5, Eq. (2.17). | Therefore, the leading 
term of the DHVA oscillations is contained in 


—1 
Q=— ¥ Tr{infe+Go(¢)—f1) 
i 


+So' (&)Go(F1)} exp(¢0*)+0'(G). (11) 

We next have to consider the oscillatory contribution 
of 2’ to (11). This can only come from summations in 
the intermediate states over the propagators Sy’. Now 
these oscillations are a nonanalytic type of behavior in 
magnetic field, the argument of the trigonometric func- 
tions containing 1/H.* Therefore, they can only come 
from places where some S)'({:) becomes a singular 
matrix. Just as in the case of a simple diagonal propa- 
gator this only happens when {; is very near wu. Go(f;) can 
be resolved into an Hermitian and anti-Hermitian part, 
the anti-Hermitian part being positive definite and ap- 
proaching zero as ({;—)? for ¢; near u.* This means that 
except for ¢; near pw, {:—€—Go(¢1) cannot vanish and So’ 
cannot be singular. Therefore, the contribution of 2’ to 
the oscillatory behavior of 2 only comes from a little 
region of each line close to u. Since we are interested in 
the leading term of the oscillatory behavior, it is ob- 
tained by taking this contribution in any diagram once 
from each line and ignoring it from the rest of the lines 
in a diagram. Therefore, the oscillatory behavior of 2’ 
is the same as that of? 


1 
Tr! - > So’ (END (E,) exp(¢ 0") | 
lg l 


(12) 


where D({;) is the matrix we get by opening a single line 

6 These results on G(¢7) follow in almost identical fashion to the 
corresponding ones* for a simple propagator. 

™ The factor exp(¢,0*) in (12) is only necessary for those con- 
tributions which lead to a D(¢,) independent of ¢;. It comes be- 
cause in those diagrams there is the prescription in the original 
formalism that for a disconnected propagator (not connected to 
others by ¢; summations), we must multiply by exp(¢,0*). 
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in all possible ways for the closed-linked skeleton dia- 
grams, dropping all oscillatory contributions. But this 
is just Go(¢.). Therefore, the oscillatory part of 2’{Go} is 
contained in 


1 
| Dd So’ (F)Go(F1) exp(F 0") ; 
Bi 
Combining (13) with (11), we see that 


1 
1 part |-- Tr > Alnfe+Go(F)—f£1)} 


xep(t | (14) 


osc part 


The reasoning which leads from (11) to (14) is, inci- 
dentally, formally identical with that which leads to the 
expression (1.44) used to compute the first term in the 
temperature dependence of Q. 

We shall drop the notation ‘‘ose part” from (14) from 
now on, it being understood that the equation is only 
valid for the computation of the oscillatory part of ©. 

Just as in I, let us introduce the characteristic values 
of the matrix e+Go(¢1), which we shall call Z,(¢,). Then 
(14) becomes 


1 
Dae & eplE 0") inl LF) Fe) (15) 
HS or l 


By means of the usual argument of LW (Appendix 
A), we may write (15) as 


4 dx 1 
%=-> f — —{In[O,(x)—x+iJ,(x) ] 
r » 2») +1 Qt 


—In[Q,(x)—x—iJ,(x) ]}, (16) 
where 
lim L,(a—in)=Q,(x)+iJ,(x). 


n o0+ 


(17) 


J (x) is non-negative and behaves like (x—y)* as x 
approaches uw. Therefore, in the neighborhood of yu 
(which is the part we need for the oscillatory behavior) 
J (x) approaches zero, and we may write from (1.49) 


» dx 


9=-5 f —0(x—-0,(x)), 
7 J, ew] 


a(/)=1, 
=0, 


(18) 


where 
i>0 
t<0, (19) 
Let us introduce as usual the “single-particle excita- 
tion energies” E, by 
E,—Q,(E,)=0, (20) 
Then 


6(x—Q,(x))=0(«—E,), (21) 
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and (18) becomes 


dx 
Q=-—)> — = —— >) In(i+e%-*"), (22) 
, , claw +] Br 
The expression (22) is exactly the thermodynamic 
potential for a collection of independent fermions with 
the energy levels £,.' It only remains to investigate 
these levels for our case. 


III. SINGLE-PARTICLE EXCITATION ENERGIES IN 
THE PRESENCE OF A MAGNETIC FIELD 


To study the effect of an external magnetic field on 
the single-particle excitation energies, it is necessary to 
study the field dependence of the propagator. To do this 
we shall make use of the gauge invariance of the entire 
theory. That is, if the vector potential A is replaced by 
A’, where 


A’=A+¥x (23) 


(x being any scalar function of position), all physical 
results are unchanged. In particular this means that the 
energy levels EZ, must be invariant under the trans- 
formation (23). This in turn means that the “Hamil- 
tonian” e+Go(f1), from which the EZ, are computed, 
must be a “gauge-invariant”’ operator in the same sense 
as any single-particle Hamiltonian for a particle in a 
magnetic field. We now make this statement more 
precise and prove it. 

It is convenient to work in the coordinate representa- 
tion. For this representation the total Hamiltonian of 
the system takes the form 


1 
x= fox Wo! (x)ev.(x)+- [ exdx’ v1") 
) 


XVeorarta (X,X Warr (X’ Wor (x). (24) 


vt 
) are summed 


Here repeated spin indices (¢,0’,0',¢ 
OVET. Use'e’’’’(X,X') is the interaction between a pair of 
particles (assumed velocity-independent for simplicity 
of writing). «€ is the Hamiltonian of the individual 
particles. For the case of a particle of mass m, charge e, 
magnetic moment ys, spin 4, moving in an external 
periodic potential U and external magnetic field H, we 
have 

[p—(e/c)A P 
é= 4 +U—psl-o, (25) 
2m 


where @ is the Pauli spin matrix vector. 

Next we need the matrix propagator in the coordi- 
nate representation. That is, we need to investigate 
S’(xo,x’o’; £1). As is convenient for such general dis- 

8’ We emphasize again that expression (22) is only valid for 
calculating the oscillatory part of Q. 
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cussions, we write this as® 


8 
S'(xo,x'o';3)= f et§’ (xo,x’o’; u)du, 


S’(xo,x’o’ ; u)= Tr{exp[ B(Q—H+puN) | 
XT ar" (x’,u)Wo(x) )}, 


where 
T (Wart (x’; uo (x) P= at (x’ a) (x), 
= —o(x)Wor" (x’,u), 


u>0 
u<0, (28) 
and 
Wort (x’,u) =exp(Ku)yat(x’) exp(—Hu). (29) 
Under the transformation (23), H goes over into H’. 
As one sees immediately, H’ is given by the same ex- 
pression (24) as H, where we have replaced ¥,(x) by 


Yo (x) =~ Ke Ox(@Y, (x), (30) 
It may be verified easily that y’ and y satisfy the same 
commutation rules so that they are related by a 
canonical transformation B: 
We! (x) = By. (x) B-, 
5’ = BR B-, 
Therefore we have 
[.S’(xo,x’o’ ; #) Jarvy 
= Tr{exp[6(Q—KX’+uN) | 
X T (exp(5'u)yp./* (x’) exp(—3’u)y (x) )} 
= Tr{exp[8(Q—H—pN) |T (exp(Ku) By," (x’)B 
Xexp(—I3u)BYy,(x)B)}. (32) 
However, from (31) and (30) we have 


B-Wy, (x) B= ei! 
B-y,*(x’)B=e 


(33) 
(34) 


PY 4 (x), 
c) x yt (x’), 
Therefore (32) becomes 
[.S’ (xo,x’o’ ; u) |a +Vx 

= et [x@)—x21§"(xo,x'o’; ula, (35) 
or 
LS’ (xo,x’o"; £1) Jarex 


= eile lx-x21[$"(xa,x/0"; £1) Ja. (36) 


Now suppose we view S’ in operator form expressed 
somehow as a function of the operators p, r and of 
course the spin variables «. Write 


[S’]a=S'(p,r,0; A,H), 
CS" Jaivy= 5S’ (p, r, 0; A+ Vx, 35C). 
(36) tells us that 
S'(p, r, 7; A+Vx, H) 
= ei+lOx$'(p.r,0; A,H)e-ie/oxn 
S’(p— (e/c)¥x, r, 0; A, A). 
® This representation, which is well known from field theory, has 


already been used in reference 3 to discuss the analytic properties 
of the propagator. 


(37) 
(38) 


(39) 
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Since the different components of p— (e/c)Vx commute, 
there is no ambiguity about the order of the factors 
in (39). 

We can only satisfy (39) identically for arbitrary A 
if the vector potential only enters in the combination 
p—(e/c)A. That is, we have shown from gauge in- 
variance that S’ has the form 


S’=S'(p— (e/c)A, r, o; H). (40) 


Since the different components of p—(e/c)A do not 
commute with each other, there is some ambiguity in 
the order of the factors occurring in (40). The order of 
these factors can be fixed for example by imagining (39) 
expanded in power series in the components of p, A, and 
Vx. Then one sees easily that (40) means that if we 
expand in components of p—(e/c)A we have to sym- 
metrize completely our result with respect to all these 
components. 

While this result is not at all surprising, we have felt 
it important to exhibit it in detail for one reason. If we 
replaced e in (40) by some other number e*, S’ would 
still have a formal gauge-invariance property, but the 
single-particle excitations would behave as if they had 
an effective charge e* instead of the original charge e. 
It has often been suggested that this might be the case.'° 
However, our method of connecting the gauge invari- 
ance of S’ with that of the original Hamiltonian shows 
that in fact, as far as the response to an external mag- 
netic field is concerned, it is e which comes into (40) and 
not some e*. That is, the charge of the elementary excita- 
tions is the same as that of the original particles. 

Actually, if the metal has a magnetic permeability 
€m, the vector potential in the medium should be 
multiplied by a factor e,,. Since we have an exact many- 
body theory these effects should be included auto- 
matically if the calculation is done correctly. It is lost 
in (40) because we have assumed in making the esti- 
mates that led to our results, that the interaction be- 
tween the particles is short-ranged. The permeability 
factor comes from the long-range magnetic forces be- 
tween the particles.'! This error is completely negligible, 
ém differing from unity by about 10-° for common 
metals. 

Since ¢ has the form (40), it follows that the proper 
self-energy part does also 

G(F1)=G(p— (e/c)A, r, 0; H; £2). (41) 

According to (17) and (20), what we need to compute 
the single-particle excitation energies are the charac- 
teristic values Q,(£) of the “effective Hamiltonian” /(é) 
defined by 


h(é)=e+K (6), (42) 


See, for example, the articles by E. A. Stern and L. M. 
Falicov in The Fermi Surface, edited by W. A. Harrison and M. 
B. Webb (John Wiley & Sons, Inc., New York, 1960). 

‘VY. Ambegaokar, doctoral dissertation, Carnegie Institute of 
Technology, March, 1960 (unpublished). See also A. Klein, Phys. 
Rev. 115, 1136 (1959). 
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lim Go(§—in) = K (£)+2J(€), 


n+ 


(43) 


K and J both being Hermitian. From (25) and (41), 
this has the form 


h=h(p— (e/c)A, r, 0; H; €). (44) 


Now the inclusion of the spin splits otherwise de- 
generate levels by small amounts proportional to us2H. 
This leads® to a change in the value of the phase of the 
DHVA oscillations, but does not affect their period. The 
correct calculation of this phase is in fact quite compli- 
cated, and we shall not go into it here. We wish only to 
point out that many-body effects do influence it, and its 
value is not given by the simple expression of Lifshitz 
and Kosevich, which assumed that the spin only enters 
the quasi-particle energy through a factor —ysH-e. 

Dropping the spin dependence of (44), we may write 


h=h(p—(e/c)A, r, H; €). (45) 


We now expand (45) in powers of the H which appears 
explicitly in it. 


h=ho(p—(e/c)A, r; &) 
4 Hela(p—(e/c)A, t; £)+0(H2), 


where we sum on the repeated a@ indices over the 
Cartesian components of H. By time-reversal argu- 
ments, the term linear in H has no expectation value 
linear in H for eigenstates of 4. Therefore up to terms 
of order H? we can use the first term of (46) to compute 
the characteristic values. We can actually drop the H? 
terms since, in the sense of this paper, they give cor- 
rections to the DHVA period of the order (w/)? and to 
the phase of order w/z. Therefore we have the result 
that the characteristic values of # can be obtained with 
sufficient accuracy for DHVA purposes from 


h=ho(p—(e/c)A, r; &). 


(46) 


(47) 
If A is zero, fo is just the Hamiltonian which is used 
to compute the single-particle excitation energies for the 
band case without external field. That is, if we put 
ho(p,r; Ebr iz Q,(k; box (48) 
(where v is a band index and k the quasi-momentum of 
the excitations), then the single-particle excitation 
energies £,(k) are given by 
E,(k)—Q,(k; E,(k))=0. 


The Fermi surface of the metal was shown to be! the 
collection of those surfaces for which 


E,(k) =n. 


(49) 


(50) 


To find the excitation energies EZ, in the magnetic 
field, we must find the characteristic values Q,(£) of /to 


ho(p— (e/c)A, t; EWr=Or(Er, (51) 
and then use (20). 
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Now it is well known’ how to obtain the charac- 
teristic values of (51) from those of (48) with sufficient 
accuracy for the DHVA effect. The Q,(£) are obtained 
from the Q,(k; £) by using Q,(p—(e/c)A; ) as the 
Hamiltonian [symmetrized with respect to the com- 
ponents of p—(e/c)A in the same sense as in the dis- 
cussion immediately following (40) ], and using the 
WKB approximation to obtain the levels. If the field is 
in the z direction, then the equation for these levels 
js°+!2 


A,(Q,(£),ke; £)=20(n+})(eH/c), 


where » is an integer and r stands for the index triple 
v, n, k.. The quantity A,(Q,k.; £) is the cross-sectional 
area of the curve given by the intersection of Q,(k; &) 

QO and the plane &, fixed. Using (20), EZ, is then ob- 
tained from 


(52) 


A,(E,,ke; E,)=29(n+4)(eH/c). (53) 


Now consider the levels which we would obtain if we 
had used E,(p—(e/c)A) as the Hamiltonian. Call these 
E,’. From the WKB procedure these levels are given by 

A,’ (E,' kz) = 24 (n+ 3) (eH/c), (54) 
where A,’(E,k,) is the cross-sectional area of the curve 
given by the intersection of £,(k)=£ and the plane k, 
fixed. 

From its definition, A,(E,k.; E) is the area of curve 
given by the intersection of Q,(k; E)=£ with the plane 
k, constant. However, from the definition (49) of 
E,(k), this is the same as the intersection of £,(k)=E 
with the plane k, constant. Therefore, 


A,'(E,k.)=A,(E,k; E), (55) 


E,'= Ey. (56) 

This means that the levels Z, can be computed in the 
usual way of Lifshitz and Kosevich, using the single- 
particle excitation energies as if they were real inde- 
pendent particles with charge e and kinetic energy 
E,(k). In conjunction with (22) this means that the 
DHVA effect (apart from the phase of the oscillations) 
in all equilibrium properties (magnetization, heat ca- 
pacity, etc.) is exactly what one usually computes on the 
single-particle basis, except that the true single-particle 
excitation energies must be used, and the true Fermi 
surface is what determines the period of the oscillations. 


2 W. Kohn, Phys. Rev. 115, 1460 (1959). Kohn only considers 
the simple case where the Hamiltonian without field is of the form 
p?/2m+-U. It is not difficult to generalize his argument to an 
arbitrary periodic Hamiltonian. See also W. Kohn, Proc. Phys. 
Soc. (London) 72, 1147 (1958), for a summary of the consequences 
of the application of these results to the DHVA effect. This pre- 
scription is only valid with sufficient accuracy for the DHVA 
problem, if there is a center of symmetry present. We shall assume 
this to be the case. Even if a center of symmetry is not present, 
this formula is still good enough to give the period of the oscilla- 
tions correctly, but not the phase. 
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APPENDIX A. THE FIRST-ORDER PROPER SELF- 
ENERGY PART IN A MAGNETIC FIELD 


In this Appendix we give an explicit calculation of the 
field dependence of G, to the first order in the inter- 
action. For simplicity we omit the spin and the periodic 
lattice, and take an isotropic interaction. The first-order 
proper self-energy part G,,? is given by (see I, 
Appendix A) 


Gre M=D f.-{(rs|v|r’s)— (rs|0| sr’)}, 


8 


(A.1) 


1 
lf" =———_, (A.2) 
ehles—w) + 
(rire|0| rr) = J vetadvrs*xo(aie) 


Kwrs(xi)Wra(X2)dxidx2. (A.3) 


Here the yr,e, are the eigenfunctions and eigenvalues, 
respectively, of the unperturbed single-particle Hamil- 
tonian; v(x:,X2) the interaction between a pair of 
particles. We take as the unperturbed single-particle 
Hamiltonian (e) 
e=}[p—(e/c)A}, (A.4) 
where we have chosen units so that the mass of the 
particles is unity. We have 
ev = err. (A.5) 


Inserting (A.3) into (A.1) we may write for the matrix 
G(1) in the coordinate representation 


G(1)= f dx o(x,x)Lo(22)—o(21)Pul, (A.6) 
where 
p(21)= Lie frWr*(X2)y-(m), 
and Pi, is the exchange operator 
P2(X1) = (2). 


This operator may be written formally as 


(A.7) 
(A.8) 


Pyo= e(22-*) “Pl, 


(A.9) 


it being understood that in the expansion the p; is not 
to differentiate the x; in the exponent. This form will be 
of use later on. 

We must next calculate p(21). This is done most 
conveniently as follows. Write 


1 


p(21)=>- p,* (x2) W(X). (A.10) 
r e 1 


Ble #) + 


We make use of the identity 


1 1 ix+e ez 
- -— f dl - . < e< oh 
e7+1 2wi J-int+e (1/2) sind 


which is easily proved by closing the contour to the left 
if x is less than zero and to the right if x is greater than 
zero. With (A.11), we may write p(21) as 


1 inte dt | 
p(at)=— f —————¢* 0) (x»,x;; (8), 
2ri J—ix+c (1/2) sinzt 


where 


(A.11) 


(A.12) 


Q(X2,X1; y= ¥r*(xs)e ; very r\ Xi). 


The reason for writing p in this form is that Q is easy to 
calculate exactly for the Hamiltonian (A.4)." 
Choosing the Landau gauge 


A= (—Hy, 0, 0), 


(A.13) 


(A.14) 
the result is 


QO(x2,X1; ¥)=exp(iw(yo+y:1) (x2—%1)/2) 


XF(x2—X1;@; 7), (A.15) 


w=eH/c, 


1 d @® 
F(e;wi7)=(—) ( — ) 
2ary 4r sinh (wy/2) 


w wy 1 
Xexp— \- cot n( - -) (<¢-+-¥*)+-—# 
4 2 27 


In (A.16), vy? means that branch of the function which 
is positive on the real axis. 
From (A.12) we have 


(A.16) 


p(21)=exp(iw(yot+y1) (w2—41)/2)g(x2—x1;w), (A.17) 


1 inte dl 
g(ru)=— f ———e#*F (r; w; iB). 
2rt J—iw+e (1/2) sinwt 


Using (A.17), (A.6) becomes 


(A.18) 


Go)= f dx v(|xX2—x;:|) 


‘ (yo+y1)(X2— 2X1) 
| (0:0) expe - ) 


? 


Xe(m—mi) Pil (A.19) 
13 EF, H. Sondheimer and A. H. Wilson, Proc. Roy. Soc. (London) 
A210, 173 (1951). See also A. H. Wilson, Theory of Metals (Cam- 
bridge University Press, New York, 1958), pp. 160-170. Wilson 
uses a slightly different gauge than we do. It is easy to see that for 
any vector potential linear in the coordinates, the F in (A.15) is 
unchanged and the phase factor in front becomes 
ie 
exp } —(X1+Xx2) - [A (xi — x2) 
| 2¢ 


HX (x: — x2) i 





DE HAAS-van ALPHEN EFFECT 
Changing the integration variable from x, to r 
and using (A.9), this becomes 


Xo— X}, 


GY (1)= fero@Ee(0:4) 
—g(r; we utudeir-pr), (A.20) 
By means of the elementary operator identity" 
eAtB — gAgBg—(A,B) 


(A.21) 


[which is true as long as the commutator (A,B) com- 
mutes with both A and B], we have 


eé 
eter vit y/2) ptt - Pi — exp ir-(v.- a.) | (A.22) 
' c 


Therefore 


GO a= fare(n| 20, w)—2(r;w) 


«fe (o)] 


Thus we have verified in detail the general gauge 
invariance property (41) for this simple case. 

It now remains to calculate g(r;w). As one easily 
sees, the contour in (A.18) may be closed by a very large 
semicircle to the left, without changing the value of the 
integral. The singularities of the integrand within the 
resulting contour are on the negative real axis (which is 
also a branch cut) and, in addition, at the points 

t;= (2mil/Bw), J=+%1,42,---+o, (A.24) 
where sinh(w6t/2) vanishes. Therefore, we may write 


g(r; w)=go(r; w) +¢:(r; w), (A.25) 


1 dl 
g0(r; w)=— f oa —-e8+F (r; w; 1B), 
2mri J ¢ (1/2) sinzt 


where C is a contour which proceeds counter clockwise 
around the negative real axis, and infinitesimally close 
to it. 


“— dl 
gi(r;w)= >’ —f —_—_———-eb«F (r;w;tp), (A.27) 
C 


t=—0 2ri Jc; (1/2) sina 


(A.26) 


where C, is a contour consisting of a very small circle 
proceeding counterclockwise around the point /;. The 
prime on the summation indicates that /=0 is excluded, 
the origin being contained inside the contour C. 

We shall evaluate these expressions in the usual limit 
of interest for the DHVA oscillations: w, 1/8<jy, but 
w of the order of unity. Further, we need to know the 
order of magnitude of r, which also comes into (A.18). 
For a short-range potential this is limited [see (A.23) | 


4 This can be verified, for example, by direct power series ex- 
pansion of both sides of the equation. 
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by the range of the potential. Roughly speaking, for 
typical metals the screened Coulomb potential has a 
cutoff length comparable to the reciprocal Fermi mo- 


mentum. Therefore we shall assume 


2ure~ 1 (A.28) 
(in our units an energy is a reciprocal length squared). 
Under these circumstances go and g; are easily obtained. 

First consider go. Let us change the integration vari- 
able from / to a, 


/ 


t a Gu. (A.29) 
Because of the factor e* now occurring in (A.26) and the 
fact that the integration contour runs along the negative 
a direction, this integral gets cut off for a of order of 
unity. Therefore, we can expand the integrand in (A.26). 
As one easily sees, 


wi exp(—w*/ 


F(r;w:a h)= 
2r)! ai 


= Qur?, 


on using (A.28) as well as the usual DHVA condi- 
tions (4). 
Similarly we get for the entire integral in (A.26) 


a a 
Zol ry @) 


2n1 


da —w 
xf exp| a 
ca? 4a 


This well-known integral may be 
yielding 


(21)! 
)e +O(w/p)®. . (A.31) 


done at once,!® 


v2 sinw— 
gale *23)s0 ut 
Lolr;w)=p 

a 


Ww COSw 


+O[ (w/p)?]. (A.32) 


The leading term here (the only one we have evaluated) 
is of course just what we’d get if no magnetic field were 
present, which may be verified immediately by starting 
with the zero-field case. 

The term g; is a little more complicated to evaluate in 
the lowest order for which it exists. Putting on the /th 
contour of (A.27) 

i+7'/B, (A.33) 


F becomes 
w (—1) 


2(2r)*(8ti+7’)! 


w ay’ 
Xexp— | —coth ( - 
4 ) 


sinh (wy’/2) 

Jorr+ iw ey 
2(8ti +7’) 

15W. Magnus and F. Oberhettinger, Special Functions of 


Mathematical Physics (Chelsea Publishing Company, New York, 
1949), p. 28. 
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On the contour C; we are integrating over a small circle 
around the origin in y’. It is not difficult to see that the 
leading term comes from expanding in y’, higher order 
corrections to the term we give being O(w/x); 


;” ep 
~ (2e)M(Bt)) 
e+ 
xex| - (<=) }-ovwrm, (A.35) 
2y 





, 
Proceeding similarly for the rest of the integrand, we 
obtain finally 


(—1)'ef#% 1 


, — 


™ “ 
6:(8; «)=-——— os 
(2r)§8 t= (Bt,)* sinwt; 2ri 


exp{y'u— (x°+y")/27’} 
OF ence iM 


(A.36) 


, 


y 
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The last integral is again well known." Substituting its 
value and that of /;, we finally obtain (up to correction 
terms of order w/u) 


wi © (—1)! sin(2mly/w—7/4) 
gi(r;w)=— 2 - 


2e i=1 =: /4Bw sinh (27° /Bw) 


x Jof[2u(x2+y2) Py. 


When g: is put into (A.23) it will yield the oscillatory 
terms in the proper self-energy part. Comparing go from 
(A.32) with gi, we see that gi/go is of the order of (w/y)!, 
which is the estimate we used in obtaining the general 
formula for the DHVA oscillations in the thermo- 
dynamic potential. It is easy to trace down the origin 
of the w! dependence of g;: it arises from the f,~ factor 
in (A.1). This same kind of dependence comes in higher 
order skeleton diagrams from the sums on the true 
propagators, for ¢; near u, and therefore it is easy to see 
that this w! dependence is quite general. 
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Dielectric Constant, Density, Expansion Coefficient, and Entropy of 
Liquid He* Under Pressure Below 1°K*} 


D. M. Lez,t Henry A. FArRBANK, AND Epwarp J. WALKER 
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(Received October 25, 1960) 


By measuring the resonant frequency of an LC circuit containing a capacitor filled with liquid He’, 
the dielectric constant of the liquid was measured from 0.14 to 1°K at several pressures from 0.2 to 29.5 
atmospheres. From these measurements the density, expansion coefficient at constant pressure, and the 
change in entropy on compression from saturated vapor pressure to higher pressures were determined. 
a, was found to be negative and, hence, (@S/AP)r positive for all pressures below a certain temperature 
which increased monotonically with pressure, confirming behavior found by Brewer and Daunt. A minimum 
in the melting curve of He* was found at T=0.32+0.01°K and p=29.1+0.1 atm. The results are compared 
with those obtained by other methods. 


I. INTRODUCTION amounts of He’ available likewise restricted the size of 
the liquid sample. Both of these requirements were 
satisfactorily met in a measurement of the dielectric 
constant, ¢, of the liquid as described in Sec. II. The 
density of the liquid was found from e¢, using the 
Clausius-Mossotti relation, 


HE present experiment is an outgrowth of an 
earlier set of measurements on the heat transport 
properties of liquid He® in which it was found from the 
convection behavior that a maximum in the density 
occurs at 0.5°K for a pressure of 3 atmosphere.! 

In this paper we report experimental measurements 
of the density, p, the thermal expansion coefficient at 
constant pressure, a», and entropy of compression of 
liquid He* at temperatures from 0.14 to 1.0°K and at 
pressures from 0.2 to 29 atmospheres. Because the 
changes in density below 1°K are small, a sensitive 
method of measurement was required. The limited 


e—-1M 4r 
a ne af (1) 
é+2 p 3 

where M is the molecular weight and A is the molar 
polarizability. a,= (1/V)(@V/dT), was likewise deter- 
mined at several different pressures. The entropy of 
compression at any pressure p could than be found from 
the relation 
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pa 
where 5S, is entropy at pressure p and Syat is the entropy 
at saturated vapor pressure (svp). Preliminary reports 
of the results near saturated vapor pressure (0.2 atm) 
were reported earlier.” 

Recently, Brewer and Daunt‘ have measured the 
change in temperature on adiabatic expansion of liquid 
He’ in the pressure range 0.15°K to 1.15°K at pressures 
up to 22 atmospheres from which they determined a, 
and S,—Ssat. Preliminary results of a direct measure- 
ment of the density of liquid He’ at the saturated vapor 
pressure below 1°K have also been reported by Taylor 
and Kerr.® Their results as well as some by Sherman 
and Edeskuty® and Grilly and Mills’? above 1°K are 
compared with the present work in Sec. IV. 

In the course of these measurements it was estab- 
lished that a minimum in the melting curve of He’ 
occurs at 0.32+0.01°K and 29.1+0.1 atm.® Values of 


2D. M. Lee, J. D. Reppy, and H. A. Fairbank, Bull. Am. Phys. 
Soc. 3, 339 (1958). 

3D. M. Lee and H. A. Fairbank, Phys. Fluids 2, 582 (1959). 

4D. F. Brewer and J. G. Daunt, Phys. Rev. 115, 843 (1959). 

5R. D. Taylor and E. C. Kerr, Proceedings of the Kammerlingh- 
Onnes Conference on Low-Temperature Physics |Suppl. Physica 24, 
$133 (1958) ]. 

6 R. H. Sherman and F. J. Edeskuty, Ann. Phys. 9, 522 (1960). 

7E. R. Grilly and R. L. Mills, Ann. Phys. 8, 1 (1959). 

8D. M. Lee, H. A. Fairbank, and E. J. Walker, Bull. Am. Phys. 
Soc. 4, 237 (1959). 














BLOCK DIAGRAM 


the melting pressure as a function of temperature were 
obtained from 0.32 to 0.8°K in reasonable agreement 
with earlier work. 


II. APPARATUS 

The dielectric constant of liquid He* was determined 
from the resonant frequency of an LC circuit in which 
part of the capacitance was a coaxial cylindrical 
capacitor containing the liquid. A simple Clapp 
oscillator circuit shown in Fig. 1 was used in these 
experiments. Because of the two large capacitors, C2 
and C;, the resonant frequency is insensitive to changes 
in the lead capacitance, so that the tank circuit can be 
placed at a considerable distance from the oscillator 
tube without reducing the stability. It was thus possible 
to place the entire tank circuit in the cryostat. Insta- 
bilities due to mechanical vibrations were minimized by 
rigidly mounting all parts of the tank circuit. The 
resonant frequency of approximately 5 Mc/sec was 
measured to 0.1 cycle per second by a Hewlett Packard 
524B electronic counter and was stable to better than 
1 part per million per hour. The low oscillator plate 
voltage was required to maintain a low power level in 
the tank circuit. 

The essential features of the cryostat used in these 
experiments are shown in Fig. 2. The assembly shown 





1260 LEE, 


Wires to Oscillator 


Stainless Stee! Tube 
14/2" 0.0. 


Lead “O"Ring———~ : 
~~ ™— Insulating Spocer 


Shunti Capccitors 
Coil Can unting pocitor 


(Tin Ploted) ~ “— Superconducting Plate 


Binding Posts 
Stupokoff me 
Seal “™— Superconducting Tank Coil 
(Niobium) 


_ 4 . 
~— Polystyrene Coil Form 


“~~— Lead "0" Ring 


“—Exchange Gas 
Pumping Tube 


Lead "0" Ring 


~~ Superconducting Wire 


3: ’ 
He’ Fill Line Support Tube 
(Cupro Nickel!) 


Stupakoff Seal 


Lead "0" Ring 


dette 3 
Liquid He Sample Capacitor 


Heater Coil ——— Resistance Thermometer 


“™— Adiabatic Can 


—— Secondary Coil 


Salt Pill 


Spacer 
(Stainless Steel) 


Fic. 2. The lower portion of the cryostat used for 
the dielectric constant measurements. 


in the figure was immersed in liquid helium. The upper 
can, which was tin-plated inside, contained the super- 
conducting oscillator tank coil (about 60 turns of 0.010- 
in. niobium wire wound on a polystyrene form) and two 
mica shunting capacitors. The use of superconducting 
components minimized Ohmic heating, and, conse- 
quently, the tank circuit had a high “Q.” The upper 
can was isolated from the lower one by means of a 
Kovar-glass feed-through so that there were two inde- 
pendent exchange gas systems. He‘ gas at a few mm Hg 
pressure was introduced into the upper can before each 
run to maintain the circuit elements in thermal equi- 
librium with the external helium bath. The lower can 
contained the He*® sample capacitor and a compressed 
powder salt pill consisting of about 40 grams of potas- 
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sium chrome alum for magnetic cooling. Thermal con- 
tact between the salt refrigerant and the He*® sample 
was achieved by screwing the salt pill shank (electrolytic 
copper) tightly into a threaded hole in the sample 
capacitor. The temperature was measured by an IRC 
270-ohm carbon composition resistor or a Speer 12-ohm 
resistor calibrated against the susceptibility of the salt 
pill as determined by the ballistic method. The salt and 
sample capacitor could be thermally connected to or 
thermally isolated from the external helium bath by the 
introduction or removal of He* exchange gas. 

Figure 3 shows the details of the He® sample capacitor 
whose parts were carefully machined from electrolytic 
copper to allow a gap width of 0.0035-in. between the 
inner and outer cylinders. Thin Teflon strips were 
wrapped around the inner cylinder to prevent it from 
short circuiting to the outer cylinder. The electrical 
lead to the inner cylinder was threaded through and 
soldered to the hollow central stem of a Kovar-glass 
seal. The upper flange was attached to the top of the 
outer cylinder with 12 2-56 brass screws compressing a 
lead “O” ring gasket. This arrangement made assembly 
and disassembly rather convenient. The capacitor was 
superfluid tight and was able to withstand 40 atmos- 
pheres with zero leakage. 

The He*® was condensed into the sample chamber 


He Fill Line 
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Fic. 3. Details of the He* sample capacitor. 
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through a 0.011-in. i.d., 0.030-in. 0.d. cupro-nickel tube 
soldered to the top flange of the sample capacitor. The 
upper end of this fill line was connected to a gas handling 
system. In the measurements performed at pressures 
near the saturated vapor pressure, this gas handling 
system consisted of a glass Toepler pump and a mercury 
manometer for measuring the pressure. In the measure- 
ments at elevated pressures, a pressurizing system 
identical with that described by Walker and Fairbank® 
was used. 

The He’* used in these experiments had a purity of 
better than 99.9%, 


III. PROCEDURE 


The procedure of a typical run was as follows: The 
tank circuit was cooled to about 1.2°K and the resonant 
frequency measured, first with the coxial capacitor 
empty and then with the capacitor filled with liquid 
He’. With the He® at constant pressure the condenser 
was then cooled to about 0.15°K by adiabatic demagnet- 
ization of the attached paramagnetic salt pill. As the 
capacitor slowly warmed to the temperature of the bath, 
the resonant frequency of the tank circuit and the 
temperature of the capacitor, as determined by the 
resistance thermometer, were simultaneously measured 
at frequent intervals. 

In order to obtain values of the dielectric constant 
from the raw frequency data, it was necessary to cali- 
brate the apparatus carefully. In the resonant circuit 
shown in Fig. 1 the shunting capacitors C, and C3 were 
almost exactly equal and will henceforth be denoted 
by C=C.,=C;. The sample capacitance C; will be 
written in the form C,=C»+e. In this expression, ke 
represents that part of the capacitance which depends 
on the dielectric constant ¢ of the liquid helium sample 
and is equal to some constant k when the sample is 
absent. Coy is the stray capacitance to ground resulting 
from the Teflon tape spacers, the Stupakoff seal, and 
the leads. The dielectric constant is related to the 
resonant frequency of the tank circuit by the equation 


fP=[C4+2(Cotke) V[4PLC(Cotke)], (3) 


where L is the self-inductance of the circuit. 

From this equation « can be determined from the 
frequency provided that the constants C, L, Co, and k 
are known. Using a capacitance bridge, C and Co+k 
were measured directly, the latter being the capacitance 
of the empty condenser. The two remaining equations 
needed to evaluate these four constants were obtained 
by inserting in Eq. (3) the resonant frequency of the 
tank circuit when the sample capacitor was empty and 
when the sample capacitor was filled with liquid He’. 
In the latter case it was necessary to use the value of ¢ 
for He*® computed from the Clausius-Mossotti equation, 
the known density of liquid He’ * and a molar polariza- 


9. J. Walker and H. A. Fairbank, Phys. Rev. 118, 913 (1960). 
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Fic. 4. The resonant frequency of the LC circuit plotted against 
temperature for the He® sample at a pressure of 0.2 atm. 


bility of 0.123 as measured by Peshkov™ at optical 
lrequencies. 

To check this calibration, a separate experiment was 
performed in which the change in resonant frequency 
was observed when liquid He* was added to the empty 
capacitor at 1.2°K. The dielectric constant of Het 
computed from this frequency change was found to be 
1.0567 in the run of December 26-28, 1958, and 1.0571 
in the run of January 17-29, in good agreement with 
the value of 1.0569 at 1.4°K as measured by Maxwell, 
Chase, and Millett." (The change in e of He* between 
1.4°K and 1.2°K is a negligible correction.) 


IV. RESULTS 

The resonant frequency of the LC circuit in a typical 
constant pressure warm-up is plotted against tempera- 
ture in Fig. 4. The data are represented on the graph as 
a variation in frequency from the minimum frequency, 
which occurs near 0.5°K for this pressure. It follows 
from Eq. (3) (since the changes in ¢ are very small) that 
the change in ¢ corresponding to a change in f is given by 


Ae= 8r? (L/k) fAf(Cot+ke)?. (4) 
The change in density then follows from the relationship 


Ap/p= 3Ae [ (e—1)(e+2) ], (5) 


0 V. P. Peshkov, Soviet Phys.-JETP 6, 645 (1958). 

1 E. Maxwell, C. E. Chase, and W. E. Millett, Proceedings of 
the Fifth International Conference on Low-Temperature Physics and 
Chemistry, Madison, Wisconsin, August 30, 1957, edited by J. R. 
Dillinger (University of Wisconsin Press, Madison, Wisconsin, 
1958), p. 53. 
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Fic. 5. The ratio of the density 
of liquid He? to the maximum 
density of the liquid as a function 
of temperature at five constant 
pressures as follows: Curve A— 
0.2 atm, Curve B—2.9 atm, Curve 
C—5.8 atm, Curve D—9.7 atm, 
Curve E—19.7 atm. 
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obtained from the Clausius-Mossotti equation [Eq. 
(1) ]. These equations are valid for changes in tempera- 
ture made at constant pressure but not for changes of 
pressure. This is because the very slight deformation 
of the capacitor with an increase in pressure decreases 
the capacitance by an amount of the order of 10% of 
the increase due to the charge in liquid density. There- 
fore, in each run at constant pressure we normalized 
our densities (and dielectric constants) to the density 
values of Sherman and Edeskuty® at 1°K. The values 
of Ae obtained at constant pressure from Eq. (4) will 
still contain a small error since the values of k and Co 
used were obtained at only the lowest pressure. How- 


ever, since k and Cy change by a maximum of a few 
tenths of a percent with pressure, the resulting error in 
Ae is less than 1%. Our results at five different pressures 
are given in Fig. 5. 

The thermal expansion coefficient at constant pres- 
sure, ap= (1/V)(0V/0T),= — (1/p)(dp/8T), was deter- 
mined from the above data and is plotted in Fig. 6 for 
several pressures. 

The entropy of compression was then calculated from 
Eq. (2) as a function of pressure for temperature from 
0.2°K to 1.0°K and the results are plotted in Fig. 7. 
The absolute entropy can be obtained from the entropy 


at saturated vapor pressure. The specific heat at 





(°K)7! 


Fic. 6. The thermal expansion 
coefficient at constant pressure of 
liquid He* as a function of tem- 
perature. 
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saturated vapor pressure, Cy, has been measured from 
0.085°K to 0.75°K by Brewer, Daunt, and Sreedhar,” 
from 0.23 to 2°K by Abraham, Osborne, and Wein- 
stock, and from 0.54°K to 1.7°K by Roberts and 
Sydoriak.“ Each of these authors calculated entropies 
at the saturated vapor pressure Sy from the observed 
values of Csa: but used different methods to obtain 
absolute entropies. Brewer eé al. linearly extrapolated 
Cyat to O°K. Roberts and Sydoriak normalized entropy 
values to an absolute value at 0.5°K computed from 
vapor pressure data, and Abraham ef al. to a value of 
Ssat at 1.5°K computed from heat of vaporization data. 
The results of Brewer e a/. and Roberts and Sydoriak 
are in excellent agreement; however, the values of 
Abraham e# al. are about 0.1 cal/mole degree higher 
throughout the temperature range of the overlap of 
data. The source of this discrepancy which exceeds the 
combined estimates of error is not yet explained. 
Following Brewer and Daunt we have taken the values 
of Brewer ef al.for Sea, below 0.75°K and those of 
Abraham e# al., reduced by 0.105 cal/mole degree, above 
0.75°K to bring the data into agreement at this tem- 
perature. Using these values of S,., and our values of 
Sp—Seat from Fig. 7, S, has been calculated and is given 
at four pressures as a function of T in Table I. 

In evaluating the accuracy of these measurements 
the possibility of systematic errors in the frequency, 
pressure, and temperature deserve discussion. Although 


2 T-). F. Brewer, J. G. Daunt, and A. K. Sreedhar, Phys. Rev. 
115, 836 (1959). 

13 B. M. Abraham, D. W. Osborne, and B. Weinstock, Phys. 
Rev. 98, 551 (1955); Physica 24, 132 (1958); B. Weinstock, B. M. 
Abraham, and D. W. Osborne, Suppl. Nuovo cimento 9, 310 
(1958). 

4 T. R. Roberts and S. G. Sydoriak, Phys. Rev. 93, 1418 (1954) ; 
E. F. Hammel, Progress in Low-Temperature Physics (North- 
Holland Publishing Company, Amsterdam, 1955), Vol. 1, p. 78. 
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the oscillator frequency can be measured to a high 
precision (0.1 cycle/sec), there is the distinct possi- 
bility of an error in Ae, Ap, and a, arising from a fre- 
quency drift unrelated to the change in the properties 
of the He* sample. To check on this possibility, the 
temperature of the tank circuit was maintained constant 
at about 1°K on several occasions for periods of about 
one hour and the frequency monitored. A maximum 
variation of only a few cycles/sec was observed which 
appeared to be a random variation rather than a steady 
drift. A check which simulated more closely the condi- 
tions of the experiment was made on a demagnetization 


TABLE I. Entropy of liquid He’ in cal/mole deg as a function of 
pressure in atmospheres and temperature in °K. The values at 
vapor pressure are those given by Brewer and Daunt (see text). 
The values of Brewer and Daunt at the other pressures are larger 
than our values by the amount shown in parenthesis at each p 
and T. 


10.0 15.0 


0.831 
(0.018) 
1.095 
(0.015) 
1.289 
(0.014) 
1.444 
(0.012) 
1.574 
(0.013) 
1.686 
(0.013) 
1.788 
(0.011) 
1.881 
(0.010) 
1.966 
(0.009) 


0.806 
(0.007) 
1.073 
(0.006) 
1.271 
(0.008) 
1.432 
(0.006) 
1.566 
(0.008) 
1.684 
(0.007) 
1.792 
(0.006) 
1.890 
(0.009) 
1.982 
(0.008) 


0.200 0.854 
(0.035) 
1.116 
(0.027) 
1.307 
(0.023) 
1.460 
(0.018) 
1.585 
(0.018) 
1.695 
(0.016) 
1.792 
(0.015) 
1.881 
(0.013) 
1.962 
(0.010) 


0.300 1.144 


(0.037) 
1.333 
(0.029) 
1.484 
(0.023) 
1.607 
(0.020) 
1.712 
(0.018) 
1.805 
(0.018) 
1.888 
(0.017) 
1.964 
(0.013) 


0.400 
0.500 
0.600 
0.700 
0.800 
0.900 


1.000 2.036 
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Fic. 8. Lower curve: the pressure at which a, changes sign vs 
the temperature. Upper curve: the melting pressure of liquid He® 
vs temperature. 


and subsequent warm-up with the helium in the capac- 
itor at a pressure of about 36 atmospheres. Below about 
0.8°K the capillary line was blocked with solid helium, 
thus keeping the helium in the cavity at constant 
density. Under this constant density condition, the 
maximum variation in frequency observed as the tem- 
perature changed was 1 cycle/sec. Thus frequency drift 
would not appear to be an important source of error. 

Inasmuch as the compressibility of the liquid is large 
and the expansion coefficient relatively small, even a 
small drift in pressure during the warm-ups at constant 
pressure could introduce a large relative error in a. For 
pressures below 1 atmosphere the pressure was constant 
to better than 0.001 atmosphere as measured by a Hg 
manometer. At higher pressures no drift was observed 
although a change of +0.05 atmosphere (the least 
count of the Heise Bourdon gauge) might conceivably 
have gone undetected. The error in a from this source 
is estimated to be less than +0.001/°K. 

Another possible error is introduced in the measure- 
ment of temperature by the thermal boundary resist- 
ance at the walls of the He® cavity. Using our previous 
estimates of the thermal boundary resistance,' the 
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temperature of the He* would be about 0.002°K above 
that of the resistance thermometer at 0.2°K and the 
calculated |a,| would be 2% too small. If the boundary 
resistance is indeed larger than our estimates, as 
suggested by Jeener and Seidel,'® this correction would 
be correspondingly larger; but, in any event, the error 
from this source should be negligible above about 0.5°K 
because of the rapid decrease in boundary resistance 
with increasing temperature. The error in the tempera- 
ture due to all causes is estimated to be no more than 
+3%. 

The estimated error in a, due to all sources is esti- 
mated to be less than +0.002/°K. The random error 
is much smaller. 


V. DISCUSSION 


By measuring the change in temperature on adiabatic 
expansion of liquid He*, Brewer and Daunt*‘ were able 
to determine values of a, and S,—S., over much of the 
range of temperature and pressure of our data rep rted 
here. The PVT data of Sherman and Edeskuty® above 
1°K allow a comparison near 1°K. Taylor and Kerr 
have made a preliminary report of direct density meas- 
urements of the liquid at saturated vapor pressure 
below 1°K. 

The general features of our data are consistent with 
the above measurements although there are systematic 
differences in detail. In Fig. 8 the pressure at which a, 
changes sign is plotted as a function of temperature 
and compared with the data of other workers (Curves 
A, B, and C). The points of Sherman and Edeskuty® 
and Grilly and Mills’ below 1°K were obtained by 
extrapolation of data obtained above 1°K. 

In Fig. 9, a, is plotted against the pressure at 1°K 
and at 0.5°K and compared with the data of Sherman 
and Edeskuty® and Brewer and Daunt,‘ respectively. 
Our values of a, are, in general, above those of Brewer 
and Daunt; and, consequently, our values of Sp—Seat 
fall below those of Brewer and Daunt. (See Table I.) 
In view of the systematic nature of these discrepancies, 
it would appear that the source lies in systematic errors. 
Brewer and Daunt estimate the over-all random error 
in their values of a, to be within +0.0004/°K. They 
discuss also the possibility of systematic errors due to 
irreversibilities in the expansions of the liquid but 
present arguments for believing these errors not to be 
large. We believe that the random error in a, is small 
but, as previously mentioned, cannot rule out an over- 
all error as large as +0.002/°K, the principal source 
being a possible undetected small pressure drift. Thus 
the values of a, and S, as measured by these two quite 
different methods are consistent within the combined 
estimated error over most of this range of temperature 
and pressure. 

Brewer and Daunt have discussed the implications 
of their measurements of a, and S, in this low-tempera- 
ture range; although our results are slightly different, 


15 J, Jeener and G. Seidel (private communication). 
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Fic, 9. The thermal expansion coefficient as a function 
of pressure at 1°K and 0.5°K. 


this does not make any significant difference to their 
discussion. 


VI. THE MELTING CURVE MINIMUM 


The apparatus of this experiment provided a simple 
method of establishing the existence and position of the 
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minimum in the melting curve of He*.’ At a constant 
temperature the pressure applied to the liquid He’ 
capacitor was slowly increased and the frequency of the 
LC circuit monitored. At temperatures below 0.32°K 
the frequency steadily increased with increasing pres- 
sure until the pressure reached 29.1 atmospheres. Above 
this pressure no further increase in the frequency was 
observed, indicating a constant liquid density in the 
capacitor due to a solidification and blockage in the 
capillary fill line. Above 0.32°K as the pressure was 
raised the frequency took a sudden jump of several 
thousand cycles, indicating solidification of the He’ in 
the capacitor. We infer, therefore, a minimum in the 
melting curve at T=0.32+0.01°K and p=29.1+0.1 
atm. Recently, Baum, Brewer, Daunt, and Edwards'* 
and Sydoriak, Mills, and Grilly'’ have reported direct 
measurements of the » and 7 at melting which extend 
below the minimum. Baum ¢é al. find the minimum at 
T=0.32°K and p=29.3+0.1 atm, and Sydoriak ef al. 
report. the minimum at 7=0.330-+0.005°K and p= 
28.91+0.02 atm. Our values of the melting pressure 
and temperature above the minimum are shown in the 
upper curve of Fig. 8 along with representative values 
of other investigators. 
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The wavelength distribution of 4.03, A neutrons scattered 
inelastically by specimens of liquid helium has been measured at 
30 angles of scattering in the range 10° to 140°. At each angle of 
scattering there is a discrete peak which shows little broadening, 
and little if any excess scattering outside this peak. The changes 
in energy and momentum corresponding to the change in wave- 
length of the scattered neutrons have been calculated for each 
angle of scattering. The dispersion curve in the liquid is similar 
in form to that predicted theoretically but there are differ- 
ences in detail. For momentum changes (AQ) in the range 
0.26 A?<Q<0.6 A+, the measurements fall on a straight line 
which has a slope given by the velocity of sound. The maximum 
and the minimum of the curves occur at 1.10 A and 13.7°K and 
at 1.91 A“ and 8.65°K, respectively. Beyond the minimum the 
curve starts to rise with a slope equal to or less than the phonon 
branch and then falls below this, suggesting the possible existence 
of a second maximum. The relative partial differential cross sec- 
tion for the production of a single phonon excitation is low at 


INTRODUCTION 


NFORMATION concerning the atomic arrange- 

ments and modes of atomic motions in liquids and 
solids may be determined from measurements of the 
scattering of neutrons or x rays. Such determinations 
are particularly important in the case of liquid helium 
because at low temperatures the liquid is nearly in its 
ground state and the details of the \ transition have 
not been explained. The measured small-angle x-ray' 
and neutron scattering? is almost in agreement with 
that predicted theoretically. Long-wavelength neu- 
trons** have been used in an unsuccessful search for 
extra scattering’ expected to result from the effect of 
the Bose-Einstein condensation in the He-II region of 


the transition. Both neutrons*~’ and x rays*.* have been‘ 


used to determine the atomic distribution in the liquid 
and have shown®*® that there is a change in the dis- 
tribution of scattered neutrons associated with the A 
transition, the main diffraction peak being lower below 
than above it. The interpretation of the neutron dif- 
fraction measurements*:’ has shown that the change in 


1A. G. Tweet, Phys. Rev. 93, 15 (1954). 

2P. A. Egelstaff and H. London, Proceedings of Kjeller Con- 
ference on Heavy Water Reactors, 1953 (Joint Establishment for 
Nuclear Energy Research, Kjeller, 1953). P. A. Egelstaff and H. 
London, Proc. Roy. Soc. (London) A242, 374 (1957). 

3 L. Goldstein, H. S. Sommers, and J. G. Dash, Phys. Rev. 91, 
490 (1953). H. S. Sommers, J. G. Dash, and L. Goldstein, Phys. 
Rev. 97, 855 (1955). 
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319 (1950). 

5D. G. Hurst and D. G. Henshaw, Phys. Rev. 100, 994 (1955). 

6D. G. Henshaw, Phys. Rev. 119, 9 (1960). 

7D. G. Henshaw, Phys. Rev. 119, 14 (1960). 

8C. F. A. Beaumont and J. Reekie, Proc. Roy. Soc. (London) 
A228, 363 (1953). 

®W. L. Gordon, C. H. Shaw, and J. G. Daunt, J. Chem. Phys. 
Solids 5, 117 (1958). 


low momenta, has a maximum in the region of 2.0 A™ and then 
decreases rapidly to low values in the region of 2.68 A~!. The 
position of the maximum may be compared with 2.05 A=, the 
maximum in the total differential cross-section curve and 1.91 A“, 
the minimum of the dispersion curve, respectively. The widths 
and mean energy change of neutrons scattered through 80° have 
been measured at 13 temperatures in the range 1.78°K to 4.21°K. 
Scattering at this angle corresponds to the production of excita- 
tions at the minimum of the dispersion curve. The mean energy 
change decreases rapidly from a value of 8.65°K at 1.1°K to 5.6°K 
at the \ temperature where there is a marked change in slope and 
only a much slower decrease above the \ temperature to 4.9°K 
at 4.2°K. The widths of the spectra increase rapidly from a value 
of <1°K at 1.1°K to 11°K at the \ temperature where there is 
also a marked change in slope and only a much slower increase to 
about 15°K at 4.2°K. The measured widths are compared with 
theoretically calculated widths. 


the atomic distribution due to density change caused 
by temperature alone is different than that caused by 
pressure above the normal vapor pressure curve. 
Measurements of the change in wavelength of neutrons 
inelastically scattered from liquid helium'’-" with 
small momentum changes interpreted on the basis of 
the theory of Cohen and Feynman" have confirmed 
the existence of a dispersion curve in the liquid of a 
form first proposed by Landau" and more recently by 
Feynman" and Brueckner and Sawada.'® Measurements 
at large momentum change® have shown that the 
average energy change is like that from free helium 
atoms. For scattering from liquid helium at low tem- 
peratures the broadening of the spectrum of neutrons 
scattered with the production of a single excitation is 
small, indicating a long mean free path for the ex- 
citations.’°-” With increasing temperature the spectrum 
rapidly broadens” and, above the \ point, exhibits a 
behavior similar to that expected for a gas." 
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Fic. 1. The Chalk River liquid helium double-crystal neutron spectrometer (not to scale). Neutrons from the 12 in. diameter graphite 
plug at the center line of the N.R.U. thermal column, after transmission through beryllium and quartz (at liquid nitrogen temperature) 
which act as a band pass filter, are monochromated by reflection from aluminum single crystals to produce a 4-in. by 4-in. monochro- 


mated beam. The 4-in. by 4-in. beam of neutrons scattered from the 5 


t-in. diameter specimen of liquid helium is analyzed by the second 


(analyzing) spectrometer. The shielding around the lead single crystals at the analyzing table of the second spectrometer is used to 


reduce the background. 


This paper reports a remeasurement and an extension 
of the existing measurements of the wavelength change 
of neutrons inelastically scattered from liquid helium 
to higher precision and statistical accuracy. For these 
measurements, a new high-resolution double-crystal 
spectrometer at the Chalk River N.R.U. reactor was 
used. Analysis of the dispersion curve shows that at 
low momenta, the measurements are consistent with 
the theoretically predicted phonon branch. At large 
momenta corresponding to excitations beyond’ the 
minimum, the slope of the curve tends to approach 
that given by the velocity of sound and then falls 
below it, suggesting that the curve might exhibit a 
possible second maximum. The relative partial differ- 
ential cross sections for the production of a single 
phonon as a function of momentum change are given. 
Measurements of the temperature variation of the mean 
energy change and of the full widths at half maximum 
of the neutron spectrum at an angle of scattering which 
corresponds closely to the production of excitations at 
the minimum of the dispersion curve are reported. 
The measured widths have been compared with theo- 
retical widths at temperatures above and below the A 
temperature. 

APPARATUS 


The wavelength distribution of scattered neutrons 
was measured using a new high-resolution double- 
crystal spectrometer at the Chalk River N.R.U. 


reactor. This instrument is shown diagrammatically in 
Fig. 1. Neutrons from a 12-in. diameter graphite plug 
(used as the neutron source) at the center line of the 
thermal column of the N.R.U. reactor were filtered!’ 
by a 10 in. long beryllium block and 10 in. of quartz 
single crystals at liquid nitrogen temperatures. The 
transmitted beam was monochromated by diffraction 
through 120° from the [111 ] planes of aluminum single 
crystals to give a 4-in. by 4-in. beam of monochromatic 
neutrons incident upon the 5}-in. diameter specimens 
of liquid helium at the axis of the first spectrometer. 
The beam intensity was monitored using a fission 
counter located between the first monochromator and 
the specimens of liquid helium. The wavelength dis- 
tribution of neutrons in the 4-in. by 4-in. scattered 
beam was determined using the [111] planes of lead 
single crystals mounted on the half-angle analyzing 
table of the second spectrometer. The neutrons were 
detected after collimation by Soller slits, using a 63 in. 
diameter counter filled with “BF; to a pressure of 21.6 
cm Hg. The calculated efficiency of the counter for 4 A 
neutrons was 55%. The counter was well shielded and 

17 The polycrystalline beryllium acted as a filter which readily 
transmitted neutrons whose wavelengths were greater than 3.96 A 
but highly attenuated those whose wavelengths were less than 
3.96 A. [H. L. Anderson, E. Fermi, and L. Marshall, Phys. Rev. 
70, 815 (1946) ]. The quartz single crystals preferentially scattered 
higher energy neutrons from the beam thus decreasing the fast 


neutron contamination and hence the background. [B. N. Brock- 
house, Rev. Sci. Instr. 30, 136 (1959) ]. 
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Fic. 2. The specimen holder of the liquid helium cryostat. The 5} in. diameter scattering chamber has a thin-walled section for a 
height of 6 in. at the level of the neutron beam. Radiation shields at liquid nitrogen temperature are used as thermal protection for the 


liquid helium. 


mounted on the arm of the analyzing spectrometer 
which was automatically rotatable in predetermined 
angular steps. 

The specimens of liquid helium were contained in an 
all-metal cryostat® mounted at the axis of the first 
spectrometer. The scattering chamber shown in Fig. 2 
was 54 in. in diameter and had a thin-walled section for a 
height of 6 in. at the level of the neutron beam. For the 
later measurements, 12 horizontal cadmium-coated 
plates having 3 in. vertical separation were mounted in 
the liquid helium at the level of the neutron beam to 
reduce the level of the multiple scattering.!”* The height 
of the liquid helium chamber was 20 in. With this 
arrangement it was possible to make measurements for 
more than 24 hours and 72 hours with the liquid at 
1.1°K and at 4.2°K, respectively, with a single filling 
of the cryostat. The temperature was recorded, con- 
trolled, and measured by means of the liquid helium 
vapor pressure as previously described. For the meas- 
urements at the lowest liquid temperature, an oil 
manometer was used for the determination of the vapor 
pressure. The vapor pressure was converted to tempera- 


‘% This suggestion came from G. H. Vineyard (private com- 
munication via B. N. Brockhouse). 


ture using the 1949 Cambridge temperature scale.'* To 
the accuracy with which the temperature is quoted, 
there is no significant difference between this and the 
latter more accurate temperature scales.'*~”! 


MEASUREMENTS 


Before commencing the measurements the first 
(monochromating) and second (analyzing) spectrome- 
ters were optically aligned and then calibrated with 
neutrons. The setting corresponding to the zero angle 
of the second spectrometer was determined by setting 
the first spectrometer to zero angle and measuring the 
scattering from cylindrical specimens of powdered lead 
and aluminum mounted at the axis of the second 
spectrometer. The zero setting was taken as the mid- 
position between the corresponding Bragg lines in the 
parallel and antiparallel rocking positions. The wave- 
length of the neutrons was deduced from the angle of 
scattering and the known lattice constants ap= 4.950 A 


18 Westinghouse Research Report R94433-2-A, 1950 (un- 
published). 

19H. van Dijk and M. Durieux, Physica 24, 1 (1958). 

2% J. R. Clement, J. K. Logan, and J. Gaffney, Phys. Rev. 100, 
743 (1955). 

%1F. G. Brickwedde, J. Research Natl. Bur. Standards 64A, 1 


(1960) 
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Fic. 3. The wavelength distribution 
of neutrons scattered from liquid 
helium at 1.1°K and from wax paper 
plotted as a function of the analyzer 
setting of the analyzing spectrometer 
and the energy change of the scattered 
neutrons. The scattering from wax 
paper, which is mainly incoherent and 
elastic, gives the wavelength of the 
incident neutrons and the instrument 
resolution at this wavelength. The 
second elastic peak observed at an 
angle of scattering of 11.9° is due to 
elastically scattered neutrons from the 
walls of the container. The liquid 
helium curves have been arbitrarily 
normalized and give the relative inten- 
sity for scattering at each angle. 
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and 4.050 A for lead and aluminum, respectively. The 
wavelength determined thus was 4.039+0.005 A. This 
was checked by analyzing’ the wavelength distribution 
of neutrons scattered from a 4-in. diameter cylindrical 


® The [111] planes of lead single crystals mounted on the 
half-angling table of the second spectrometer were used in the 
analyzer. 
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specimen of wax paper mounted at the axis of the first 
spectrometer. The neutrons scattered from such a 
specimen are mainly incoherent and elastic. The 
position of the maximum confirmed the wavelength 
determination given above. The width of the curve was 
taken as the resolution of the instrument at the wave- 
length of the incident neutrons. The full width at half 
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Taste I. The change in energy and momentum of 4.039 A 
neutrons scattered from liquid helium at 1.12°K under its normal 
vapor pressure. 


Energy 
change 
AE/k 


Momentum 
change 
p/h 
(A) 


0.27+0.01 
0.32+0.01 
0.40+0.01 
0.46+0.01 
0.59+0.01 
0.78+0.01 
0.97+0.01 
1.13+0.01 
1.20+0.01 
1.35+0.01 
1.47+0.01 
1.59+0.01 
1.65+0.01 
1.73+0.01 
1.81+0.01 
1.86+0.01 
1.89+0.01 
1.94+0.01 
1.97+0.01 
2.06+0.01 
2.09+0.01 
2.17+0.01 
2.23+0.01 
2.27+0.01 
2.34+0.01 
2.37+0.01 
2.42+0.01 
2.49+0.01 
2.57+0.01 
2.68+0.01 


Scattering 
angle Helium 
temperature 


(degrees) 


¢ 
(degrees) 
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maximum of this curve corresponds to an energy spread 
of 2°K at the wavelength of the incident neutrons. The 
variation of the resolution as a function of the wave- 
length change of the scattered neutrons has not been 
measured because of the difficulty of obtaining sub- 
stances (other than liquid helium itself) which scatter 
with a small known discrete energy change. The cali- 
bration of the angular scale, and the zero of the first 
spectrometer were checked by measuring the scattering 
from cylindrical specimens of powdered lead and 
aluminum mounted at the axis of the first spectrometer 
and with the second spectrometer set in the zero-angle 
position. The zero was determined from the known 
lattice constants for lead and aluminum, the measured 
wavelength, and the angular positions of the diffracted 
peaks. The settings for the zero angle determined from 
the lead and aluminum were consistent within experi- 
mental error. 

In the first series of measurements, the change in 
wavelength of 4.039+0.005 A neutrons scattered in- 
elastically from liquid helium at 1.12°K has been 
measured at 30 angles of scattering in the range 10° to 
140°. The analyzing spectrometer recorded the total 
number of counts for a preset number of monitor counts 


3 Analysis has shown that the wavelength variation of the 
resolution of the instrument is small for the range over which 
these measurements were made. 
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at each of about 60 equally spaced points separated by 
0.28° in the angular range of the neutron group. For 
the early measurements, the background was also 
measured at each angular setting by recording the 
scattering with 0.03 in. of cadmium in the incident 
beam between the monochromator and the liquid 
helium specimen. The background thus measured 
(approximately 4 counts per minute) was due to fast 
neutrons in the monochromated beam and the general 
background level in the reactor building. This back- 
ground was subtracted point by point from the meas- 
ured curves. In the later measurements the addition 
of shielding (as shown in Fig. 1) around the analyzing 
crystal reduced this background sufficiently (to about 
1 count per minute) so that it was not necessary to 
record the background for this series of measurements. 

Figure 3 shows the measured distribution of neutrons 
scattered from liquid helium through 11.9°, 54.6°, 89.6°, 
and 127.3° and from wax paper at 20.0°. These are 
plotted as a function of the angular setting of the 
analyzing spectrometer and the calculated corre- 
sponding energy change. The scattering from wax 
paper is mainly incoherent and elastic. The angle of 
this maximum is taken as corresponding to the wave- 
length of the incident neutrons. The form of this curve 
gives the resolution of the instrument at the wavelength 
of the incident neutrons. The liquid helium curves are 
all similar to that for wax paper. They differ in detail, 
being shifted to larger angles and showing a variation 
of peak intensity with the angle of scattering, but there 
is only small change in their form. The measured curve 
for liquid helium at ¢=11.9° shows two peaks. The 
peak at the smaller angle is due to elastically scattered 
background neutrons from the walls of the container. 
The fact that its maximum does not correspond exactly 
to the maximum of the scattering from wax paper is 
presumably owing to a possible asymmetry of the 
background scattering. The widths of the peaks of the 
liquid helium curves are similar within experimental 
error at all angles of scattering. The measured pattern 
at = 127.3° shows little if any increase in the scattering 
at angles larger than the position of the maximum of 
the curve." 

The angular position of the maximum of each curve 
has been taken as representing the angle corresponding 
to the mean wavelength of the scattered neutrons 
which has been deduced from the measured angle of 
the analyzing spectrometer and the lattice parameter 
ao= 4.950 A for lead. The corresponding changes in the 
energy and momentum were computed at each angle 
using the conservation laws 


AE=h?(\;?—)s-*) /2m, 
(P= (29)?(A?+A/?—2A;“AS cose), 
where \; and A; are the incident and scattered neutron 


wavelengths, AE and AQ are the corresponding change 
in energy and momentum of the scattered neutrons, 
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Fic. 4. The dispersion curve for 
liquid helium at 1.12°K under its nor- 
mal vapor pressure. The parabolic 
curve rising from the origin represents 
the theoretically calculated dispersion 
curve for free helium atoms at abso- 
lute zero. The open circles correspond 
to the energy and momentum of the 
measured excitations. A smooth curve 
has been drawn through the points. 
The broken curve rising linearly from 
the origin is the theoretical phonon 
branch calculated from a velocity of 
sound of 237 meters sec~!. The dotted 
curve drawn through the point at 
2.27 A has been drawn with a slope 
equal to the velocity of sound. 
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h is Planck’s constant, ¢ is the angle of scattering and 
m is the neutron mass. The calculated mean changes in 
energy and momentum of the scattered neutrons are 
tabulated in Table I for each angle of scattering. The 
units of energy are temperature where kT is the corre- 
sponding energy change. The units of momentum are 
a. 


Cohen and Feynman" have pointed out that these 
changes in energy and momentum are equal to the 
energy and momentum of an excitation produced in 
the liquid. Since the broadening of the spectra is small 
at all angles of scattering, each of these changes has 
been taken as corresponding to the production of a 
single phonon in the liquid. These changes in energy 
and momentum listed in Table I are shown plotted in 
Fig. 4. Each point is shown by an open circle, the size 
of which nearly represents the upper limit of the 
experimental error in its determination. The smooth 
curve through the points has been drawn as a guide to 
the eye and gives the dispersion curve in the liquid. 
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The parabolic curve which rises from the origin repre- 
sents the dispersion curve for excitations of free helium 
atoms at rest. The dotted curve rising linearly from the 
origin has the slope of the velocity of sound™ of 237 
meters sec-!. Beyond about 0.6 Aq, the curve falls 
below the phonon branch, has a maximum at 1.10 A“ 
and 13.7°K then intersects the free particle curve at 
1.49 A~ and 12.5°K. The curve exhibits a minimum at 
1.91 A~! and 8.65°K beyond which it first starts to rise 
with a slope slightly less than or equal to the slope of 
the phonon branch which is shown by the dotted curve 
through the point at 2.27 A~. At momenta greater than 
about 2.4 A~', the second derivative of the curve be- 
comes negative and the form of the curve suggests the 
possible existence of a second maximum. 

Landau“ has predicted that the minimum of the 
curve may be fitted by an equation of the form 


; E=A+ (p— po), 2u, 


“4K. R. Atkins and C. E. 
AG4, 826 (1951). 


Chase, Proc. Phys. Soc. (London) 





D. G. HENSHAW 

Ae 2 OS Se ey 

| LIQUID HELIUM 
TEMPERATURE 1.1°K 

= ji 

NEUTRON 

+-WAVELENGTH 4.04A 4 


"eC o8 Wake | 


( RELATIVE) 


0.6 


04 


INTENSITY 


0.2 








| a oe | 
0 O4 08 12 #%16 20 24 





MOMENTUM CHANGE (A”) 


Fic. 5. The relative partial differential cross section for the 
production of a single-phonon excitation in the liquid. 


where A and f» are the energy and momentum of the 
minimum and uy is termed an effective mass which is 
used to define the curvature in the region of the mini- 
mum. For a limited range in the region of the minimum 
the curve may be fitted by 


A/k=8.65-£0.04°K, 
Po h = 1.91 +0.01 A. 
p= (0.16) mye. 


This formula may be used to fit the measured points 
over a limited range of momenta within +0.15 A~ of 
the minimum. Beyond this range, the calculated ener- 
gies lie above the measured values. 

Figure 5 gives the relative partial differential cross 
section for the production of a single phonon excitation 


Tasie II. The mean energy change, linewidth, and effective 
mass of single phonon excitation for 4.039 A neutrons scattered 
through 80° from liquid helium under its normal vapor pressure. 


Full width 
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in the liquid plotted as a function of the momentum 
change. These partial differential cross sections have 
been obtained from measurements of the height of the 
single-phonon peak at each angle of scattering. In this 
determination, the broadening of the peaks has been 
neglected. Analysis has shown that this broadening is 
small but not negligible. The smooth curve drawn 
through the points shows low values at small Q, a peak 
at 2.0, A“ beyond which the partial differential cross 
section decreases rapidly to a low value at the last 
measured point at 2.68 A~'. No end point” in the curve 
has been observed for measurements out to 2.68 A~*. 
The position of the main maximum may be compared 
to 2.05 A~', the maximum in the differential cross- 
section curve,®and 1.91 A~', the position of the minimum 
of the dispersion curve. At small momenta, the meas- 
ured points suggest the possible existence of a second 
maximum in the region of 0.5 A~'. This may be due to 
excess broadening of the neutron groups in the region 
of 1.0 A“! which would cause the apparent cross section 
to be lower than the actual cross section. The curve of 
Fig. 5 shows that the cross section for scattering with 
the production of a single excitation becomes very 
small for the larger momentum changes and suggests 
that the dispersion curve will be difficult to measure at 
the larger momenta. This is not inconsistent with the 
measurements® reported earlier that the mean energy 
change of neutrons scattered with large momentum 
change is that expected for scattering from free helium 
atoms and corresponds to the scattering with the 
production of multiple phonons in the liquid. 

In the second series of measurements, the wavelength 
distribution of neutrons scattered through 80° was 
measured for the liquid at 13 temperatures in the range 
1.785°K to 4.21°K. Scattering at this angle corre- 
sponded closely to the production of excitations at the 
minimum of the dispersion curve. With increasing 
liquid temperature, the position of the maximum of 
the measured distribution shifted to shorter wave- 
lengths while the distribution broadened and became 
asymmetrical. The curves were corrected for back- 
ground, counter sensitivity, and for counter resolution. 
No correction was applied for the wavelength variation 
of the crystal reflectivity’® as this was estimated to be 
small. The corrected curves were normalized to N(E) 
and plotted as a function of the energy change E. The 
curves so plotted were to a good approximation sym- 
metrical in energy about the mean energy change of 
the scattered neutrons. The full width at half maximum 
and the mean energy change of the scattered neutrons 


%* L. P. Pitaevskii has recently predicted [Soviet Phys.—JETP 
9, 830 (1959)] that an end point in the spectrum will occur for 
some value of p=, and that one of the possibilities for the shape 
of the spectrum of this point is E=2A—a exp[—a(p— p<) ] (where 
De <2p,) which has zero slope and a limiting value of 24, in agree- 
ment with these measurements. Measurements at high pressure 
do not, however, agree with this limiting value of 2A (see refer- 
ence 12). 

26 See J. W. Knowles, Can. J. Phys. 37, 203 (1958). 
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Fic. 6. The temperature variation 
of the mean energy change of 4.039 A 
neutrons scattered through 80° from 
liquid helium. This corresponds closely 
to the energy of the Landau roton 
minimum. The smooth curve is drawn 
through the points as a guide to 
the eye. 
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together with the effective mass*’ of an excitation has 
been deduced for each temperature at which the 
patterns were recorded and are listed in Table II. 
Figure 6 shows the mean energy change plotted as a 
function of temperature. This change corresponds to 
the variation of the minimum energy of the dispersion 
curve and shows that the energy decreases rapidly from 
about 8.6;°K to 5.5°K for temperature changes from 
1.1°K to the \ tempeature where there is a marked 
change in slope and above which there is a slow uniform 
decrease to 4.9°K at 4.2°K. 

Figure 7 shows the variation of the effective mass of 
an excitation plotted as a function of liquid tempera- 
ture. The curve shows that the effective mass increases 
rapidly from a value of about 2.8 tc 4.2 helium masses 
for temperature change from 1.1°K .o the A temperature 
above which temperature it increases more slowly to 
about 4.6 mass units at 4.2°K. ‘his curve again shows 
a marked change in slope at the A transition. 

Figure 8 shows the full width at half maximum of 
the measured curves plotted as a function of the liquid 
temperature. The width increases rapidly from 2.5°K 
to 11.0°K for temperature change from 1.78°K to the 
\ temperature. Above this temperature, the width 
increases more slowly to 15°K at 4.2°K. This curve also 
shows a marked change in slope at the \ temperature. 
The broken curve gives the theoretical full width at half 
maximum for scattering from a gas of atoms having a 
mass equal to the effective mass given in the curve of 
Fig. 7. This curve was calculated using a formula due 
to Spiers** and is based on the assumption of thermal 
motion in the atomic system. The dotted curve out to 
2.2°K represents the widths calculated on the basis of 


27 The effective mass defined above and used subsequently is 
the number of helium masses which would give the same energy 
change for neutron scattering from free particles as that observed 
in the liquid. This expression is not to be confused with the term 
u in the Landau roton expression used to define the curvature 
in the region of the minimum of the dispersion curve. 

28 See B. N. Brockhouse and D. G. Hurst, Phys. Rev. 88, 542 
(1952). 
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the Landau-Khalatnikov theory” which in the present 
paper is modified to take into account the measured 
variation of A with liquid temperature. This theory gives 


or 


AT pnr 2 
6T=——= 


4.4/T 


heath  haniaasitendie Gale 
Sune . 15 (2r)'n,h? (ku)! 
where yu is the effective roton mass which defines the 
curvature in the region of the minimum, 7, is the roton 
portion of the viscosity, p,», is the roton part of the 
normal fluid density, ~o is the momentum of the 
minimum, A is Planck’s constant, k is Boltzman’s 
constant, and A is the energy corresponding to the 
minimum of the curve. 

Using the generally accepted values for the roton 
viscosity, which has been assumed constant inde- 
pendent of temperature, and taking the value of 
po=1.91 A and p=0.16mye, the expression reduces to 


SE~O4/ Te tP, 
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Fic. 7. The temperature variation of the effective mass of 
an excitation corresponding to the curve of Fig. 6. 
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The values of the parameter A were taken from the 
measurement listed in Table II and shown in Fig. 6. 


DISCUSSION 


The spectrum of neutrons scattered from liquid 
helium at 1.1°K showed a discrete peak with only little 
broadening at all angles of scattering which was taken 
as indicating that the observed scattering was with 
single-phonon production having a long mean free 
path. Only little, if any, excess scattering was observed 
over the range of wavelengths studied at wavelengths 
longer than the single-phonon peak even for scattering 
at large angles." The cross section for the production 
of a single phonon is small at low momenta, rises rapidly 
to a maximum in the region of 2.0 A~' beyond which it 
decreases rapidly, but continuously, at larger momenta 
changes and becomes very small in comparison to the 
total differential cross section.® Since no scattering was 
observed at wavelengths less than the single-phonon 
peak for the range of wavelengths measured, these 
results are not inconsistent with the hypothesis that 
most of the scattering at large momenta change is with 
multiphonon production in the liquid corresponding to 
an average energy change like that from free helium 
atoms as has been observed in other earlier measure- 
ments.’ This indicates that the single-phonon exci- 
tations at large momenta will be difficult to measure. 
No endpoint” in the dispersion curve was observed for 
momenta out to 2.68 A~'. The dispersion curve has 
been measured over the range 0.26 A to 2.68 A“. 
The measurements in the range 0.26 A-'<O0<0.6 A“ 
have a slope which agrees with the measured velocity 
of sound of 237 meters sec~'. For momenta greater than 
2.1 A~, the maximum slope is equal to or less than that 
given by the velocity of sound" and at larger momenta 
the curve bends over in such a manner as to suggest the 
possible existence of a second maximum and does not 
approach the free-particle curve. In the range 0.26 A~ 
to 2.3 A“, the curve is similar in form to that predicted 
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EXCITATION LINE WIDTHS 
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NEUTRON WAVELENGTH 4.044 


Fic. 8. The temperature variation 
of the full width at half maximum of 
the single phonon peak. The solid 
curve has been drawn through the 
experimental points as a guide to the 
eye. The broken curve gives the theo- 
retically calculated widths for a gas 
with the mass of atoms as given in 
Fig. 7. The dotted curve represents 
the theoretically calculated widths on 
the basis of the Landau-Khalatnikov 
theory. 


theoretically but there are differences in details. The 
position of the minimum for the liquid temperature of 
1.1°K is at 1.91+0.01 A“ and 8.65+0.1°K in agree- 
ment with the measurements of Yarnell ef al." 

The temperature variation of the energy A/& of the 
Landau roton minimum decreases rapidly for tempera- 
tures in the range 1.8°K to the \ temperature where 
there is a marked change in slope and only a slight 
further decrease for temperatures in the He-I tempera- 
ture range. The corresponding widths of these spectra 
of scattered neutrons increase rapidly with increasing 
temperature toward the \ temperature where they also 
show a marked change in slope and only a slight further 
increase in the He-I temperature range. The measured 
widths are in agreement with the theoretical widths 
calculated for a gas of free particles using the measured 
effective mass of the excitations at temperatures above 
the A temperature but fall well below these widths at 
temperatures below the Lambda point. For this tem- 
perature region the measured widths lie slightly above 
the widths calculated using the Landau-Khalatinkov 
theory modified to allow for the measured temperature 
variation in 4/k. This behavior is similar to that ob- 
served by Larsson and Otnes."° It is possible that the 
deviations of the measurements from the theoretically 
predicted widths may in part be due to the temperature 
variation of the roton portion of the viscosity. Thus 
these results suggest that at temperatures above the 
\ temperature the motions of assembly of atoms are 
gaslike in nature while below the A temperature the 
motions become ordered and the widths of the spectra 
are owing to the mean free paths of the excitations. 
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Quantum corrections are obtained for the single-particle density matrix in a semiclassical ensemble where 
the distribution is unrestricted. A form for the density matrix containing explicitly a function of the wave- 
mechanical Hamiltonian operator is devised; a formalism is then developed to decompose this operator 
function into effectively classical and nonclassical parts. The classical part corresponds to the semiclassical 
density matrix and the quantum corrections are obtained from the nonclassical terms. 

The quantum-corrected density matrix for a spherically symmetrical and a one-dimensional system have 
been evaluated. The densities for a linear harmonic oscillator and a Coulomb potential for a Fermi-Dirac 


distribution have also been examined in some detail. 





1. INTRODUCTION 


UANTUM corrections depending on powers of / 

can in principle be introduced into any basic 
physical model intermediate between the classical and 
the wave mechanical, to help convergence towards 
wave mechanics. Very satisfactory results may thus be 
obtained without resorting to a full-scale wave- 
mechanical treatment, by solving a problem first on 
an approximate physical model and then proceeding 
to the quantum-corrective stage. Quantum corrections 
have to satisfy three basic conditions, however, to be 
of any significance: (1) less labor should be involved in 
their evaluation than in the wave-mechanical treatment 
of the problem, (2) they should be obtained in a con- 
sistent way, and not be known wave-mechanical features 
inserted ad hoc in the approximate model, and (3) they 
should be of reasonable magnitude, so as to displace 
the approximate result significantly towards the wave- 
mechanical value. Two fairly general procedures for 
obtaining quantum corrections are (1) by applying a 
perturbation treatment on a wave-mechanical relation! 
—starting the perturbation with the result of the 
approximate model, and (2) by breaking up or “‘proc- 
essing” the wave-mechanical model, in such a way that 
it yields the approximate result along with corrective 
terms*—the approximate result appearing at the lower 
limit of approximation in /. 

The present investigation is mainly concerned with 
applying the method of the “processed wave-mechanical 
model,”’ to obtain corrections to the single-particle 
density matrix in a statistical model characterized 
essentially by a classical Hamiltonian and plane-wave 
functions. A form for the wave-mechanical density 
matrix containing explicitly a function of the wave- 
mechanical Hamiltonian operator will first be devised ; 


*The major part of this work was carried out at Brandeis 
University, Waltham, Massachusetts, and supported by the 
Office of Naval Research and the U. S. Atomic Energy Com- 
mission. 

1L. Pauling and E. B. Wilson, Jr., Introduction to Quantum 
Mechanics (McGraw Hill Book Company, Inc., New York, 1935). 

2S. Golden, Phys. Rev. 105, 604 (1957); 107, 1283 (1957). 
D. A. Kirzhnits, Soviet Phys.—JETP 64, 5 (1957). 


a formalism will then be developed to decompose this 
operator function for a plane-wave representation, into 
effectively classical and nonclassical parts. The terms 
of the representative corresponding to the classical 
Hamiltonian operator will lead to the density matrix 
of the basic model, and the other terms will give the 
quantum corrections. 

The interest in the problem of quantum-correcting 
the semiclassical density matrix is tied up to a great 
extent with the well-known Thomas-Fermi (T.F.) 
statistical method.* The T.F. model is a semiclassical 
system satisfying Fermi-Dirac statistics, it has the 
merits of simplicity and practicability, and it has been 
widely used in molecular and solid state work.* Being 
an approximation, however, the T.F. model suffers 
from defects, and since its inception in 1928, several 
modifications have been suggested to correct these 
defects.4 Most of these modifications were introduced 
on an arbitrary basis, and the efforts of the more recent 
workers,”"® have been aimed mainly at obtaining some 
of these corrections in a consistent way. The work 
which is of particular interest here, is that of Golden? 
and of Kirzhnits?: using the method of the “processed 
wave-mechanical model,” sketched above, they ob- 
tained an expression for the energy of the quantum- 
corrected system, with terms corresponding to the 
exchange energy correction of Dirac, and the 
Weizsicker correction,! which had been critized as 
arbitrary corrections to the T.F. model. 

In the present investigation, the method of Golden 
and of Kirzhnits is modified to give an effectively more 
compact form for the density matrix; in other words: 
the new density matrix converges faster to the wave- 


3P. Gombas, Die Siatistiche Theorie des Atoms und Ihre 
Anwendungen (Springer-Verlag, Vienna, 1949); N. H. March, 
Advances in Physics, edited by N. F. Mott (Taylor and Francis, 
Ltd., London, 1957), Vol. 6, p. 21. 

4P. A. M. Dirac, Proc. Cambridge Phil. Soc. 26, 376 (1930); 
C. F. Von Weizsicker, Z. Physik 96, 431 (1935); J. S. Plaskett, 
Proc. Phys. Soc. (London) A66, 178 (1953); Y. Tomishima, 
Progr. Theoret. Phys. (Kyoto) 22, 1 (1959). 

5W. R. Theis, Z. Physik 142, 503 (1955); W. Macke, Phys. 
Rev. 100, 992 (1955); Am. J. Phys. 17, 1 (1955); E. S. Fradkin, 
Soviet Phys.—JETP 64, 5 (1957). 
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mechanical result. Some interesting features of this 
more accurate density matrix are illustrated by appli- 
cations to the linear harmonic oscillator, and the 
Coulomb potential. 


2. GENERAL CONSIDERATIONS ON 
THE DENSITY MATRIX 


The single-particle density matrix of a many-electron 
system is defined here as 


M 
(81,82) = > wn* (rial), (2.1) 


where y,(r) is a normalized eigenfunction of the 
Hamiltonian of the system; r stands for the position 
and spin coordinates of an electron; M is the number 
of states in the system, and need not correspond to the 
number of particles. 

Equation (2.1) can be written 


o(rut) => Vn*(1i)Oubn(e), (2.2) 


where @,, is some function of the Hamiltonian operator 
H, with the properties: 


Ou ,(r)=y.(r), 
Ouy,(r)=0, 


Several forms for #4 are possible—the representations 
of interest here involve the step function of Heaviside,® 
which will be expressed in either of two forms: (1) as 
an inverse Laplace transform, or (2) as a Fourier sine 
transform. The corresponding representations for 04 
are then’: 


nM; 
n>M. 


1 rrie dz 
Ou=— f — exp[z(\u—H)], 


2ri 


y—iw 


Ou=- 


T 


Ft dt rea F (2.4) 


y 


¢ 


of sin(yAa) cos(yH) 
0 


Oubn=Vn, Am> Ena; 
Ou .=0, Am<En; 
Hy,= EwWn; 
Aw is a parameter which satisfies the condition 
Eu<AuM<Enmyi, 


and has been shown? to correspond to the chemical 
potential per state in the system. 


®E. J. Scott, Transform Calculus (Harper and Brothers, New 
York, 1955); G. Doetsch, Theorie und Andwendung der Laplace 
Transformaticn (Dover Publications, New York, 1943). 

? Tables of Integral Transforms, Bateman Manuscript Project 
(McGraw Hill Publishing Company, Inc., 1954), Vol. 1. 
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Using (2.3) and (2.4), (2.2) can be written explicitly 
as 


” 1 rte dz 
p(t1,82) =D a*(11)— of 
1 2rt 


o 


yim 


Xexp[z(Aw—H) Walt), (2.5a) 


and 

o 2 ¢” _ sin(yAw) cos(yH) 
p(tue)=Sver(n)- f dy— | 
1 To 


V 


Xva(t2). (2.5b) 


(2.5a) and (2.5b) are expressions for the density matrix 
involving the Hamiltonian operator H in the form 
exp(«H), where «x is in general complex. A formalism 
will now be developed to obtain the representative 
{r|expxH | p) for the evaluation of (2.5a) and (2.5b). 


3. OPERATOR exp(«H) 


The Hamiltonian operator H can in general be 
written: 


H=> Hi, 
1 


(3.1) 


where the operators H; are not always commutable. If 
the H; are commutable, H corresponds to a classical 
Hamiltonian operator H.,, and exp(«H,,) would simply 
lead to the basic semiclassical density matrix, when 
substituted in (2.5a) or (2.5b). If exp(«H) were there- 
fore decomposed into a series with exp(«H,,) as a first 
term, the other terms would have to arise as a con- 
sequence of the noncommutative property of the H,’s,° 
and these additional terms substituted in (2.5a) and 
(2.5b), would correspond to quantum corrections to 
the semiclassical result obtained with the first term 
only. 

For the system of interest here: a completely de- 
generate electron gas with no interaction and spin, H 
can be taken as the sum of the kinetic energy operator 
T, and the potential energy operator V, where 


N 1 
T= —¥ z reg VF, 
1 2m; 
and 
V= V (ri, **Fy), 


N being the number of particles in the system; so that 
exp(xkH)y=exp[x(T+V) Wy. 


Operators like exp[x(T+V)], or more generally of 
the form exp[x(01+02) ], where O; and QO» are non- 
commuting operators, have been studied extensively.® 
The two more familiar methods of decomposing the 
double-operator exponent are given by Schwinger, and 

®R. Kubo, J. Chem. Phys. 20, 770 (1952). 

* A. W. Saenz and R. C. O’Rourke, Revs. Modern Phys. 27, 381 


(1955); R. Peierls, Z. Physik 80, 763 (1933); J. Schwinger, Phys. 
Rev. 82, 664 (1951). 
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Saenz and O’Rourke, for operating on a general ¥. The 
basic method of expanding exp[«(O:+0,) |, has also 
been employed by Golden? for a plane-wave function, 
to derive the representative (r|exp(xH)|p). In the 
present investigation, (r|exp(xH)|p) is obtained by 
solving a nonlinear second order differential equation— 
this method is less laborious than the three previous 
ones, and it also leads to a much more compact and 
useful form for the representative. 


4. FUNCTIONAL REPRESENTATIVE (r|exp(«H) |p) 


The differential equation for (r|exp(xH)|p) can be 
obtained as follows: 


4(r| exp(«H) | p) 
yt da. -=(r|H exp(xH) |p) 
OK 

‘ P h h? 
-|—+V+—@-9-—¥] 
2m m 2m 


1 


X<(rlexp(«H) |p). (4.1) 


If we put 


) a 
(r| exp(xH) |p)= exn| — +0 


2m 
a=h/mi, B=—h*?/2m, 
then (4.1) 


od 


takes the form: 


Ox=a(p-V)O+8V°S+AV8-VO+V. (4.2) 


This differential equatien cannot be solved in closed 
form; it has to be solved by an iterative procedure. A 
tentative form of the differential equation for the 
iteration is 


OP ni) ‘Ox= a(p- V) Papi t bVP,.+AVE,: V®,+ # 


where ®,, is the solution at the mth stage of the iteration. 
The first approximation, ,, is obtained by neglecting 
the second and third terms on the right-hand side of 
(4.2), which amounts to taking )=0. 

The expression obtained for ® is 


@= fot PEt BP Eot+ cag 


(4.3) 


(4.4) 
where 


f= f V (r+apu;)duy, 


am f du; mV?V (r+api,) 
0 


. ug u2 
+2) f du f du f du, VV (r+apu) 
0 0 0 


-VV (r+apz;) 


« u4 u3 uz 
+60 f auf dus f auf du, VV (r+apt,) 
0 0 0 


-V(ap:V)V (r-+apu;)--- 
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An alternative and more compact solution can be 
obtained by considering the differential equation: 


OB ny 1/Ik=a(P- V)Pngi t+ BVPnyitSVP,- VO,+V, (4.5) 
which gives for ® the expression: 

. 5 h?2! 
o- f du,{expu,[a(p- V)+8V? ]} V—-—— 
0 2 


m 


xf du f dua f “ dus{expuLa(p- V)+BV? }} 


<XVV- w+ din f dua f “auf du; 
2m? 0 


X {expm,[a(p-V)+8V7])}VV-V(p-V)V+ (4.6) 
Using (4.6), 


(r|exp(xH)|p) is 
du;{expu,[a(p: V)+8V? ]} V——— 
9 


rant 
exp jx—+ 
2m 0 2 
« u3 u2 
xf dus f din f du,{expu,[a(p-V)+8V"}} 
0 0 0 


xvy-vy +f (4.7) 


the expression for the representative 


h2! 


It can be verified that (4.7) reproduces the series of 
Golden? on expansion, viz. 


(r| exp(«H)|p)= exo «( a v)| | 
2m 


h? 
x{ (0 V)V—-—VV ) 


2mi 4m 


h? ih® 
+e[- ((p-V)?V+mVV-VV Pes V)VV 


6m? 


hi 


+——(V-V)? 


sa v|+ vee | . (48) 


5. APPLICATIONS 


The density matrix (2.5a) can be written as follows: 
zh 


1 ina 
p(este)=—0 f dz—{r,| exp(—zH)| re) 


2at Soin 


1 yti« e2* 
-—o f dz— > (r:|exp(—} 
g °° 


2at J io 


cH) | p) 


X(p|exp(—4sH) | r2) 


ytie e? 
of dz— > (r;|exp(—43z 
; 7 


—4:"H) |p), 


H) |p) 


X(r2| exp (5.1) 
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where Aw has been replaced by A. Substituting for (r:|exp(—4}zH)|p) and (r.|exp(— 


in (5.1): 
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tc*H)|p)!, from (4.7) 


1 rtie dz z en 
p(t1,82) = —0 f = exp(\—-[V(n)+ V (re) |-—_[V’ VitV?V re |: mii ) 
} z 2 16m 


mt Jim 2 


2 Oh Pt 


Pos 
x fap exp(-+—+—1p. (VV)n—p- (VV )ea HL VV V)?V re]: oe 
m 


2m 8&mi 


The exact evaluation of the density matrix (5.2) will 
be restricted to cases where the inverse transform and 
the integral over p are both obtainable, and this will 
only be possible for certain potential functions. In 
most cases, (5.2) can be evaluated only after making 
approximations up to some order in /# in the exponents. 

The integration over p usually leads to some re- 
strictions on the permissible values for the variable in 
the inverse transform, which means that the contour 
of integration has to be modified. It is in connection 
with this modification of contours that a judicious 
choice between a complex variable form and a real 
variable form for the @,, operator of (2.2) is helpful. 
Only the complex variable forms for the density matrix 
and the density will be worked out in detail; the corre- 


exp{z ah— 38 ol V (11) )+V( (r2) ]} 


2mr)! 
ene’ rm i 


2ni 


zZ} 


: ip c9 
) exp|—- (nn) ; (5.2) 


sponding expressions for the real variable form can be 
obtained on the same lines, they will only be indicated 
here whenever necessary. 

A general form for the density matrix will now be 
evaluated using an approximation of (5.2) for two 
cases of interest: (1) a spherically symmetrical system 
and (2) a one-dimensional system. The densities for a 
one-dimensional harmonic oscillator and a Coulomb 
potential, derived from (5.2), will also be examined in 
some detail for a Fermi-Dirac distribution. 


5a. DENSITY MATRIX 


Neglecting terms in #? in the exponents of (5.2), and 
integrating over p, 


2m |—r.|? 
= exp| — {- — 
4 


hi? Z 


h?2 
{VV ri cos(r:|t1—1re) — VV re cos(r2| r1— r2)} +—{ VV VV re cos(ri| re) +3 (VV ri +H 0) | ; (5.3) 
16m 


where /¢ denotes integration over the modified Bromwich contour. Neglecting terms in /? again and integrating 
over 2: 

dr 3[{singt— f cost] 
p(t1,%2) =—(2m ye ae — 
3 


¢ 


(5.4) 
where 
—$(V(ri)+V (re) ]+$\r 
4} r:—r2| (2m)*/h; 


1—12| [VVr1 cosa— VV r2 cos J} ; 


& is the angle (r,|r:—r2), and 8 the angle (r2|r;—r2). 

(5.4) has the form of the density matrix used by Froman” for the T.F. model. They differ in that (5.4) is sym- 
metrical in r, and re, as the density matrix should be; (5.4) also involves the angles & and 8, which appear in the 
wave-mechanical density matrix but do not in Froman’s expression. 

In the one-dimensional case, the form corresponding to (5.3) is 





—-|x;—2| 


h? Z 2 


23 dV (x1) \? av ( 
CAC GS ° 
32m Ox, 


— exp 


(2m) exp{z sh— 21 V (x1) +V (x2) }} 2m (x1—%2)?: 2 OV (x1) © aV( 2) 
p rum)=-—— fds ; -| ( : 


2ni Ox 


10 oP. O. Froman, Arkiv Fysik 5, 135 (1952). 
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Neglecting the term in A’, and integrating over z: 


p(x1,X2) = - sin] ———(x;— x2) 
X1— Xe h 


2h [= 


where 


n = X of ——— 
7 


< 


V (x1) + V (x2) —* V (x1) <=) 
Ox, OX ; 


which differs from the density matrix in the one-dimensional T.F. model used by March," by containing a third 
term in 7. 


5b. DENSITY 
The density is given by (5.2) when r;=1r.=r, so that 


1 Trim dz 2h 2h 2 
o(en)-— f -- exp| 2 — —V°V+— wry | fap exp| —2 + ——(9-¥)V--] (5.7) 
2xt Jy-in 3 8m 24m? 2m 24m? 


Keeping terms up to #? in the exponent and integrating over ?, 


h? an? 
exp| d~2V— 2—_V*-V +— ory 


(2mr)! 8m 24m? 
p(r,r) =—— — { és—— ———--— ~~ -- -, 
Qt c h? 10V\3 ht? 10V\3 2h? eV\3 
a'(1—2— a )(-# ois ) (:- > ) 
12m r Or 12m r Or 12m Or? 


The corresponding expression in the one-dimensional case is 


2 PV sth? 7aV\? 
exp| 2 — _— +—_(—) 
8m Ox2 24m?\ dx 
d ; x 7 > . 


eh? eV 
af 1- : —| 
12m dx? | 


(5.8) and (5.9) are general expressions for the density of states in a three-dimensional and one-dimensional 
system, respectively, in the form of contour integrals. It is not practical to perform these integrations at this 
stage for the general case; it is preferable to carry out separate integrations for each individual application, when 
available data on the potential will facilitate the operations and lead directly to a simplified form for the density. 

At a lower limit of approximation in h, (5.8) and (5.9) reduce to the less accurate expressions for the density 
obtainable by putting r:.=re=r in (5.3), and 21;=2.=- in (5.5), respectively. It is also easy to verify that the 
T.F. densities, viz. : 

Sar 2(2m)3 
—(2m)'[\—V_]}!, and —[r-V }}, 
3h h 


for a three-dimensional and a one-dimensional system, respectively, are recovered trom (5.8) and (5.9), in the 
limit 4? — 0, for a Fermi-Dirac distribution. 

The expressions (5.8) and (5.9) will now be employed in the problems of the linear harmonic oscillator and of 
the Coulomb potential. 


5c. THE LINEAR HARMONIC OSCILLATOR 


The potential for the linear harmonic oscillator is! V =y2?, where u= 22°my,?, vo being the classical frequency of 
the oscillator. Substituting for V in (5.9) yields 


(2mr)! exp[zd—2V — 22h? /4m+23(h2p2/6m?) 2x | 
p —— fia — ' (5.10) 
c 


2ri 21(1—ph?s?/6m)! 


tN. H. March, Proc. Phys. Soc. (London) 70, 839 (1957). 
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It is more convenient to use here the Fourier sine transform for the density, instead of the Laplace inverse 
transform. It can be easily verified that the expression corresponding to (5.10) as a Fourier sine transform is 


4m 


(5.11) 


(1+-ph?y?/6m)?* 


pt 
( yi 


2 *  sindy cos(yV +9! 2y242 */6m*)—sin(yV +h" ue 42 /6m*) v hep 
(2m)? f | | exp( ). 
T ) 


(5.11) will be evaluated as a first approximation, by neglecting terms in the numerator involving fh’. p is then 
given by the expressions: 


aym\! A+V A+V A+V 1-V\! A—V \-—V 
YEN ee) -ne))e Nee )-ne 2) 
T a 2a; 2a; a 2a; 2a 
pfr-V\! A-—V A-V A-V A-—V 
+n2(—) [xve(—— ) u(—) +X ve(— 1 (—) |} (5.12a) 
a 2a 2a, 2a, 2a; 
for \>V; and 


aym\? A+V\! A+V A+V V-r V—-r 
YEN nS (2N be S)-ne( 2] rm 
T a, 2a, 2a 2a, 2a; 


for \<V; where K,(v) is a modified Bessel function of the third kind, 7,(v) is a modified Bessel function of the 
first kind, and a\= Ayp/2Vv3. 

If the terms in the numerator involving A? are taken into account, p is then given approximately by the 
expressions : 


m (am 6 7A+V +0 A+V 
(=) [(H)perS ee 
2 2 ae 2 ‘ 
A-V\!3 V , 
(Sb) (C410) 280 
for \>V; and 2 2d2 


ENCED) 
Nad Zod 21d) DYI 0m 


for \<V; where J,(v) is a Bessel function of the first kind, and a2= hy o/2+/6. It can easily be checked that ex- 
pressions (5.12a and b) and (5.13a and b) reduce to the T.F. density for the linear harmonic oscillator for a; and 
aa 0. 

The expressions (5.12a and b) and (5.13a and b) were evaluated for the case A= 3h», i.e., for two occupied 
energy levels, and in Fig. 1, the quantity p/a is plotted against ax, where a?=422myvo/h. The corresponding curves 
for the wave mechanical and the T.F. oscillator are shown for comparison. It is clearly seen from the figure how 
each additional corrective term progressively brings more wave mechanical characteristics into the T.F. density. 


5d. COULOMB POTENTIAL AND ISOLATED ATOM 


For the Coulomb potential V= —Q/r, the density is given by (5.8) as 


:2/12m)(Q/r9) PL — 2? (2/12m)(Q/r3) 1-+2 2(h?/6m)(QO/r* 





(2mx)! f " explz(A— V)+ (2*h?/24m?) (0?/r*) | 
a s'(1—2°(A 


2at 
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Neglecting the second term in the exponent, the integral 
has the value: 


“ 


where 


F(v) sinh( [0 V)- rt . 


F(v)=——_ 
/7/2 

2= 12mr*/h’O, 
b? = 6mr*/h°Q, 


and ,F, is a generalized hypergeometric function. It 
can be verified that (5.15) is finite at the origin, going 
to Q® as r— 0, corresponding to the wave-mechanical 
behavior for the Coulomb potential at the origin, 
barring the numerical factor. For large values of r, 
p— (A—V)! as in the T.F. model. 

For a proper self-consistent treatment of an isolated 
atom, Poisson’s equation with a density given by (5.8) 
has to be solved subject to the appropriate conditions 
for V ; this calculation is now under way and the results 
will be reported in a subsequent publication. It is worth 
pointing out at this stage, however, that an estimate of 
the electron density for an isolated atom can be made 
perturbation-wise using Eq. (5.8) and taking for (A— V) 
the known values for the T.F. atom.” This approximate 
density for hydrogen is plotted in Fig. 2; the corre- 
sponding curve for the T.F., wave-mechanical, and 
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Fic. 1. Densities for linear harmonic oscillator. —— - 
Wave mechanics; ———————- Thomas-Fermi; 
second approximation. 


2 VY, Bush and S. H. Caldwell, Phys. Rev. 38, 1898 (1931). 
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113 (r) 


Fic. 2. Radial distribution of electrons for hydrogen, with r in 
atomic units. ——————— Wave mechanics; homas- 
Fermi; —— - —— Fermi-Amaldi-Golden; — — — — present 
calculations. 


Fermi-Amaldi-Golden? models are shown for com- 


parison. 
6. DISCUSSION 


It is found that even within the limits of fairly severe 
approximations, the more critical features of wave 
mechanics are brought out in the simple cases chosen 
for illustration here. In the harmonic oscillator prob- 
lem, the crossover into the nonclassical region and the 
oscillation of curve 4 in Fig. 1, corresponding to the 
wave-mechanical behavior, are definite improvements 
over the T.F. results. Better agreement with wave- 
mechanical results should be expected as the number 
of occupied energy levels increases. It is also worth 
noting that the curve for the first approximation, has 
a close correspondence to the density curve of Ballinger 
and March" for the T.F. oscillator with the Weizsiacker 
correction. 

In the case of the Coulomb potential, the proper 
behavior at r— 0 is a significant improvement over 
the T.F. method where the density is infinite. This 
overestimation of the density at a singularity in the 
T.F. model, is known to lead to low values in energy 
calculations; better results can, therefore, be expected 
with the present method. 

The diagram for the electron density in the hydrogen 
atom indicates that the rough estimate made by em- 
ploying the T.F. potential in the quantum-corrected 
density, is in better qualitative and quantitative agree- 
ment with wave mechanics than either the T.F. or 
the Fermi-Amaldi-Golden density, for the region r<2.5 
atomic units; for larger values of r, however, the density 
is overestimated and higher order corrections would 
probably have to be included. 


18 R. A. Ballinger and N. H. March, Proc. Phys. Soc. (London) 
A67, 378 (1954). 
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The range of application of the method developed 
in the present investigation is determined by the 
possibility of carrying out the integration over p, and 
the subsequent inverse transform. Approximations have 
to be made to permit this double integration, and these 
approximations curtail to a certain extent the great 
potentialities of the method. Applications to a wider 
range of problems would be possible if 6,7, the function 
of the Hamiltonian operator of (2.2), appeared in a 
simpler and more manageable form than as an inverse 
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transform. As the method stands, however, it is still 
applicable to a variety of interesting problems in 
quantum statistics. 
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Effect of a Constant Electrical Field on Germanium Fast Surface States* 
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The experimental evidence regarding the effect of electric fields on the fast states of germanium is, at 
present, contradictory: Litovchenko and Lyashenko explained their experimental results by assuming the 
fields only affect the density of states but not their energy, this would support the current view on charge 
transfer through the semiconductor oxide layer. Rzhanov ef al., on the other hand, reported field-induced 
changes in energy as well as density. To resolve this question, careful measurements of surface recombination 
velocity and surface conductivity were performed before and after application of dc fields of about 2X 10! 
volts/cm. Though the effect of the field on the surface state density was much smaller than that found by 
Litovchenko and Lyashenko, the experimental results indicated clearly that the energy and ratio of capture 
cross sections were indeed unaffected by the field. It was also found that in wet ambients an ac field shifted 
the unperturbed surface potential by more than +5k7. 


1. INTRODUCTION 


ITOVCHENKO and Lyashenko! reported that 
prolonged application (of over 10 minutes) of 
strong electric fields {>[(0.5—1)10*® volts/cm ]}} 
affected the density of the fast germanium surface 
states. They investigated the field effect (change in 
surface conductivity Ao with applied pulsed field) on a 
p-type germanium specimen, dimensions of 1.50.5 
0.03 cm’, cut perpendicular to the 110 axis and of 
20-30 ohm-cm resistivity. Their measurements were 
performed in a vacuum of 10-* mm Hg and in a dry air 
atmosphere, the effect being present in both ambients. 
They found a considerable change in the Ao vs u, curve 
(u, being the surface potential; i.e., using the notation 
of Kingston and Neustadter? and of Many and Gerlich’: 
u.=q¢./kT) after application of a dc field and explained 
their experimental results by assuming that the surface 
state energy (E,—£;) remains constant, whereas the 
* This work was supported by a contract with the Air Force 
Cambridge Research Center, Air Research, and Development 
Command, Bedford, Massachusetts. 
T On leave from the Department of Physics, Hebrew University, 
Jerusalem, Israel. Present address: Research Laboratory, 
Raytheon Company, Waltham, Massachusetts. : 


*'V. G. Litovchenko and V. I. Lyashenko, Soviet Phys.-Solid 
State 1, 1470 (1960). 


? R. H. Kingston and R. F. Neustadter, J. Appl. Phys. 26, 718 
(1955). 


* A. Many and D. Gerlich, Phys. Rev. 107, 404 (1957). 


density NV, of the states does change. This assumption 
could not be verified experimentally by measuring only 
the change in surface conductivity, because for each 
Ao(u,) plot (E;— E;) as well as NV, are unknown and one 
parameter can only be determined with a reasonable 
accuracy if the other is known. However, by performing 
combined measurements of surface recombination 
velocity s and changes in surface conductivity Ac, the 
energy (E,— E;) of the recombination centers, the ratio 
Cp/Cn of the capture cross sections of holes c, and elec- 
trons c,, and the density of states can be measured and 
hence all surface state parameters be determined. Com- 
bined measurements were therefore performed on a 
germanium crystal, before and after application of a 
strong electric field, and the results are published in 
this paper. 


2. EXPERIMENTAL METHOD 

The germanium specimen investigated was n type, of 
17 ohm-cm resistivity, of dimensions 1.450.39X0.038 
cm, and cut parallel to the (111) plane. It had two 
soldered end contacts, one Ohmic and the other slightly 
injecting, and was etched in CP-4A for one minute at 
35°C. After etching and rinsing, brass field plates were 
clamped to the crystal with mica sheets (of 0.004 cm 
thickness) sandwiched between them. The assembly 
was placed in a glass tube, subjected for two days to a 
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TABLE I. Fast surface state parameters of n-type sample before and after being subjected to dc fields. 


Treatment (Ey — Ej) /kT Io 
Vacuum 4.6 
After application of +550 volts 4.8 
Vacuum 4.9 
After application of +1500 volts 4.9 
Vacuum 4.9 
After application of — 1500 volts 4.7 


bo DO DO OS be FO 


wet oxygen atmosphere, and then evacuated to a 
vacuum of at least 10-* mm Hg. Measurements were 
taken; a voltage of +550 volts was placed on the field 
plates for over 12 hours, then switched off, and the 
second set of measurements taken. The same procedure 
was repeated with the higher voltages of +1500 volts 
and — 1500 volts. All measurements were taken at 21°C. 
The technique of the combined surface recombination 
velocity and surface conductivity measurements, as 
well as the interpretation of data, were those developed 
by Many and his coworkers*: the surface potential «, 
was changed by an alternating (50 cps) electric field 
emanating from the brass field plates, and simultaneous 
measurements of filament lifetime + and resistance R 
were taken. From the experimental data two curves 
were constructed as functions of the surface potential 
u,: (1) the fractional surface recombination velocity 
s/Sm, where sy denotes the maximum value of the sur- 
face recombination velocity s; (2) the added trapped 
charge density AQ,, in the surface states relative to its 
value before application of the field, when u,= u,9. From 
the first curve, the energy (£,— £;) of the recombination 
center and the capture cross-section ratio ¢p/c, were 
obtained; the analysis of the AQ,, vs u, curve yielded 
the density NV, of the recombination center as well as 
the energy (E,/—£;) and density N;’ of one additional 
recombination-ineffective surface state. 


3. EXPERIMENTAL RESULTS 


The experimental results are summarized in Table I. 
g¢o/kT is the displacement of the axis of symmetry of 
the s/s curve from the origin, and 


Cp/Cn= exp(2q¢0/kT). 


(E.—E;), uso, g¢o, and (£,/—£;) are in units of k7, 
sw is in cm/sec, and the units of NV; and N;’ are cm™. 

The estimated accuracy of the parameters appearing 
in Table I is as follows: the error in (E,—£;), g¢o, and 
uso is O.3RkT, that in NV; is (10-15)%, sy is accurate 
to 5%, and ¢c,/cn to about +-50% only. It is much 
harder to give a valid estimate for (E;/—£,) and N,’, 
because these two are derived from “curve fitting.”’ A 
change of (£,/—£,) by 0.5kT and a suitable adjust- 
ment in NV,’ might well result in a different theoretical 
curve which also fits the experimental points satis- 
factorily within the range of measurements. The 
assumption of an error of O.5&k7T for (E£,/—E;) and 


noe ewe 


k1 Cp/Cn NAO osu Uso (Ey — E;)/kT Ni’ x10" 


~1 70 
—1 45 
—1 48 
—1 43 
—1 
—1 


= 


66 40 690 
99 44 720 
121 48 700 
121 56 800 
121 56 800 
81 44 855 


43 
38 
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- 20% for N;’ seems to be reasonable. From inspection 
of the experimental data the following results emerge: 


1. All changes in (£,—£;) and q¢o caused by the 
electric field are within the limits of the experimental 
accuracy, whereas some changes in NV, and N;,’ exceed 
the experimental error by a considerable margin. 

2. A positive field causes an increase in N;; a negative 
field reduces the density of the recombination centers. 
These results agreement with 
Litovchenko’s! findings for ‘‘small fields.” 

3. All fields, regardless of polarity, decrease Ny’. 

4. The undisturbed surface potential 1,9 is decreased 
by a positive field, but unaffected by a negative one. 
Litovchenko and Lyashenko! state that a positive field 
shifts the surface potential towards the left and a 
negative field to the right. 

5. All parameters listed in Table I are close to those 
quoted by Litovchenko eé al.,! with one remarkable 
exception: Their values for V; and N;,’ are smaller by a 
factor of 10. The great majority of investigators*® find 
values of (10-100) 10" for V; and NV/’. 


are in complete 


4. DISCUSSION 


Generally speaking, our results are in good agreement 
with those quoted by Litovchenko and Lyashenko.! 
Their assumption that the energy of the recombination 
centers is not affected by the field is confirmed by the 
measurements reported here. In Fig. 1(a) the experi- 
mental data of lifetime measurements, taken before and 
after application of a field of +2.5X 10° volts/cm, are 
given; Fig. 1(b) illustrates the corresponding changes 
in the added trapped charge density. No change in the 
s/Sm curve can be observed, Fig. 1(a), but the AQ,, vs 
u, curves are displaced by about (1/¢)AQ,.=5X 10"; 
therefore the energy and ratio of cross sections of the 
centers are far less affected than the densities. It is 
remarkable, however, that the change in the densities 
reported here is so much smaller than that reported by 
Litovchenko and Lyashenko. Unfortunately their paper! 
contains no figures of the AQ,, vs u, curves for measure- 
ments taken after the electric field was switched off 
(their so called ‘“‘aftereffect’? measurements), but the 
measurements taken during the application of 0.1X 10° 
volt/em show a relative displacement of 1/gAQ,.= 
0.610" with regard to the field-free data. The meas- 


4A. Many, J. Phys. Chem. Solids 8, 87 (1959). 
5 Y. Margoninski, J. Chem. Phys. 32, 1791 (1960). 
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urements reported here and illustrated in Fig. 1(b) 
indicate a displacement of (1/9)AQ.=5X10" after 
application of 2.5X10° volts/cm; hence the over-all 
effect of the field is much more pronounced. There 
seem to be two possible explanations for this difference 
in change of surface state densities: (1) Usually the 
densities are given by the slope of the AQ,, vs “, curve 
at u,= E,— E;. For many results reported in reference 1 
and here the undisturbed surface potential u#,9 is within 
3kT of the recombination center. Therefore the normal- 
izing constant® required to make AQ,,=0 for zero 
external field (i.e., for “,=%%,9) is of the same order of 
magnitude as AQ,, at (Z,— £;) and thus causes the slope 
of the AQ,,(,) curve to increase continuously near the 
recombination center instead of being constant there.® 
A slight error in determination of this slope might there- 
fore cause an appreciable difference in the value of N;. 
(2) Litovchenko assumes that the change in surface 
state parameters is caused by a penetration or diffusion 
of ions through the porous oxide layer, under the 
influence of the electrostatic field. If this is so, the struc- 
ture of the oxide layer might well influence the magni- 
tude of the effect. Litovchenko ef al. investigated p-type 
samples etched in CP-4 and perhydrol and then “aged” 
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Fic. 1. (a) Measurements of fractional surface recombination 
velocity, s/s, taken before and after application of +1500 volts. 
The theoretical curve is for E;— E;=4.9kT ; up=2.4kT. (b) Meas- 
urements of added trapped charge density, AQss, taken before and 
after application of +1500 volts. The theoretical curves are for 
E,.—E;=4.9kT; E)—E;=—1kT; N:=48X10 cm; N/'=48 
X10" cm (before application of voltage) and N;=56X 10" cm 
(after application). 


by keeping in air for several months, whereas our 
sample was “quick aged” in a wet oxygen atmosphere. 
A difference in oxygen structure is therefore conceivable. 

It was also reported' that when trying to perform 
measurements in a wet ambient atmosphere even small 
pulsed fields caused a considerable shift in 9 and there- 
fore these measurements had to be abandoned. This 
effect was investigated here, using wet nitrogen and wet 
oxygen as ambients, and careful examination showed 
that it was not a simple relaxation phenomenon®: A 
sudden switching off of the ac field effect voltage caused 
the specimen to “undershoot” its Ro value (Rp being 
the specimen’s resistance at “,=%,9) regardless of the 
sign of the field. For negative ac fields (i.e., the injecting 
pulse riding on the negative crest of the ac field) this 
“undershooting” might be explained as a simple relaxa- 





CONSTANT ELECTRIC 
tion effect,® but not so for positive ac fields: here a 
sudden switching off should cause an “overshoot.” 
However, it was found possible to perform satisfactory 
measurements even in wet ambients by using the 
following artifice. The ac field voltage was kept constant, 
and first the usual measurements of sample lifetime and 
resistance were taken for the plus and minus crest value 
of the ac field. The phase shifter was then adjusted, so 
that the injecting pulse occurred exactly at the cross- 
over (from positive to negative values) of the ac field 
voltage; i.e., at zero field. A resistance measurement 
taken at this phase-shifter setting is equal to Ro for this 
applied voltage. With the injecting pulse occurring at 
the greatest slope of the ac sine voltage, even a slight 
error in adjustment could result in a completely wrong 
Ro value. The exact setting was found by throwing a 
switch which caused a phase shift of 180°: By making 
slight adjustments until a phase shift of 180° did not 
change the value of the measured filament resistance, 
the exact value for Rp could be found. The maximum 
value of the specimen’s resistance was measured by a 
similar procedure and was found to be voltage indepen- 
dent. An ac field of about 210° volts/cm shifted 2,9 
by more than +5&T. Details of these measurements 
taken in wet ambients will be reported in another paper. 

The effect of ac fields on germanium surfaces was 
studied by Rzhanov e al.,’ who found that a field of 
approximately 1X 105 volts/cm increases the energy by 


0.8k7T. This is in direct contradiction to the assumption 
made by Litovchenko ef al. and to the experimental 
results reported in this paper. It was first thought that 
the explanation for this discrepancy may be found in 
Rzhanov’s technique of measurement, but in a private 
communication to the author Rzhanov states, ‘The 
change in energy of the levels by 0.8kT is only somewhat 


6 A. Many ef al., Phys. Rev. 101, 1433 (1956). 
7A. V. Rzhanov et al., Soviet Phys.-Tech. Phys. 3, 2419 (1958). 
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more than the error in E,==F0.3kT. It is difficult to 
insist upon an essential difference in results between 
our and your experiments in such a situation.” More- 
over, they reported that the changes in the ratio of 
cross sections and the cross sections themselves were 
well within their experimental error, whereas the change 
in density was from 4.210" to 10.110" cm™. 
Statz et al.* investigated the influence of an electric 
field on silicon junctions and found the density of states 
to increase logarithmically with the time of field- 
application. This logarithmic behavior indicates a 
migration of ions through the oxide layer; i.e., a posi- 
tive field would draw negative ions from the silicon 
oxide interface and towards the surface of the oxide. 
This would free some bonds at the interface, thereby 
causing an increase in state density. Statz et al. proposed 
these ions to be Sit***, but in the light of the experi- 
mental evidence presented here, one would have to 
assume the migration of negative oxygen ions.® This, 
too, is the explanation by Litovchenko eé¢ al., whereas 
Rzhanov and his co-workers use a model based on very 
similar absorption-desorption processes. 
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8 H. Statz et al., Semiconductor Surface Physics, edited by R. H. 
Kingston (University of Pennsylvania Press, Philadelphia, 
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[Phys. Rev. 106, 455 (1957) ] concluded that multiple charges 
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PHYSICAL REVIEW VOLUME 


121, NUMBER 5 MARCH 1, 1961 


Collision Theories of Cathode Sputtering of Metals at Low Ion Energies 


Ericu B. HENSCHKE 
Electronic Technology Laboratory, Wright Air Development Division, Air Research and Development Command, 
U.S. Air Force, Dayton, Ohio 


(Received December 15, 1959; revised manuscript received April 14, 1960) 


The periodicity of the threshold energies, as seen in a plot vs atomic number, is more pronounced for 
threshold energies determined from the part of the yield curve at the lowest ion energies, which obeys a 
quadratic law, than for “cut-in” energies determined with a linear law from the adjacent somewhat higher 
ion energy range. The relationship of the “empirical sputtering relation’ of Wehner [Phys. Abstr. 62, 719 
(1959) ] with the threshold formula, formerly derived by the author, is clarified. It is shown that in the case 
that the rebounding particle is believed to be a displaced target atom, the assumption of a very large “effec 


’ 


tive’ 


mass of the struck atom must also be made to explain the rebound at angles as observed in ejection 


patterns of single-crystal planes. Arguments are presented that the author’s model is consistent with the 
observed higher yields of metals with completely filled d shells, such as Cu, Ag, and Au. The energy losses 
connected with the impulses used up in Debye waves, as assumed in the author’s theory, are shown to be 
in good agreement with Silsbee’s calculations of the energy !osses in similar collisions. 


INTRODUCTION 


T is not surprising that several theories'~’ on cathode- 

sputtering at low ion energies were developed after 

a broader experimental base had been established by 

different experiments on threshold energies* and on the 
deposit-spot patterns of single crystals. 

The problems given by the experiments were (1) to 
derive from basic concepts a formula for the threshold 
energies at normal ion incidence, and a law for the 
sputtering rate, (2) to explain the phenomena observed 
at oblique ion incidence, (3) to give a satisfying theo- 
retical explanation for the surprising geometry of the 
deposit spot pattern from sputtering of single-crystal 
planes near threshold energies at normal ion incidence, 
and (4) to explain the change of these patterns with 
increased sputtering energies. 

After a few years of further experimentation by 
Strachan and Harris,’” Wehner," Wolski," Honig," 
and the author, it is of highest interest, and the purpose 
of this paper, to compare published theories and the 
empirical formulas (i.e., those developed without a 
definite theoretical-mathematical basis), with regard 
to their compliance with the four main objectives 
pointed out above and to correct misconceptions or 
misinterpretations of the published theories. 


‘1 E. B. Henschke, Wright Air Development Center Technical 
Note 55-474, June, 1955 (unpublished). 

2 E. B. Henschke, Phys. Rev. 106, 737 (1957). 

3 E. B. Henschke, J. Appl. Phys. 28, 411 (1957). 

‘PD. E. Harrison, Jr., Phys. Rev. 102, 1473 (1956). 

5 E. Langberg, thesis, Princeton, 1956 (unpublished). 

®R. H. Silsbee, J. Appl. Phys. 28, 1246 (1957). 

7E. Langberg, Phys. Rev. 111, 91 (1958). 

8G. K. Wehner, Phys. Rev. 93, 633 (1954). 

9G. K. Wehner, J. Appl. Phys. 26, 1056 (1955). 

1. F. Strachan and N. L. Harris, Proc. Roy. Soc. (London) 
B69, 1148 (1956). 

'! G. K. Wehner, Phys. Rev. 108, 35 (1957). 

12 G. K. Wehner, Phys. Rev. 112, 1120 (1958). 

13S. P. Wolski, Phys. Rev. 108, 1131 (1957). 

4 R. E. Honig, J. Appl. Phys. 29, 549 (1958). 


1. THRESHOLD ENERGIES FROM THE PARABOLIC 
PART OF THE YIELD CURVE VS ION ENERGY 
AS COMPARED WITH “CUT-IN” ENERGIES 
FROM THE ADJACENT LINEAR PART 


It was early recognized that a threshold for the ion 
energy exists, below which sputtering does not occur; 
that this energy is different for different target ma- 
terials; and that sputtering at an oblique incidence 
angle of the ion requires less energy than sputtering at 
normal ion incidence. 

The importance of determining the real threshold 
can be illustrated with the deposit spot patterns of 
silver at ion energies near threshold. If, for example, a 
{110} single-crystal plane of Ag is sputtered with 
normal ion incidence at 40 ev which is close to the real 
threshold, only four elongated spots along the diagonals 
of a rectangle appear. A center spot shows up if the 
energy is only increased to about 50 ev, and the pattern 
is completely changed when the same plane is sputtered 
with 100-ev ion energy.'® The simplest patterns near 
threshold can easily be connected with the crystal 
structure of the bombarded surface and presented the 
basis for disclosing the mechanism of sputtering in the 
collision theory of the author.2* To check the derived 
formulas for the threshold energy and the sputtering 
rate, the values of the real threshold energies of different 
metals with different kinds of ions are of primary 
importance. 

The threshold energies were first determined as the 
lowest ion energies at which deposits on a substrate due 
to sputtered atoms could be detected, thus by “de- 
tection of deposits.”* A refinement of the threshold 
measurements, besides new information, was expected 
from plotting the yields obtained with different ion 
energies. The yield curve for sputtering of Pt with 
Xet ions (Wehner and Medicus'*) was considered as a 
prototype for determining the threshold energies from 
yield curves. The plot of the yields S vs ion energies V ; 


18 See reference 3, p. 416. 
16 G. K. Wehner and G. Medicus, J. Appl. Phys. 25, 693 (1954). 
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showed, for higher energies, a straight line which in 
extension to cut the abscissa gave the energy value V9, 
called “cut-in” energy, which obeyed the linear law 
S«(V;—Vo), while the lower part of the curve was 
parabolic. When a plot of S! versus V; is made for this 
part, a second straight line is obtained which in ex- 
tension to the abscissa gives a second “cut-in” energy 
Vo’. Therefore, the quadratic law S« (V;— Vo’)? holds 
for the lower part of the yield curve. The “cut-in” 
energy from the plot of S vs V; was Vo=85 ev, while 
the “cut-in” energy for the lower parabolic part was 
Vo’ =40 ev, which is very close to the lowest ion ener- 
gies of 30 and 35 ev at which a yield could be measured. 
Thus, Vo’ is very much closer to the real threshold 
energy than the Vo value." 

When evaluating the measured sputtering yields for 
a series of metals, Wehner” assumed for the metals 
investigated a linear character of the yield curves by 
drawing a best-fitting straight line connecting the yield 
values in a plot of the yield S vs ion energy V; and 
cutting the abscissa to determine the “cut-in”’ energies 
Vo from this plot. No attempt was made to determine 
the “cut-in’” energies from a plot of S' vs V; nor to 
determine the real threshold energies, except for W 
(reference 11) where the threshold has been determined ; 
however, it has never been used. 

From the Pt-Xet+ example, described above, it must 
be assumed that the Vo “‘cut-in” energies are con- 


siderably higher than the lowest energies at which 
sputtering yields have been measured and that they 
are also much higher than the threshold energies Emin, 
formerly measured by detection of deposits.'* A com- 
parison of the Vo energies” with the E,nin values*”® shows 
indeed this fact. Examples are: 


Element : Si Fe Ge Mo W Pt 
Vo (ev) : 110 125 100 145 120 85 
Emin (ev): 60 60 40 80 80 40 





With regard to these large differences one cannot 
agree that it is correct to identify ‘“cut-in” energies 
with “threshold energies,” as was done by Wehner 
with the words: “At very low ion energy, i.e., 
near the ‘cut-in’ energy, formerly called ‘threshold 
energy,’ Shes 

On the other hand, it is still more surprising that 
some of the investigated metals have a Vo energy 
considerably lower than E,,in, such as follows: 

Element : Ti Zr Hf Th 





Vo (ev) : 50 85 90 85 
Emin (ev): 110 120 150 120 


17 G. K. Wehner, Advances in Electronics and Electron Physics, 
edited by L. Marton (Academic Press, New York, 1955), p. 268 

18 The values Emin were first labeled Vo* by Wehner (see 
reference 8). 

19 See reference 12, Fig. 6. 

2 See reference 8, Table I, lower values. 

*t See reference 12, p. 1122. 
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As seen from the curves for Ti,” for Zr,” for Hf,” 
and for Th,?* it is remarkable that no yield has been 
determined at energies below 100, 100, 125, and 100 
ev, respectively, for these values. The Vo are without 
any doubt considerably influenced by the tendency to 
consider the measurement points as lying, in each case, 
on a straight line, in order to define the “cut-in” 
energies V9’. 

As seen from the Pt-Xe+ example, explained in detail 
above, straight lines derived from a plot of S! vs V; for 
the very low ion energies would have given “cut-in” 
energies Vo’ much closer to the real threshold or to the 
lowest values of ion energies at which a yield has been 
observed. However, this has not been tried nor were 
attempts made to determine the real thresholds 
otherwise. 

Since no physical law is known which allows one to 
calculate the real threshold from the “‘cut-in” energies 
V» and since no physical meaning can be connected 
with the latter values, it follows that the “‘cut-in” 
energies V» can hardly be considered as characteristic 
for the sputtering phenomena at low ion energies. 

On the other hand, the real threshold energy has the 
physical meaning that at energies lower than this value 
no sputtering occurs. The En in energies obtained by 
“detection of deposits” are therefore much closer to 
the real threshold than the Vo,“‘cut-in” energies. 

A method to determine the threshold energies from 
the sputtering rate curve with sufficient accuracy has 
been proposed”® and successfully applied by the author 
in measuring the threshold for 15 metals sputtered with 
A+ ions, to be reported in the near future. This method 
utilized only the lowest parabolic part of the yield curve. 
The threshold energy values determined by this method 
are very close to and only a little bit lower than the 
lowest ion energy at which a yield can be measured in 
a reasonable time. 


2. THE PERIODICITY OF THE 
THRESHOLD ENERGIES 


’ 


An attempt to replace the “cut-in” energies Vo has 
been made by Wehner" with the introduction of the 
Vo.25 values, which are the ion energies at which the 
yields have the values of 0.25 atom per incident ion. 

In the same paper, a plot of the Vo.25 values for 25 
metals vs atomic number was published, and is repro- 
duced here as Fig. 2. This plot shows, due to the marker 
lines for the noble gases, some similarity with the 
characteristic features of a plot of the threshold ener- 
gies Emin, obtained by “detection of deposits,” which 
was first published by the author?’ and is reproduced 
here as Fig. 1. This plot had been made to show the 

22 See reference 12, Fig. 

23 See reference 11, Fig. 

*4 See reference 11, Fig. 15. 

25 See reference 25, Fig. 18. 

26 See reference 2, p. 752. 

27 See reference 2, Fig. 20. 
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Fic. 1. Plot of threshold energies vs 
atomic number, measured by detection of 
deposits, published by Henschke (refer- 
ence 2), showing the periodicity of the 
threshold energies and the influence of the 
filling of the d shells. The calculated val- 
ues of the curve in the fourth period are 
proportional to the squares of the colli- 
sion radii, which are determined by the 
number of the electrons in the d shell. = 
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periodicity of the threshold energies by drawing the 
dividing lines for the noble gases. 

The periodicity of the Z,,i, threshold energies has 
been theoretically derived by the author? from a sput- 
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tering rate formula. This theoretically derived formula 
revealed that the threshold energy must be propor- 
tional to the square of the radius cy of the collision 
sphere of the target atom. This means that the threshold 
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FG. 2. Plot of the energy values V.25 vs atomic number, published by Wehner (reference 11), showing observed and calculated values 
within the periods of the periodic system according to the formula Vo.2.5=KK’H/y with the momentum transfer factor 1=m/(m+™), 


the constants K and K’, and the heat of sublimation H. 
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energy can be considered as proportional to the cross 
section of the target atom. A calculation of the collision 
radii of the metals of the fourth period of the periodic 
system, for which the threshold energies have been 
determined by detection of deposits, was made using a 
formula® in which d, the number of electrons in the 
subshell M 3d, was the determining quantity. This 
number shows clearly the influence of the “filling of the 
d shell” on the threshold energy in this period. Similar 
curves in the fifth and sixth period, drawn in Fig. 1 
without calculation, indicate the same influence of the 
filling of the N 4d and O 5d shells on the threshold 
energies. 

From a comparison of Fig. 1 with Fig. 2, in which the 
Vo.25 values are plotted vs atomic number, and also in 
comparison with Fig. 3, in which the “cut-in”’ energies 
Vo vs atomic number are presented,” it can be seen 
that neither the Vo.25 energy values nor the “‘cut-in” 
energies Vo, since these values are not well determined, 
as explained above, disclose the periodicity of the 
threshold energies and the influence of the filling of the 
d shells as well as the data in Fig. 1, where the real 
threshold energies or values very close to them have 
been plotted. 

It is not necessary to discuss a sputtering law* 
connecting the Vo.5 energy values with the heat of 
sublimation and a momentum transfer factor n= M/ 
(m+M), since this law was apparently replaced in a 
following paper by Wehner (reference 12) by a new 
empirical relation in which the momentum transfer 
factor no longer plays a role. 


3. THE RELATIONSHIP OF THE “EMPIRICAL SPUT- 
TERING RELATION” OF WEHNER WITH THE 
AUTHOR’S THRESHOLD FORMULA 


When summarizing the experimental results reported 
for 24 metals, Wehner,* using now the energy transfer 
factor n=4mM/(m+M)?, established a new empirical 
law with the sentence: “The conclusion to be drawn is 
that the ‘cut-in’ energies of different metals are in a 
first approximation proportional to H/n, with the 
dimensionless proportionality factor between 8 and 20 
which can be compared favorably with Langberg’s 
calculated value of 14.” Since he had identified the term 
“cut-in” energy with the value formerly called “thresh- 
old energy,” this is a new empirical threshold relation, 
which he compares with the law derived by Langberg® 
and also with the theory of the author in the abstract 
of that paper” with the quotation: “Results for Hgt- 
ion bombardment support theories developed by 
Langberg and Silsbee but disagree with a theory 
published by Henschke. Conditions may be different, 
however, for the case of bombardment with light ions 
such as hydrogen or helium.” While Wehner’s objections 


8 See reference 2, Eq. (8.2). 
2° See reference 12, Fig. 6. 
% See reference 11, p. 45. 
1 See reference 12, p. 1123. 
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Fic. 3. Plot of the ‘‘cut-in” energies Vo vs atomic number, 
published by Wehner (reference 12), showing less pronounced 
periodicity and dependency from the filling of the d shells than 
the plot in Fig. 1 of the threshold energies, formerly determined 
by detection of deposits. 


against the author’s theory made in the article concern 
only the rebound mechanism, also assumed for ions 
heavier than the target atom, the impression is given 
from the first sentence of this quotation that the results 
for Hgt-ion sputtering, the basis of the new empirical 
formula, are not covered by or are not even in agreement 
with the theory of the author.?* 

The second sentence considers the author’s theory as 
possibly correct for very light ions but not for the 
heavier At ions nor for Hgt ions. This point will be 
discussed later in Secs. 4 and 5. 

It can easily be seen that the statement in the first 
sentence quoted above is not correct. The results of 
Hgt-ion bombardment are well in agreement with the 
author’s theory,? as can be shown immediately from 
the fact that the new empirical formula, established by 
Wehner,” is identical in each term, and even in the 
indicated numerical limits for the proportionality 
constant, with the simplified threshold formula, 
formerly derived by the author? for normal ion 
incidence. 

The author’s formula for the threshold energy, Emin,® 


is 
Enin= g(m,M) XK AH o083X flan t0) XK AA pe: AH 23, (1) 


where 
g(m,M)=(m+M)?/mM, (2) 
and 
1 
(3) 


fans 1,6) = 


(1+)? cos’april1— (1—82) cos’é] 


For the calculations of threshold energies the values 
f’, defined by 


f’= f (@nnrd) X AN nxr/ AH 98 (4) 


% See reference 2, Eq. (5.12). 
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TaBLe I. Proportionality constants C=4/’, supposed to have 
values between 8 and 20 in the newly established empirical 
“cut-in” energy law of Wehner,* Vo= (///n)C, as calculated from 
the factor f’ in Henschke’s threshold formula, Emina=gdH 298", 
showing the identity of these laws. 
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* See reference 12. 
> See reference 2, p. 746, lower values. 
¢ From Fig. 6, of reference 12. 


have been plotted for the bec crystals® and also for fcc 
crystals.* The formula (1) can then be written in a 
simpler way as 


Emin= gX AH 298X f’. (5) 


On the other hand, in the proposed empirical formula 
for the “‘cut-in” energy Vo, which is termed as “formerly 
called threshold energy,” this energy is given by the 
formula 

Vo= (H/n)C, (6) 


where H is the heat of sublimation, identical with AHo9s 
in (1), 7 is given by 


n=4mM /(m+M)?, (7) 


so that g=4/», and finally C is a dimensionless propor- 
tionality factor supposed to be between 8 and 20.*4 
Both formulas (5) and (6) are identical, if 


C=4/". (8) 


Therefore, if the values of /’, formerly calculated for 
bee and fcc metals,** multiplied by 4, are in the range 
between 8 and 20, then it has been proved that the 
experimental data on threshold energies of these metals 
are in agreement with the empirical formula of Wehner. 
This is indeed the case, in spite of the discrepancies 
between E.nin and Vo as seen from the data of the 
Table I. 

While the proportionality constant C in formula (6) 
is unrelated to other important parameters involved in 
the collisions, the term /’ in the author’s threshold 
formula (1) is connected with the incidence angle i of 
the ion, with the angle a,x, which is the angle between 
the surface normal and the centerline between the 
lower surface atom and the upper surface atom involved 


33 See reference 2, Fig. 8. 
* See reference 12, pp. 1123 and 1124. 
35 See reference 2, Table I. 
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in the rebound collision, with the dissipation coefficient 
5, and also with the ratio of the heat of sublimation 
AH ix of the specific single crystal plane (Akl) to the 
one AHogs for a polycrystalline surface. 

The value of this more comprehensive formula (5) 
will be shown with regard to measurements of yields 
and threshold energies for 15 metals with A* 
reported in the near future. 


ions to be 


4. THE REVERSAL OF MOMENTUM IN 
SPUTTERING THEORIES BASED 
ON TWO-BODY COLLISIONS 


Theories of cathode sputtering based on consecutive 
two-body collisions have by the 
author’ and by Langberg.*® 

Langberg® made no attempt in his theory to explain 
the deposit spot patterns of single-crystal planes. The 
two-body collisions in his theory are only concerned 
with upper surface atoms. These kinds of collisions can 
be treated as two-body collisions between free particles, 
as done by Langberg. The same was done in the author’s 
theory? with the collisions which lead directly to the 
ejection of upper surface atoms, such as the single 
collisions in sputtering at oblique ion incidence, or the 
second and third collisions in case of double or triple 
collision sputtering, respectively (see Fig. 1, 
2). 

Collisions of the ion, or of a knocked-on upper 
surface atom, with a lower surface atom which must be 
assumed to explain certain features of the deposit spot 
patterns are not considered at all in Langberg’s theory. 

In the author’s theory the derivation of the threshold 
and sputtering yield formulas as well as the explanation 
of the details of the deposit spot patterns have been 
performed with the same fundamental concept, namely, 
that collisions of the ion with target atoms in the 
direction to the inside of the target cannot be treated 
as collisions between free particles. The bulk of the 
target is behind the struck atom and produces a very 
large “effective” mass compared to the mass of the 
ion or to the mass of the target atom. Therefore, a 
rebound of the striking particle occurs in such a col- 
lision, no matter whether its mass is lighter, heavier, 
or equal to the mass of the target atom. 

It will be shown that in collision mechanisms, in 
which the striking particle is not the ion, but a knocked- 
on upper surface atom, the same assumption of a very 
large effective mass of the struck target atom due to 
its connection with the bulk must also be made to 
account for the rebound. Without assuming a rebound 
in such inwardly directed collisions, the deposit spot 
patterns cannot be explained. 

To make this most important point absolutely clear, 
a discussion of some possible kinds of collision mechan- 
isms, as drawn in Fig. 4(a) to Fig. 4(f), may be very 
helpful. 

While Fig. 4(a) represents the simplest case of 
oblique ion incidence, which has been used in the theory 


been developed 


reference 
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Fic. 4. Different kinds of sputtering mechanisms. (a) yg, one-collision sputtering at oblique incidence of the ion m, requiring 


the least amount of ion energy to eject the upper target atom M;. (b) Sputtering collision at oblique ion incidence, similar to (a) ; however, 
a knocked-on upper surface atom is assumed to eject the veh e atom M;. (c) Two consecutive two-body collisions at normal ion 
incidence are assumed to be necessary to eject the surface atom M;. This mechanism has been used by Langberg’ for the derivation of 
a threshold formula. (d) The perpendicularly incident ion m collides with the lower surface atom M, to rebound and to eject the atom 
M; in a second collision, requiring the least amount of ion energy. (e) Three two-body collisions at normal ion incidence, the first one 
between the ion m and the upper surface atom Mo, the second one between the atom M> and the lower atom M2, in which Mo rebounds 
to eject the atom M;. (f) Three two-body collisions at normally incident ions collisions, similar to (e), however, requiring more ion 
energy than in (e) and much more than in (d), because of the large incidence angle 7 of the ion on the atom M,, which rebounds on M2 


to eject the atom M3. 


of the author? as the one requiring the least amount of 
ion energy for sputtering, Fig. 4(b) shows a variation 
of it, in which the ion m strikes first an upper surface 
atom M, and moves it in this collision to hit the atom 
M; of the surface on its lower hemisphere in order to 
eject it. It is immediately obvious from Fig. 4(b) that 
more energy is required to remove the atom M; from 
the surface than in Fig. 4(a), because the atom M, has 
to be displaced from its lattice position first, which 
requires additional energy. 

Still more energy than in Fig. 4(b) is needed for the 
case in Fig. 4(c) in which the atom M, is removed from 
its lattice position not in a head-on collision but in an 
oblique collision with the ion m, originally directed 
normally to the surface. In this case only a part of the 
ion energy, determined by the cosine of the incidence 
angle i, is effective. This mechanism has been utilized 
by Langberg’ in his sputtering theory, to derive a 
threshold energy law. 


In the sputtering mechanism of Fig. 4(b) to Fig. 4(c) 
two consecutive two-body collisions are necessary for 
the reversal of momentum. Lower surface atoms are 
not concerned at all in these collisions. The simplest 
collision requiring the least amount of energy, is the 
one in Fig. 4(a) which, therefore, has been used in the 
theory of the author? for the derivation of the threshold 
energy law for oblique ion incidence. 

However, with the mechanisms of Fig. 4(a) to Fig. 
4(c) it is not possible to explain the various ejection 
angles, as observed in the deposit spot patterns of 
single-crystal planes, occurring at normal ion incidence. 

To explain these kinds of patterns a double-collision 
mechanism, as drawn in Fig. 4(d), has been assumed 
by the author.** In this case the ion m hits the lower 
surface atom M; directly with the incidence angle 7 and 
rebounds in such a direction that the upper surface 


36 See reference 2, Fig. 1(b). 
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atom M; is hit on its inside hemisphere to be ejected 
in this second collision. 

Many variations of collisions at normal ion incidence 
equivalent in effect to the one in Fig. 4(a) can be con- 
ceived, and have been considered by the author. The 
examples of Fig. 4(d) to Fig. 4(f) have in common that 
either the ion or an upper surface atom, moved in the 
course of the collision, collides with the lower surface 
atom Mz, and that the reversal of momentum occurs 
in this collision by the rebound of the striking particle 
on the lower surface atom M>. It can be seen immedi- 
ately that the mechanisms of Fig. 4(d) in which the 
ion m hits directly the lower surface atom M2, required 
the least amount of energy to sputter the upper surface 
atom M3. 

In Fig. 4(e) an upper surface atom Mp is hit by the 
ion m in almost a head-on collision and moved against 
the target atom M». In this collision Mo rebounds to 
hit the upper surface atom M; and to sputter it. 

In Fig. 4(f) the ion m hits the upper surface atom 
M, in an oblique collision with the incidence angle 7. In 
the recoil of this atom the lower surface atom M;, is 
hit and in the rebound of M, from M, the upper atom 
M; is ejected in the third collision. Because of the large 
incidence angle i, still more energy is necessary for 
sputtering than with a mechanism according to Fig. 
4(e), which, as pointed out, requires more energy than 
the simple 2-collision ejection mechanism of Fig. 4(d). 

Therefore, if all three mechanisms of Fig. 4(d) to 
4(f) are equally possible then the mechanism of Fig. 
4(d) would predominate near threshold because it 
requires the least amount of energy. For this reason 
the theory of the author has been based on this model. 

To decide the question whether all three mechanisms 
are possible or not, if perfectly elastic collisions between 
free particles are assumed, as done by Silsbee® and 
Wehner,” it is sufficient to consider only head-on 
collisions. In oblique collisions the tangential com- 
ponent of the velocity remains unchanged, while the 
normal component of the initial velocity, von, that means 
the component acting in the direction of the centerline 
of the two particles at the moment of contact, must be 
reversed in direction during the rebound. This reversed 
velocity component together with the unchanged 
tangential component produce the velocity 2 after the 
collision in the right direction to eject the upper surface 
atom M; in the following collision. For the assumed 
conditions the normal component 2, of the velocity 
of the striking particle of mass M at rest is given by the 
equation 

m—M 


?1n=—— 


m+M 


(9) 


Von 


where v, is the normal component of the striking 
particle before the collision. 

If this equation is applied to the mechanism of Fig. 
4(d), i.e., if the collisions are assumed to be between 
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free particles and perfectly elastic, then the striking 
particle must have a lighter mass m compared with the 
mass M of the struck particle M2, to allow the rebound 
of the particle, because only then a negative sign of 
vin in Eq. (9) is obtained. Apparently from this picture 
Wehner” concluded that the mechanism of the author’s 
theory may be possible for lighter ions, such as Ne+ or 
Het, but not for heavier ions like Ar+ and Hg* ions. 
Silsbee® considers from the same reasons a “forward 
scattering” of the heavy Hg* ions, thus a positive 
velocity. 

In the cases of Fig. 4(e) and Fig. 4(f) the particles 
colliding with the lower surface atoms M, are not the 
ions with the mass m, but the upper surface atoms M» 
and M,, respectively, with the mass M, which have 
been removed from their positions in the lattice by the 
impacts of the ions m. Since in these cases the letter m 
in the equation (9) must be replaced by M, it is seen 
immediately that the velocities of the striking atoms 
Mo and M,, respectively, after the collisions with M, 
become zero. Therefore, if the colliding particles are 
considered to be freely movable, a rebound of the 
striking atoms with the mass M, as drawn in Fig. 4(e) 
and Fig. 4(f), would not be possible either. 

The mechanisms drawn in Fig. 4(e) and Fig. 4(f) are 
in accordance with the picture, described by Wehner 
with the words: “Energy and momentum are trans- 
ferred from the neutralized ion to a first target atom in 
a collision which more or less resembles a hard-sphere 
collision. This target atom then transfers energy to 
other close neighbors and, finally, a small amount of 
the original energy with a momentum now directed to 
the outside, may separate a surface atom in the neigh- 
borhood of the place of impact.’ Therefore, the 
criticisms of Silsbee® and Wehner” that the rebound of 
the heavy Hg* ion is not possible would also apply to 
the collision mechanisms as described in this quotation 
and represented in Fig. 4(e) and Fig. 4(f). When the 
colliding particles have equal mass M, none of the 
mechanisms of Fig. 4(d) to Fig. 4(f) would be possible, 
if the colliding particles are considered as freely 
movable. 

However, it will be shown in the next paragraph that 
these sputtering mechanisms are well possible, because 
the struck particles are part of the bulk and produce a 
rebound of the striking particle in each case due to their 
very large “effective” mass. 


5. THE REBOUND IN COLLISIONS DIRECTED 
TO THE INSIDE OF THE TARGET 


In the sputtering mechanisms, as sketched in Fig. 
4(a) to Fig. 4(c), only collisions between upper surface 
atoms are involved. In none of these collisions do the 
struck upper surface atoms acquire a momentum 
directed to the inside of the bulk. Therefore, con- 
siderations of a rebound of the striking particles are 
not necessary ; these collisions can be treated as betwecn 
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free particles as done in the author’s theory of sputtering 
at oblique ion incidence, and also by Langberg.’ 

The sputtering conditions, however, are completely 
different for perpendicular ion incidence with mechan- 
isms such as in Fig. 4(d) to Fig. 4(f). The lower surface 
atoms M., struck either by the ion m or by a knocked-on 
target atom M, with a momentum directed to the 
inside of the bulk, are not free to move in this direction 
as the upper surface atoms can do in the case of 
obliquely incident ions. The whole bulk stands behind 
the atoms M, in the direction of the impulse. 

To make this important fact plausible it does not 
make much difference which kind of model is used for 
the target metal crystal. If we take a hard-sphere model 
with close-packed planes and with cohesive forces 
between the spheres, then, e.g., in an fcc {110} surface, 
the lower surface atom hit by the ion in normal inside 
direction can be considered as being supported by five 
close-packed rows acting like supporting columns or 
even better as resting on top of five intersecting close- 
packed planes extending to the inside of the bulk which 
act like interconnected solid walls. The number of the 
atoms in these rows or planes may be very large. If 
they are all in close contact with each other and 
cohesive forces are assumed between them, they can 
only move together. This would certainly mean to 
move an effective mass M.¢; very large compared to the 
ion mass m, or to the mass M of the target atom, if this 
is the incident particle. 

Therefore, the mass M of the struck particle in Eq. 
(9) must be replaced by the very large effective mass 
M.«:. This means that the mass of the impinging particle 
m has to be assumed always to be much smaller than 
the “effective” mass M.¢¢ of the struck atom, so that 
no matter how large or small the mass mis, the condition 


M<KM ott (10) 


is always fulfilled. This is identical with the condition 
of a rebound of the striking particle, because in this 
case the velocity 2, of this particle after the collision, 
according to Eq. (9), becomes 


(11) 


” — aus 9) 
Cln— ©On- 


From this picture a rebound of the striking particle 
takes place in an inwardly directed collision with a 
lower surface atom, no matter whether the mass of the 
impinging particle is lighter, e.g., a Het ion, or heavier, 
e.g., and Art or a Hg? ion, or if its mass is equal to the 
mass of the target, as assumed in Fig. 4(e) and Fig. 
4(f). The lower surface atom with the bulk behind it 
reacts as a solid wall. Collisions of a mass m with a 
solid wall are treated in classical mechanics with 
ordinary collision equations between two masses m and 
M by assuming the mass M to be very large compared 
to m. 

Of course, the hard-sphere model with close-packed 
rows and close-packed planes, as used here for the 
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demonstration of the condition (10) for collisions with 
inside directed impulses, cannot be assumed to represent 
the real structure in a metallic crystal. The author has 
considered the collision spheres in his theory? to be 
determined by the largest closed electronic shells, thus 
much smaller in radii than the radii determined by the 
lattice constant and a close-packed row in the unit cell. 
In this picture the close-packed rows and planes are 
no longer really closely packed by the spheres, since 
now smaller spheres are positioned at the lattice points 
as positive ions and are surrounded by an electron 
cloud in which electrons are shared by several atoms. 
This gives the picture of the atoms being connected 
by strong springs with all the neighbors in the close- 
packed rows and with weaker springs in the other rows 
with next nearest neighbors. However, with this more 
realistic picture of the bonds in metal crystals the same 
conclusion about the rebound of the impinging particle 
will be obtained. 

The impulse applied to a target atom and directed 
to the inside has to stretch the springs representing the 
bonds with the upper surface atoms, and the springs 
going to the neighbors in the same plane too. However, 
it has to compress the springs leading from the atom 
hit by the ion, down into the lattice in several different 
directions. The second atom in each row is again 
spring-connected with the same number of other close- 
packed rows going down and this is true for each atom 
of the close-packed rows. The bonds with the upper 
atoms and with the atoms in the plane try to pull back 
the struck atom by tension, while the other bonds 
resist the movement by compression. All the springs 
described act together to apply a strong retractive 
force on the mass m of the impinging particle when it 
is moving in inside direction. 

The movement of the particle m at low ion energy 
is stupped almost immediately and then reversed in 
direction by the action of these restoring forces. The 
mass m regains its kinetic energy and the springs return 
into their equilibrium state. This is the action to which 
the impinging particle m is submitted and which is 
identical with a rebound, in which the velocity » after 
the collision is again determined by the Eq. (11). 


6. THE MOST PROBABLE SPUTTERING 
MECHANISMS 


When summarizing the last two sections one arrives 
at the following statements: If the collisions involved 
in the mechanisms of Fig. 4(d) to Fig. 4(f) are con- 
sidered to occur as between freely movable particles, 
then these mechanisms would only be possible for ions 
very much lighter than the target atom. The mechan- 
isms Fig. 4(d) to Fig. 4(f), however, have to be con- 
sidered as possible also for heavier ions, because the 
lower surface atoms represent in collisions directed to 
the inside of the bulk such a large “effective”? mass so 
that the impinging particles rebound from the lower 
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surface atom in each case whether the mass of the 
impinging particle is lighter, heavier or equal to the 
mass of the target atom. 

Although the three mechanisms Fig. 4(d) to Fig. 4(f) 
are possible, they are not equivalent with regard to 
the lowest ion energy required to eject the surface atom 
M; nor with regard to the ejection angles. Theoretical 
and experimental work on cathode sputtering at low 
ion energies has been concerned with the derivation of 
threshold formulas and the experimental determination 
of the lowest ion energies at which sputtering occurs. 
It can be seen immediately that the mechanism Fig. 
4(b) requires more energy to eject the upper surface 
atom M; than the one in Fig. 4(a), because the ion m 
has to move first the atom M, from its place and to 
transfer its energy to this atom. Even more energy 
than in Fig. 4(b) requires the mechanism in Fig. 4(c), 
in which perpendicular incidence of the ion m is as- 
sumed, so that only a part of the ion energy determined 
by the cosine of the incidence angle 7 is effective in the 
ejection of the atom M3. 

Similarly, the mechanism requiring by far the highest 
ion energy is the one in Fig. 4(f), again because of the 
incidence angle i. Less energy is needed for the case of 
Fig. 4(e), and the least energy is required for the 
mechanism of Fig. 4(d), the one used for this reason 
together with the single collision sputtering of Fig. 4(a), 
in the collision theory of the author.” Since it has been 
shown that the choice of the target atom M, as striking 
particle in Fig. 4(e) and Fig. 4(f), instead of the ion m 
in Fig. 4(d), offers no advantage in explaining the 
rebound and no reason can be seen that the ion impact 
and rebound cannot occur, it must be concluded that 
the mechanism, as described by Fig. 4(d), is much more 
likely to occur at low ion energy than a mechanism 
according to Fig. 4(e) or even Fig. 4(f). 

The drawings of the lattice in Fig. 4 correspond to 
a (111) plane perpendicular to a (110) single-crystal 
plane. From the deposit spot patterns of this plane at 
lowest ion energy it can be concluded that the wide 
range of ejection angles can be explained easily with 
the mechanism Fig. 4(d) than with one according to 
Fig. 4(e) or Fig. 4(f). These kinds of mechanisms, of 
which many more can be conceived, e.g., such as corre- 
sponding to the triple collision sputtering collisions in 
the author’s theory, are only variations of the funda- 
mental collisions, as shown in Fig. 1 in the author’s 
theory (reference 2), which require much more ion 
energy, and which therefore are not suitable to present 
the prototype of sputtering collisions at low ion energy. 


7. THE HIGH SPUTTERING YIELDS OF METALS 
WITH COMPLETELY FILLED d SHELLS 
SUCH AS Cu, Ag, AND Au 


Wehner gives no justification for his statement* that 


in the author’s theory ‘‘one should expect that Cu, Ag, 
and Au would exhibit low sputtering yields” while the 
opposite is true. However, even if the accommodation 
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coefficient of the Hg* ion be unity, as claimed by 
Wehner with reference to an unpublished report, it 
cannot be seen how the above conclusion can be 
deduced. The remark at the end of the same paragraph 
that “the process described in the author’s theory is 
possible only when light ions bombard heavy target 
materials” indicates that the deductions are based on 
the fact that the Hg* ion is heavier than the atoms of 
Cu, Ag, or Au, so that the impulse is inwardly directed 
after the collsion, as seen from Eq. (9), and this may 
be the reason for the complete accommodation of the 
Hg* ions. This deduction, however, is not conclusive, 
in the first place, since it may be well conceivable that 
the neutralized Hgt ion may be trapped for some 
reasons, not known yet, after the collisions which 
caused the ejection of the upper surface atoms. 

The main objection against Wehner’s conclusion, 
however, is that the fundamental assumption in the 
author’s theory about the “effective” mass of the 
struck atom [see Eq. (10) above] is not considered 
at all. 

From the author’s theory it follows, on the contrary, 
that the yields for Cu, Ag, and Au should be expected 
to be higher for the following reasons. If the d shells 
are filled and only one valence electron is shared by 
lattice neighbors in the electron cloud between the 
atoms, then the largest closed electronic shells can. be 
assumed to have almost the largest possible extention. 
The ratios of the nearest neighbor distance to the 
diameter of the largest closed electronic shell for Cu, 
Ag, and Au have the values 1.328, 1.1425, and 1.050, 
respectively, while the same ratio, e.g., for Al is 1.983. 
Therefore, the probability that an upper surface atom 
is hit in the rebound in an appropriate manner to be 
ejected from the surface is much higher for a metal 
atom with filled d shells, such as Ag, Cu, and Au, than 
for a metal such as Al, where the largest closed elec- 
tonic shells are much smaller in size. Lower threshold 
energies and higher sputtering yields should, therefore, 
be expected for Cu, Ag, and Au from the author’s 
theory. 


8. THE DISSIPATION COEFFICIENT 56 AND THE 
ENERGY LOSS IN DEBYE WAVES 
DURING SPUTTERING 


Silsbee® critized the factor (1—é6) which the author? 
introduced as a lattice interaction coefficient, to account 
for the energy to phonon excitation (Debye waves) 
during the collisions. Silsbee said: “The magnitude of 
(1—6)~0.5, which he (the author) obtains by fitting 
observed threshold energies, seems excessive on the 
basis of the arguments given above and by Langberg, 
which suggest very small values of (1—6).” Later 
Silsbee, in the same paper, plots the fractional energy 
loss AE/E vs pulse energy E for a focused energy pulse 
in copper and finds these values to be between 0.2 at 
1 ev and about 0.02 at 100 ev. “This small interaction 
with neighboring chains (20% loss per collision at 1 ev) 
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is in accord with the arguments given in the first section 
justifying the treatment of the problem as a sequence 
of two-body collisions. The energy loss calculation 
represents a detailed estimate of the validity of that 
assumption and raises some question about Henschke’s? 
value of 0.5 for his “lattice interaction coefficient.” 
Silsbee apparently overlooked the fact that the 
author? introduced the factor (1—6) not as proportional 
to the energy loss but as proportional to the impulse*’ 
Ra used up in Debye waves by setting [see Eq. (3.6) 
or reference 2 | 
Ra= Ry(i—5), 


0<6<1. (12) 


No effort had been made in that paper? to evaluate the 
energy loss connected with the impulse Ry. However, 
this may be done here and it will be seen that the 
energy loss associated with the impulse R, fits very 
well the data given by Silsbee.* 

The impulse Ra is obviously acting on the mass M 
of the target-atom, since phonon excitation occurs 
within the target when displacement of atoms M of 
the target are’ involved. Therefore, from the general 
relationship between the momentum Pp and the energy 
E for a mass point M given by E=°/2M, it can be 
concluded that the energy involved in the impulse Ra 
is given by 


AE=R?/2M, (13) 


and with the relation (12) 
AE= R,?7(1—6)?/2M. 
On the other hand, Rp is given by*®* 
mM 


Ro= (vo— Vo), 
m+M 


(15) 


with m the mass of the ion, v the velocity of the 
impinging ion before the collision, Vo the initial velocity 
of the target atom; here V)=0, since M is assumed to 
be at rest before the collision. Therefore the energy 
loss is given from (14) and (15) by 


m*?M?(1—6)* : 
~ (m+MYy2M 


AE (16) 


from which by introducing Eo= 3m", the ion energy 
before the collision, the equation for the fractional 
energy loss AE/ Ep with the use of Eq. (2) results in 
AE mM 
—— ee ( 
Eo (m+M)? 
87 See reference 2, p. 738. 
38 See reference 2, Eq. (3.4). 


(1-6)? 
Pee eee, 
g(m,M) 


9 


(17) 
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TasLe II. Energy loss by Debye waves per collision AE/E» 
(1—6)?/g(m,M) for threshold energies (Hg* ions) at normal 
ion incidence. 


” b 
Emin 


System Element g(m,M)* (ev) 5* 


0.52 
0.57 
0.63 
0.55 
0.59 
0.54 
0.625 


bec 6.18 120 
6.11 60 
5.84 60 
4.70 120 
4.56 80 
4.08 120 
4.01 80 


9.54 120 
5.68 70 
5.46 50 
4.40 70 
Pd 4.29 50 
Ag 4.27 40 
Pt 4.0 70 
Au 4.0 40 
Pb 4.0 20 
Th 4.02 120 


0.45 
0.52 
0.53 
0.54 
0.51 
0.49 
0.50 
0.53 
0.54 
0.42 


Rh 


2, Table I 
reference 8), lower 


* See relerence 


b Wehner values Vo*(Hg). 


which is very much different from (1—6), as has been 
assumed and discussed by Silsbee. The values calcu- 
lated for the threshold energies of seven bcc and ten 
fec metals using Hg*+ ions with the formula (18) are 
listed in Table IT. 

Silsbee® calculated values for several processes which 
in actual solids contribute to a loss of energy as the 
pulse propagates along a close-packed chain. He gives 
estimates of the loss due to the effects of (1) thermal 
lattice vibrations, (2) alloying or isotopic mixture, and 
(3) interaction with neighboring chains. 

There are two effects due to the thermal vibrations, 
estimated with 0.0001 and 0.025, using parameters 
appropriate to copper at room temperature. The second 
effect is estimated with AE/E»~10~. The last effect 
can be taken from Silsbee’s curve Fig. 3 which gives 
for 50 ev, the threshold energy of Cu-Hg*t, determined 
formerly by Wehner® (by detection of deposits), the 
value of AE/Ey~0.019, All these losses together give 
as the total loss AE/ Ey~ 0.045 for the threshold energy 
of Cu. On the other hand, the loss calculated from 
formula (18) above with 6=0.53 and the threshold 
energy of Ey=50 ev of Cu-Hg*t *® gives according to 
Table II a loss of AE/E)=0.040. 


ACKNOWLEDGMENT 
Valuable assistance in preparing the manuscript is 


gratefully acknowledged to T/Sgt S. Derby of this 
Laboratory. 





PHYSICAL REVIEW VOLUME 


121, 


NUMBER 5 MARCH 1, 1961 


Low-Temperature Photoconductivity of Additively Colored KCI* 


Ropert L. Witpt AND FrepeErick C. Brown 
Department of Physics, University of Illinois, Urbana, Illinois 
(Received October 17, 1960) 


The transient photoconductivity of additively colored crystals of KCl has been investigated at tempera- 
tures down to 10°K. The spectral response reflects the structure in optical absorption in the ultraviolet 
reported by Liity. Quantum yields are found to be less than 1.0 at 10°K but are much higher in the region 
of the LZ; (3.6 ev) and Zz (4.2 ev) bands than in the K band on the high-energy side of the F band. The 
beginning of electron collection or saturation effects was found in the case of thin, lightly colored crystals 
which indicates that electron ranges were in the vicinity of 10~* cm?/volt at 10°K. Shallow traps effective 
below 26°K were found in the crystals studied so far. These traps have a large product of concentration 
times cross section and compete favorably with the F center at 10°K. They can be partly filled following 
illumination at low temperature with the result that enhanced photoresponse is produced in the red and 


near infrared. 





I. INTRODUCTION 


RANSIENT pbhotoconductivity in additively 

colored alkali halide crystals has provided a 
sensitive method for studying the electronic structure 
of these crystals. Recently Liity' has reported three 
new absorption bands on the high-energy side of the 
F band whose optical absorption is proportional to 
the F-center concentration in heavily colored alkali 
halides. The photoelectric response of KBr and KI at 
80°K has been found to show some of this same 
structure’ and similar results were recently obtained by 
Robe’ in an investigation of the photoresponse in KBr 
at liquid helium temperatures. The main emphasis in 
the present work is on the low-temperature yield and 
transport properties of carriers released by light 
absorbed in the F, K, and so-called Liity bands at 
higher energy. The early experiments of Pohl and 
coworkers‘? show that primary photocurrents may 
be interpreted in a simple way in terms of a mean 
electron range (Schubweg) governed by a uniform 
volume distribution of traps. It was shown in KC] at 
— 100°C that the F center itself is the main trap for 
concentrations of F centers between about 2X10" and 
10’ per cubic centimeter. Inchauspé? found that traps 
other than the F center may be important in lightly 
colored crystals of KBr at 80°K. It will be shown in 
this paper that traps other than the F center become 
dominant at very low temperatures in lightly colored 
KCl. 
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Research and the National Science Foundation. 
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Primary photocurrents are characterized by a satu- 
ration behavior with increasing collection field. If the 
range can be determined from saturation data, and if 
the optical absorption is known, it is possible to com- 
pute the quantum efficiency defined as the number of 
conduction electrons released per absorbed quanta. In 
the early work on alkali halides the saturation field was 
found to be so high that only extremely thin crystals 
could be used in which case the optical absorption 
could not be measured. In the present experiments it 
was found that partial saturation could be obtained in 
lightly colored crystals of KCl in which the F-band 
absorption could be measured. It is thus possible to 
obtain the quantum efficiency if we assume that the 
absorption of these high-energy bands is proportional 
to the F-center concentration. 

In order to explain the temperature dependence of 
the observed photoconductivity it is necessary to know 
the way in which carrier mobility varies with tem- 
perature. Results are presented in the following 
article on the Hall mobility of photoelectrons in KCl 
as a function of F-center concentration and tempera- 
ture in the range 6° to 100°K. It was found that the 
Hall mobility rises steeply as the temperature is 
lowered but that the photoconductivity does not 
reflect the rise in mobility apparently because of 
shallow traps. The existence of these traps can be 
demonstrated by enhanced long-wavelength sensitivity 
following illumination at low temperature as well as 
by electrical glow phenomena during warming. 


II. EXPERIMENTAL METHODS 
A. Sample Preparation 


Samples for the photoconductivity measurements 
were all prepared from the same shipment of Harshaw 
KCl. In order to avoid passing the impurities over the 
KCl stock during processing, potassium was vacuum 
distilled three times with the final distillation entering 

§F. C. Brown and N. Inchauspé, following paper [Phys. Rev. 
121, 1303 (1961) ]. Preliminary results were reported at the Inter- 


national Symposium of Color Centers in Alkali Halides, Corvallis, 
Oregon, September, 1959 (unpublished). 
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LOW-TEMPERATURE 


TABLE I. F-center concentration, thickness, and the low tem- 
perature at which photoresponse was investigated for the different 
samples. 


KCI crystal 


Cr(cm~*) 
4.87X 10"? 
3.38 10"? 
2.78 107 
1.6 10" 
5.1 10'5 
5.3 10" 


l(cm) T pc(°K) 


0.122 9S 
0.0915 9. 
0.0915 12. 
0.094 9.4 
0.0635 15. 
0.0635 8.: 


a sidearm containing the uncolored crystal. The Pyrex 
tube containing the crystal and potassium was placed 
within a double inclined oven with the lower oven 
controlling the vapor pressure of potassium and the 
upper oven, containing the crystal, held at 600°C. 
After 12 hours, the samples were rapidly quenched in 
liquid paraffin. The crystals were kept in the dark and 
only briefly exposed to red light during cleaving and 
mounting in the cryostat. Information on the samples 
is listed in Table I. The optical absorption of all crystals 
was measured at room temperature as well as several 
samples at liquid helium temperatures in a Cary re- 
cording ultraviolet spectrophotometer, Model 14R. The 
F-center concentration was determined from the optical 
density using Smakula’s equation’ with an oscillator 
strength of 0.81. Both the optical absorption and 
photoconductivity were found to change with aging 
at room temperature. Thus, freshly colored crystals 
were prepared for all sets of measurements. The ab- 
sorption data on freshly prepared crystals at liquid 
helium temperatures was found to agree quite well with 
those measured by Liity.' The dotted curve in Fig. 1 
shows the optical density for a crystal (Crp=3.4X 10" 
cm~*) from which the reflection and absorption losses 
in an uncolored blank at liquid helium temperature 
has been subtracted. The importance of making these 
measurements on freshly colored crystals should be 
emphasized. 


B. Transient Photoconductivity 


In order to measure primary as distinguished from 
secondary photoconductivity, it is necessary to observe 
several precautions. Charge entering the crystal from 
the electrodes, space charge, and charge multiplication 
must not be allowed. The first of these was eliminated 
by blocking layers between the crystal and electrodes. 
Space charge was not a problem in the present experi- 
ments because of low light intensities and a very small 
amount of released charge. KCl with its high dielectric 
constant and band gap would not be expected to show 
charge multiplication effects at the fields employed, 
and a nearly linear photoresponse with collecting field 
proved that it did not. 

For our experimental case, consider a single crystal 
of thickness J, placed between plane parallel electrodes, 


9A. Smakula, Z. Physik 63, 763 (1930). 
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and illuminated through the cathode. Electrons released 
by absorbed light will be swept into the crystal by the 
electric field until they become trapped. If mo electrons 
are released at /=0, the number remaining at time ¢ is 
given by n= me~—“'", where the mean time for trapping 
t=1/C,ou. C; is the trap density, o the cross section 
for trapping, and w is the thermal velocity. The average 
range or Schubweg, w=yEr, where yu is the electron 
drift mobility and E=V/I is the electric field. The 
range per unit field =y7, is a useful property of the 
crystal. Using /=/yE and the definition of range, the 
number of electrons left after traveling a distance x is 
given by n=me~*/”. The electrometer will register a 
charge g= ex/l for every electron of charge e that drifts 
a distance x in the crystal. 

Using these concepts and considering the absorption, 
penetration, and reflection of the light, Van Heyningen 
and Brown’? used the following formula for the charge 
measured by the electrometer, 


Q=en.No(1—R)(1— ey, (1) 


where ma, the quantum efficiency, is the number of 
conduction electrons released per absorbed quanta; 
No is the number of incident quanta, R is the reflection 
coefficient, & is the absorption constant, and y is a 
saturation factor which takes into account the mean 
range of electrons and the depth of optical absorption. 
y=Z/l, where Z is the total displacement of all the 
electrons divided by their number. For our case of 
small optical absorption, the whole crystal is uniformly 
illuminated, i.e., AO, and the formula for Y=y;. has 
been given by Hecht." 


Vto= |1-- (1—e 9} (2) 
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Fic. 1. Transient photoresponse nwo versus photon energy for 
the KCI crystals and temperatures listed in Table I. The optical 
density of heavily colored crystals is shown by a dotted line. 


1 R. S. Van Heyningen and F. C. Brown, Phys. Rev. 111, 462 
(1958). 
1K. Hecht, Z. Physik 77, 235 (1932). 
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qe (cm*/volt) x10” — 


“40 35 
—— PHOTON ENERGY (ev) 
Fic. 2. Photoresponse in the vicinity of 10°K corrected for 


optical absorption. Notice that «wo is very low in the K and F 
region but rises steeply at shorter wavelengths. 


Equation (2) approaches 0.5 for complete saturation 
of the photocurrent, ie., w=. Note that Eq. (1) 
requires a linear dependence of Q on incident light 
intensity. This point was tested using neutral density 
filters, and the response of the crystal was found to be 
linear over at least three orders of magnitude. For the 
case where saturation and collection effects can be 
ignored, i.e., w</, Eq. (1) can be rewritten as follows, 
remembering that w=yEr and ¥;,.~™~w/!: 


enaNo(1—R)(1—e~*") 


Q=- Er. 


l 


The product 7.u7=naWo can be determined from this 
equation, a knowledge of the optical absorption, and 
the observation of Q. 

If two traps are effective instead of just one, for 
example, the F center (or closely associated trap) and 
a second shallow trap, then the trapping probability 

aa ae 
=—-+ 


T TP Te 


= (Cror+Cyo,)u. (4) 


The observed charge per absorbed photon may be 
computed using wo=ur, Eq. (3) and Eq. (4). The 
result is 


Q/[No(1—R)(1—e-"*) ]= (€E/I) (nave), (5) 
where 
NaWo= Nab ‘[u(C po rp+Cyo;) |. (6) 


From Eq. (6) it is seen that if the F center is the 
dominant trap, as it is at — 100°C, then naw» is inversely 
proportional to the concentration of F centers. If the 
shallow traps become dominant (C\o,>C ror), which 
is the case for low temperatures and small F-center 
concentration, then the observed nawo tends toward a 
constant value as a function of 1/Cr. These are quali- 
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tative considerations only as it may be necessary to 
take more than two traps into account. 

The low temperatures for the photoconductivity 
measurements were maintained in a helium cryostat 
similar to that described by Mapother and Witt.!:! 
The crystals were gently held between plane parallel! 
electrodes located in a copper chamber clamped to the 
bottom of the helium reservoir. Helium exchange gas 
could be admitted to the copper chamber to maintain 
thermal contact. Temperatures were measured with a 
copper constantan thermocouple and a carbon re- 
sistance thermometer each calibrated against a standard 
platinum resistance thermometer. The lower trans- 
parent electrode was a 1-mm thick NESA-coated 
quartz slide® connected to a highly insulated battery 
voltage supply. A shielded lead from the upper spring- 
loaded metallic electrode was connected to the input 
of an Applied Physics Corporation vibrating reed 
electrometer used in the “open” position to measure 
charge. The electrodes were blocked with insulating 
layers to prevent charge from entering or leaving the 
crystal. The upper metallic electrode was blocked with 
0.5-mil Mylar plastic, and the transparent 
electrode with a 5.5 mil optical quality quartz plate. 
The amplified output of the electrometer was fed into 
a recording potentiometer. The background noise level 
was well below 10~'* amp and the charge released by a 
7.5-sec light pulse was in the vicinity of 10~ Coulomb. 
The electrometer and recording potentiometer were 
calibrated directly from standard charge pulses. 


lower 
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Crystal KCI -5(5.1xi0' cm °) 
T=15°K 
e 3.09 ev 
& 2.15 ev 


Calculated 
Crystal KCI-6 (5.3x 10° cm’) 
0 3.61 ev 
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Fic. 3. Saturation curves for crystals 5 and 6 at low tempera- 
ture. Two scales for electric field are given—the upper one applies 
to crystal 5, the lower to crystal 6. Crystal 6 had the longer range 
as given in Table ITT. 

2 —. E. Mapother and F. E. L. Witt, Rev. Sci. Instr. 26, 843 
(1955). 

18D). N. Lyon and T. H. Geballe, Rev. Sci. Instr. 21, 769 (1950). 





LOW-TEMPERATURE PHOTOCONDUCTIVITY OF KCI 


TABLE II. Ratio of the photoresponse at 10°K and 78°K for emer) ’ i ot; See 
various crystals at a photon energy of 3.6 ev. oa 


————————eeEOoEOQqqoooeee CURVE am 
No irradiation (dashed) 


a . @) After 5.3%10'* absorbed | 
quanta of Sev light 
@atter 90° glow curve ™ 


KCI crystal Cr(cm~*) nawo(10°K) /nawo(78°K) 
4.87X 10"7 2.0 
3.38 X 10"7 
2.78 X10" 


1.6 X10" 
5.1 «105 





C,* 3.4% 10° cm? 
T=10K 


The light source for the ultraviolet photoconductivity 
measurements was a Hanovia quartz hydrogen lamp 
dispersed with high spectral purity by a Leiss double 
monochromator using quartz prisms. A front silvered 
mirror reflected the uniform image of the second prism 
face on the crystal surface. The mirror could be rotated 
90° to reflect the same image on a calibrated cesium 
antimony photocell.‘ A contact switch on the input 
of the electrometer enabled it to be used to measure 
the photocell current or the crystal pulse in turn. It armor paaaaee 
was thus possible to monitor the light intensity point a 
by point if desired, or to check the light intensity at +— PHOTON ENERGY (ev) 
any time. The photoconductivity measurements in the Fic. 5. Long wavelength photoresponse in a heavily colored 
near infrared were taken with a regulated tungsten crystal before and after irradiation at 10°K. 
lamp as a source and its output was measured with a 
Perkin-Elmer radiation thermocouple calibrated against 
the cesium antimony photocell. 





7) W, (em®/VOLT ) x 10° ——> 





on the right. The low-temperature behavior of nwo vs 
photon energy for 5 specimens of KCl containing F 
II. RESULTS centers in a range of concentration from 5.110" to 
4.8710" per cm® is plotted in Fig. 1. The optical 
A. Photoconductivity Response absorption at 20°K as a function of photon energy for 
a 2.67-mm thick crystal of KCI with 3.410" F centers 
1S Fe ae ‘ nf: : ae" per cm® is also included. This latter curve has been 

wavelength for the case when saturation or collection A : 
eliects axe chawnt. (b-~waell/?), it is convenient to sewrite corrected for reflection losses and background absorp- 
Eq. (1) as follows: tion but not for absorption associated with the color- 
qt0e=08/ Nes, (7) ation. rhe structure of the photoconductivity curves 
for the more heavily colored samples clearly delineates 
where »=1na(1—R)(1—e~*") is now the quantum effi- _ the first two so-called Liity bands with the third lying 
ciency per incident photon, wo is the range per unit outside the reach of the apparatus. The peak photo- 
field, and the experimentally determined quantities are response of the K band lies on the high-energy side of 
the K. absorption peak. Since the range per unit field, 
wo, should be constant with wavelength, this represents 
(rameni67216" 2 a sharp rise in the quantum efficiency in the vicinity 
as ne of 2.9 ev. No significance is attached to the crossover 
of curves 2 and 3 in the Le region since low incident 
light intensity in this case caused a fairly large scatter 

in the data. 

Values of nawo vs photon energy for these same 
curves, as plotted in Fig. 2, are obtained by correcting 
for absorption under the assumption that the absorption 
in the Liity bands as well as in the K band, is propor- 

tional to the F-center concentration over the entire 

ge, OE a ; range and may be obtained from the measured optical 

EP scl aeery : density. The values for KCl-2 were not plotted since 

oc iets bs pesition ofthe pont fr neta function they fll between curves 1 and 3 and confuse the detail 
with a line drawn through the origin, whereas the lightly colored The quantum efficiency rises from a minimum in the 
crystals lie far from this line. The dotted line is a plot of Eq. (6). region of the F band to a fairly constant value in the 


In order to plot the photoresponse as a function of 


qWe (cm*/volt) x10" 


14 Kindly furnished by Dr. L. Apker, General Electric Research regeon of the L, and Le wavelengths, The structure in 
Laboratory, Schenectady, New York. this region is probably a reflection of the difficulty of 
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correcting for absorption rather than a variation in 
the quantum efficiency for absorbed light. 

The photoresponse Q of the various crystals was 
observed point by point as the temperature was lowered 
in order to see if ngwo would reflect the increase in Hall 
mobility observed at low temperatures.® Little change 
with temperature was found for lightly colored crystals; 
however, the more heavily colored samples invariably 
showed a gradual increase below 80°K and a leveling 
off below about 50°K. A gradual increase below liquid 
nitrogen temperature was also reported in the early 
work of reference 7. For the present case the ratio of 
Naw at 10°K to naw at 78°K is given in Table II for 
light absorbed in the LZ, band. The observed increase 
only partly reflects the increasing Hall mobility because 
of the effects of shallow traps. 


B. Saturation Effects and Quantum Efficiency 


The thickness of the thin cleaved samples of KCl 
was in most cases less than one millimeter as shown in 
Table I. Well over 1000 volts could be applied to the 
crystals without leakage largely due to the use of 
blocking layers, careful shielding, and placement of 
leads. Therefore, it was expected that saturation 
effects due to the collection of electrons according to 
Eq. (2) could be observed.'® In addition, field ionization 
might also be possible at high electric fields for wave- 
lengths which excite into states below the bottom of 
the conduction band. 

Effects which appear to be due to field ionization 
were observable for light absorbed in the F and the K 
bands at 78°K. A plot of Q/Noe vs E at these wave- 
lengths was concave upwards at high fields except in 
the case of very lightly colored crystals. These results 
at 78°K represent the combined effects of thermal and 
field ionization as shown by the work of Liity.'* At low 
temperature, 10°K, the superlinear effects in electric 
field were barely observable (moderate or heavily 
colored crystals) and only for light absorbed in the 
region of the K band. For the higher energy photons 
of the L; band, the photoresponse was linear with 
electric field in heavily colored crystals. This result as 
well as the general behavior of the nawo curves of Fig. 2 
strongly indicates that light absorbed in the F and K 
bands excite electrons into discrete states below the 
bottom of the conduction band, whereas the higher 
energy L, light excites into final states which overlie 
the bottom of the conduction band. 

The situation was somewhat different in the case of 
lightly colored crystals. At 78°K collection effects 
appear to straighten out the upward bending of the 
Q/Noe versus E curves for the F and K region. Clear 
evidence for the beginning of saturation was obtained 
particularly at low temperature for light in the 1, 


‘8 H. Witt, Z. Physik 128, 442 (1950). 
16 F. Liity, Z. Physik 153, 247 (1958). 
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TABLE III. Electron range wy determined from saturation 
curves. The quantity (nawo)’ is the charge collected/absorbed 
photon, Ql/[Noe(1—R) (1—e~*") EE]. The extrapolated nawy is the 
product of efficiency and unit range which would apply in the 
absence of collection effects [Eq. (3) ]. The last column shows the 
quantum efficiency obtained in two ways as explained in the text 


Ext rapolated 
naW o 


cm?/volt) Na 


” 


Crystal (cm*/volt) (cm?/volt) 


6.3 1077 
6.3 1077 
1.5x10-* 
1.5x<10-* 


16.710 
Calculated 
27.6X 10 
Calculated 


22.810 3.610 
2.4 10 
3.9X 10 
3.9 10 


58.210 


2 
-" 
2 
2 


band (3.61 ev).'” Figure 3 presents the low-temperature 
saturation data for two lightly colored crystals, KCI-5 
and KC1-6, which are almost identical physically except 
for their initial unknown impurity content. KCI-5 was 
colored from Harshaw stock and KCI-6 has been zone 
refined.'* Saturation data for KCI-5 was obtained at 
two wavelengths lying on opposite Sides of the F band, 
and that for KCl-6 was obtained at 3.61 ev. The 
intensity of the incident light for this run on KCI-6 
was made as great as possible by using wide slits and 
running the hydrogen lamp at maximum power in 
order to decrease the scatter in the data 
length. 

Table III lists values of wo, 
values of na. Two different determinations of nq are 
given for each crystal. The first are found by observing 
Q as a function of E and extrapolating the low-field 
points as straight lines as if there were no collection 
effects. This results in the extrapolated values of nawo 
as shown in Table III. The efficiency 7, is then deter- 
mined by dividing the extrapolated n.wo by wo. This 
is the more reliable of the two methods since a graphical 
average over several points is involved. The 
method of finding . is by determining Q at one high- 
field point, and then calculating the result using Eqs. 
(1) and (2). Of the four values of 7. listed, the one 
calculated by the second method for KCI-5 is the most 
uncertain. The low incident light intensity and the 
necessity of choosing a single datum point for the 
calculation shows up in its deviation from the other 
three. A value of 7.=0.04-+-0.01 appears to be the best 
weighted average-taking into account the uncertainties 
in the measurements. This estimate does not consider 
any errors made in assuming that the optical absorption 
in this region is proportional to the /-center concen- 
tration as shown by Liity. The corresponding quantum 
efficiencies for the F- and K-band regions are na(F) 


at this wave- 


NawWo, and the resulting 


second 


‘7 High-field or hot-electron effects are apparently not as im- 
portant as might be suspected, as evidenced by the fact that the 
downward bending of the Q versus E curves appeared at moderate 
as well as very low temperature. The general trend with F-center 
concentration and crystal thickness also makes it reasonable to 
ascribe the observations mainly to collection effects. 

18 Zone-refined by the Anderson Physical Laboratory, Urbana, 
Illinois. 





LOW-TEMPERATURE PHOTOCONDUCTIVITY 


= (2.7+0.5)X10~4 and na(K)= (4.6+0.5)X10-* both 
at 10°K."? 

With the above measurements of nawo, Na, and w, we 
can now check the dependence of naw» on the trapping 
by F centers and other traps as expressed by Eq. (6). 
Figure 4 shows a few points for the photoresponse, 
Naw» (at 3.6 ev), located according to the reciprocal of 
the F-center concentration. For very high coloration a 
nearly linear relationship is expected with the curve 
passing through the origin. The data at least lends 
itself to a linear plot for the heavily colored crystals but 
approaches saturation for intermediate and lightly 
colored crystals. The dotted curve of Fig. 4 is a plot of 
the way nawo varies with 1/Cr as predicted by Eq. (6) 
using values of mobility estimated from the data of 
reference 8 and a thermal velocity corresponding to 
10°K. Equation (6) has been adjusted to the data for 
samples KCl-3 and KCl-4 by choosing appropriate 
values of op and Cio; and using the measured values of 
uw and n.wo. The result is 


3.7 X1077p 


—— - (8) 
u(1.7X10-“C p+6400) 


NaWo= 


The cross section for trapping at an F center (or closely 
associated traps) is seen to have a value of 1.7«10~"4 
cm*. This value obviously depends somewhat on the 
concentration and trapping cross section of shallow 
traps which are probably due to impurities. For 
example, if the corrected value of naw» for KCI-5 which 
would be expected in the absence of saturation and 
collection effects were used in the curve fitting, a value 
of C,o,= 2800 cm™ would be required. This value would 
yield or =3X10-* cm*. Thus, the effective value of o» 
would lie somewhere in the vicinity of (1 to 3)x10™" 
cm*. If the shallow traps are due to impurities present 
in concentrations from 1 to 10 parts per million, they 
would have to have trapping cross sections in the region 
of 10-" to 10~ cm?. Activation analysis of Harshaw 
KCl indicates the above concentration of sulfur and 
-nickel—but more like 70 ppm of Br.'® 


C. Enhanced Photoresponse and Trap Filling 


Efforts were made to fill traps at 10°K and thus 
increase the Schubweg. This was not found possible 
apparently because of the high density of traps and 
low efficiency for yield of electrons. Figure 5 shows the 
photoresponse in the near infrared before and after the 
absorption of 5.310" quanta of 3-ev light in KCI-2, 
a heavily colored crystal (Cr=3.38X10" cm-*). Al- 
though the photoresponse at 3 ev” was enhanced by a 
factor of about 2, the field dependence of the response 


19 S. Anderson, J. S. Wiley, and L. S. Hendrichs, J. Chem. Phys. 
32, 949 (1960). 

2% Jt is quite likely that the sensitivity at 3 ev and 10°K is not 
due to transitions commonly associated with the F center at all, 
but rather there is weak underlying absorption. The quantum 
yield at this wavelength is of the order of 10~* to 107%. 
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Fic. 6. Long wavelength photoresponse in a lightly colored 
crystal before and after irradiation at 11°K. Note that the situ- 
ation is different than in a heavily colored crystal. 


was linear before and after the irradiation. Notice, 
however, that there is an enhanced photosensitivity on 
the long wavelength side of the F band. Also, upon 
warming, there was an electrical glow peak with a 
maximum at 90°K after which the photoresponse 
dropped, but did not return to the original curve. (See 
curve 3, Fig. 5.) Although some F centers may be 
formed, the glow peak at 90°K is not the thermal 
emptying of the F’ center which has been observed to 
take place at about 205°K.*! The enhanced sensitivity 
would appear to be closely associated with the F-center 
concentration, since it augments structure present in 
the unirradiated crystal and underlies the F and K 
bands. 

It was thought that the M center might trap an 
extra electron at low temperature to form what might 
be called an M’ center in analogy with the similar 
situation in the F > F’ center. Experiments to tie in 
these low-temperature bands with the dichroism of the 
VM center were negative. Heavily colored and lightly 
colored KCl crystals were bleached at room temperature 
with light in the M band polarized in a [110 ] direction, 
and then cooled as rapidly as possible to 10°K. Since 
the M center has been shown to be dichroic and to have 
predominantly [110] symmetry by formation and 
optical bleaching experiments,” it was expected that 
the photoresponse at low temperature would reflect 
the results of this bleaching. No such dichroic behavior 
of the photoresponse in the two directions of polari- 
zation [110] and [110], was found. It may be that the 
M center was not an important trap at low temperature, 
or that the bleaching at room temperature with M 


21 —D. Dutton and R. Maurer, Phys. Rev. 90, 126 (1953). 
2 I°, Seitz, Revs. Modern Phys. 26, 7 (1954). 
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light polarized in the [110] direction destroyed a 
majority of M centers of both orientations. The optical 
density of the M center was not measurable in light or 
moderately colored crystals, but in the above heavily 
colored crystal, it was of the order of 0.2 times the 
optical density in the F band. 

Contrasting behavior upon illumination at low tem- 
perature was observed for the case of lightly colored 
crystals. Figure 6 shows the results obtained with 
KCI-5 (Cr=5.1X 10" cm~*) before and after absorption 
of about 10" photons of F light at 11°K. The pro- 
nounced structure of the heavily colored crystal is 
missing, and a sizable amount of the enhanced response 
disappears after a thermal glow curve peaked at 26°K. 
An analysis of the glow curve in a manner discussed 
by Dutton and Maurer” yields a thermal depth for this 
trap of about 0.05 ev. When the response after the 
thermal emptying of the trap is subtracted from the 
enhanced response before warming, it is seen that the 
maximum of this enhancement occurs at a photon 
energy of about 1 ev (see Fig. 6). The quantum effi- 
ciency for emptying these traps is quite high and with 
a tungsten.lamp as a source, the charge released in the 
crystal is of comparable magnitude for these infrared 
wavelengths as it is in the K and F bands. This fact 
can lead to erroneously high readings for photocon- 
ductivity when low-temperature photoconductivity is 
measured using white light or light passing through an 


optical filter having significant transmission in the 
near infrared. The measurement itself can significantly 
charge these traps and alter the apparent photo- 
conductivity. 


IV. CONCLUSIONS 


Additively colored crystals of KCl are found to be 
photoconducting at 10°K, as well as at 78°K, on the 
high-energy side of the F band. The spectral response 
reflects the absorption structure found by Liity.' After 
correction for absorption, the product of quantum yield 
and carrier range nawo at 10°K is nearly constant with 
wavelength in the Z; and Lz band (3.6 and 4.2 ev, 
respectively) but drops sharply in the region of the K 
and F band. This would agree with the suggestion that 


WILD AND F. 


C. BROWN 


the K band (as well as F band) results from excitations 
to states below the bottom of the conduction band. The 
importance of a configuration coordinate diagram and 
also of nonvertical transitions is not yet clear. 

The range of carriers can be estimated from curves 
which begin to show saturation or collection effects in 
lightly colored crystals. Unit ranges in the vicinity of 
10-* cm*/volt were found at 10°K. An estimate of the 
quantum yield in the Z; band can be made assuming 
that optical absorption relates to absorption in the F 
band as found by Liity.' The result, 7,.=0.04+0.01, 
indicates the existence of a competing process but is 
tentative pending a measure of the absorption in the 
ultraviolet region and also the preparation of crystals 
having longer electron ranges. 

As the temperature is lowered below 78°K, the 
transient photoconductivity does not closely follow the 
increasing Hall mobility observed in separate experi- 
ments.’ This is because of the existence of shallow traps 
which decrease the drift mobility and, at very low 
temperatures, effectively compete with the F center as 
a trap. Two cases have to be considered, that of lightly 
colored crystals and that of heavily colored crystals. 
When Cr<2X10" cm“, wo is nearly independent of 
Cr at 10°K. Moreover, illumination fills shallow traps 
and produces enhanced photosensitivity in the infrared. 
The traps release electrons upon warming in the vicinity 
of 26°K. For these traps the product of concentration 
and cross section, C,o;, is from 1000 to 4000 cm™, 
which suggests a large cross section or a very high 
concentration. On the other hand, for crystals with 
Cr>2X10" cm“, electrons may be trapped at F 
centers or at closely related centers. If one assumes that 
F centers are the main trap, the trapping cross section 
at 10°K is op~10~" cm’. 
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Photoelectric Hall Effect in KCl at Low Temperatures* 
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The Hall effect for carriers released by light has been studied over a temperature range 4° to 114°K in 
additively colored crystals of KCl containing various concentrations of F centers. A negative Hall signal 
was observed corresponding to electrons released from F centers by light absorbed in the high-energy side of 
the F band. The Hall mobility rises steeply below 80°K due to freezing out of the optical modes of lattice 
vibration. A residual mobility near 4000 cm?/volt sec is found below 30°K in the crystals prepared so far. 


A. INTRODUCTION 


HE mobility of conduction electrons in the alkali 

halides is of interest in connection with the 
polaron problem. In addition, the temperature depen- 
dence of the mobility is required in order to properly 
interpret low-temperature photoconductivity experi- 
ments! as well as various color-center phenomena. Hall 
mobility for electrons released from F centers in KCl 
and KBr has been measured by a variety of different 
techniques.?~* In general, the results indicate a low 
mobility at room temperature, in the vicinity of 5 to 
10 cm*/volt sec which increases steeply as the tempera- 
ture is lowered, apparently due to the freezing out of 
optical modes of lattice vibration. Measurements were 
made on a number of alkali halides down to 80°K by 
Redfield, using a transient technique’ which overcomes 
difficulties due to high sample impedance, space charge, 
and small Hall angles. The experiments reported in the 
present article extend the range of measurements to 4°K 
and were made using apparatus recently described in 
the case of AgCl® and AgBr.’ Results are given for 
different F-center concentrations, and the problem of 
the F center as a scattering center is discussed. 


B. RESULTS AND DISCUSSIONS 


It has been emphasized! that the alkali halide crystals 
must be freshly colored just before each run if repro- 
ducible results on photoconductivity are to be obtained 
at low temperature. Similar precautions were taken in 

* Supported in part by U.S. Air Force Office of Scientific Re 
search. Preliminary results were presented at the International 
Symposium on Color Centers in Alkali Halides, Corvallis, Oregon, 
September (1959). 

T Present address: Société Nationale Pétroles d’Aquitaine, 16 
Cours Albert, Paris, France. 

1 R. L. Wild and F. C. Brown, preceding paper, [Phys. Rev. 121, 
1296 (1961) ]. 

2 J. Evans, Phys. Rev. 57, 47 (1940). 

3A. G. Redfield, Phys. Rev. 94, 537 (1954). 

‘J. Ross MacDonald and J. E. Robinson, Phys. Rev. 95, 44 
(1954). 

5M. Onuki and H. Kawamura, J. Phys. Soc. Japan 14, 967 
(1959). 

® PD. Kahn and A. J. Glass, presented at the International Con- 
ference on Semiconductors, Prague, Czechoslovakia, September, 
1960 (unpublished). 

7A. G. Redfield, Phys. Rev. 94, 526 (1954). 

® K. Kobayashi and F. C. Brown, Phys. Rev. 113, 507 (1959). 

® D. C. Burnham, F. C. Brown, and R. S. Knox, Phys. Rev. 119, 
1560 (1960). 


the case of the Hall measurements. Harshaw KCl was 
additively colored using distilled potassium in a sealed 
Pyrex tube within a double furnace used to control the 
vapor pressure of the alkali metal independent of the 
crystal temperature. The crystals were quenched from 
high temperature by removing the tube from the furnace 
and wrapping in aluminum foil in air. The M band was 
barely detectable and only in the most heavily colored 
crystals. The results of low-temperature photoconduc- 
tivity tests on these crystals, quenched in air rather 
than oil, were identical with those described in the 
preceding work.! 

In the present Hall experiments the longitudinal 
electric field was provided by voltage pulses applied to 
a uniform resistance film. Charge induced on the elec- 
trodes by the motion of carriers within the illuminated 
volumes of the crystal was detected by means of a pulse 
amplifier and oscilloscope.*® The light source was an 
intense air spark which was synchronized with the 
maximum of the electric field pulse. Filters were em- 
ployed so that carriers were released by light absorbed 
mainly in the high-energy side of the F band, the K and 
L, regions. The low-field Hall mobility was computed 
from Eq. (8) of reference 9 using the values of ARr 
observed at each temperature. The numerical factor G 
was computed from a solution of the boundary value 
problem for the electric field in the crystal. Corrections 
for nonuniform field were kept to a minimum by the 
use of an uncolored KCl spacer.’ 

The polarity of the observed Hall effect for light in 
the wavelength range 350-550 my was always negative, 
indicating the importance of electrons rather than holes. 
Figure 1 shows the low-field Hall mobility as a function 
of temperature for widely different F-center concentra- 
tions. At 80°K the accuracy of the measurements is low 
because of a small Hall angle; however, the observed 
value of 100 cm? volt sec is in agreement with the results 
of Redfield. As the temperature was lowered, the 
mobility increased steeply and finally leveled off below 
30°K at values near 4000 cm?/volt sec. The experiment 
became relatively easy below 60°K because of the 
striking increase in the Halli angle. 

There was little difference in the observed mobility 
for F-center concentrations from 10" to 6X10'* cm-, 
but for a crystal with as many as 3.410" F centers 
per cm-*, the residual mobility was in the vicinity of 
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1000 cm?/volt sec. This value of mobility indicates that 
if the F center is the main scattering center in heavily 
colored crystals, it is a fairly effective one. It would 
have to be about 10 times more effective than a neutral 
hydrogen-like impurity according to the formula of 
Erginsoy."® This is surprising considering the localized 
character of the F center. Another possibility is that 
there are charged defects associated with the F center 
which, although present in lower concentration, are 
more effective scattering centers. 

In order to compare mobility in the optical scattering 
range with theory, it is necessary to compute the Debye 
@=/w,/k corresponding to the longitudinal optical 
modes of lattice vibration. The vibrational frequency, 
w1, can be deduced from Reststrahl observations using 
the relation w;= (¢/e,.)42mc/X,."' In the case of KCI the 
static dielectric constant e=4.68, the high-frequency 
dielectric constant ¢,,= 2.13, and the wavelength of the 
transverse optical mode A,=71y." This gives w= 
4.0X10" and @=300°K. A detailed calculation of 
vibrational frequencies assuming equal ion masses has 
been carried out by Iona."* His highest frequency is 

0 C, Erginsoy, Phys. Rev. 79, 1013 (1950). 

1 R. H. Lyddane, R. G. Sachs, and E. Teller, Phys. Rev. 59, 
673 (1941). 


2 R. B. Barnes, Z. Physik 75, 723 (1932). 
18 M. Iona, Phys. Rev. 60, 822 (1941). 
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Fic. 1. Low-field Hall mobility 
as a function of temperature for 
electrons released by light in 
crystals with different /-center 
concentrations as shown. The 
straight line is the function uo=3.6 
exp (300/T) corresponding to 
optical phonon scattering. 


about 4.4X 10" so the above value of w; is probably not 
far from right. 

The straight-line portion of the mobility in Fig. 1, 
po=3.6e'?, indicates that optical scattering is pre- 
dominant above 50°K. The data are at least consistent 
with a Debye © deduced from the vibrational spectrum. 
Further measurements in the intermediate- and high- 
temperature range would be desirable and might permit 
one to obtain © directly from the mobility data. 

A question arises as to the cause of the residual 
mobility in the lightly colored crystals. It is not likely 
that this is due solely to scattering by acoustic lattice 
vibrations. Little is known about ordinary deformation 
potential scattering in these materials, but it is most 
likely greater than the observed values. The acoustic- 
polar interaction described by Meijer and Polder’ is 
very small because of the near equality of ion masses for 
KCl. Probably imperfections such as impurities play 
the major role. For example, it has been found by acti- 
vation analysis that Harshaw KCl may contain as much 
as 10'* atoms of Br and of the order of 5X10'* atoms 
per cm~ of Ni and S."® 

As mentioned in the previous article, the photo- 


4H. J. Meijer and D. Polder, Physica 19, 255 (1953). 
15S. Anderson, J. S. Wiley, and L. S. Hendrichs, J. Chem. Phys. 
32, 949 (1960). 
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conductivity ngwo only begins to reflect the rise in 
mobility as the temperature is lowered because of the 
existence of shallow traps in the crystals studied to date. 
These traps are most effective at temperatures below 
25°K where the mobility has leveled off. It seems 
reasonable that these defects are scattering as well as 
trapping centers at low temperature. One might inquire 
as to the relative probability for scattering as compared 
to that for trapping. For most defects in semiconductors, 
the scattering cross section is larger than the trapping 
cross section.'* A comparison below 25°K in the present 
case gives the trapping time 7,=wWo/u—1.5X10-" sec 
(wo~6X10-7 cm?/volts') whereas the scattering time 
is of the order of magnitude r=yum/e=2.5X10-™ sec. 
16 M. Lax, Phys. Rev. 119, 1502 (1960). 
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The difference seems large enough to justify our inter- 
pretation of the transient Hall experiment in terms of 
mobility and relaxation time r. 

It would be interesting to pursue the matter of the 
relative scattering and trapping times further, perhaps 
by a direct measurement of trapping time as a function 
of temperature. Several other points for future study 
suggest themselves. For example, it is important to 
improve the accuracy and extend the Hall measure- 
ments to other alkali halides having different coupling 
strengths and Reststrahl wavelengths. The origin of the 
scattering below 30°K is unknown but it would be 
interesting to see if the residual mobility can be in- 
creased by crystal purification as has been found to be 
the case for the silver halides. 
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Diffusion in Compound Semiconductors* 
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Self-diffusion in single crystal InP and GaAs has been measured, together with the diffusion of the ac- 
ceptors Cd and Zn and the donors S and Se in GaAs. Radioactive isotopes of these elements were used as 
tracers. The diffusions of In and P in InP are characterized by activation energies of 3.85 ev and 5.65 ev, 
respectively ; those for Ga and As in GaAs are characterized by activation energies of 5.60 ev and 10.2 ev, 
respectively. The marked differences in both activation energies and diffusion rates of the constituent 
atoms in these materials indicate that the basic mechanism of the self-diffusion is one of migration within 


a specific sublattice. 


The impurity diffusion measurements in GaAs suggest that the concept of sublattice diffusion be extended 
to include impurity diffusion when the impurities enter the lattice substitutionally. The activation energy 
of the diffusion of both Cd and Zn in GaAs is about 2.5 ev, while that of the diffusion of both S and Se in 
GaAs is about 4.1 ev. Experimental details of interest include the observation of GaS compound formation 
when GaAs is heated in S vapor, and the formation of glassy layers on the surface of GaAs due to Se. 


I, INTRODUCTION 


HIS paper presents and discusses measurements 

of self-diffusion in single crystal indium phosphide 
and gallium arsenide and the diffusion of cadmium, 
zinc, sulfur, and selenium in GaAs. Radioactive isotopes 
of these elements were used as tracers. The work was 
undertaken to determine primarily the diffusion con- 
stants and activation energies, and by so doing to 
determine, if possible, the specific mechanism of the 
diffusion in these materials. 

InP and GaAs belong to the class of intermetallic 
compound semiconductors comprised of elements from 
columns IIIb and Vb of the periodic table. The prop- 
erties of these materials which make them interesting 
as host matrices for diffusion studies are (1) their 
structure, which consists of two interpenetrating face 


*This work was supported by the Electronics Research Di- 
rectorate of the Air Force Cambridge Research Center, Air 
Research and Development Command. 


centered cubic lattices, each of which is composed of 
one of the constituent atomic species, (2) the stoichi- 
ometry of the constituent atoms which is better than 
1 part in 10°, and (3) the fact that their electrical 
properties provide knowledge of the way in which 
certain impurities enter the lattice. For example, in 
GaAs cadmium and zinc are acceptor impurities known 
to replace gallium while sulfur and selenium are donor 
impurities known to replace arsenic.! 

The measurements to be reported here plus the work 
of others indicate strongly that the basic mechanism of 
substitutional diffusion in these materials is one of 
atomic migration within one of the sublattices.?~+ 


1 J. T. Edmond, Proc. Phys. Soc. (London) 73, 622 (1959). 

2 L. Slifkin and C. T. Tomizuka, Phys. Rev. 97, 836 (1955). 

3 F. Eisen and C. Birchenall, Acta Met. 5, 265 (1957). 

*B. Goldstein, Properties of Elemental and Compound Semi- 
conductors (Interscience Publishers, Inc., New York, 1960), p. 155. 
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Il. EXPERIMENTAL RESULTS 
A. General Experimental Procedures 


Single crystals of GaAs were grown by the magnetic 
Czochralski technique, and InP crystals were grown by 
the gradient freeze technique.® Details of the prepara- 
tion of flat wafers of these materials, of the diffusion 
procedures, and of the determination of the penetration 
profiles have been given in earlier reports.*:? The wafers 
were all single crystal and strain-free as indicated by 
infrared birefringence examination. Dissociation of the 
InP and GaAs at the diffusion temperatures was 
prevented by the inclusion in the diffusion ampoules 
of appropriate amounts of phosphorus and arsenic, 
respectively.® 

For those cases in which the diffusion proceeded from 
a thin electroplated layer the diffusion constaats were 
obtained by fitting the penetration profile to the 
“fixed source”’ solution to the diffusion equation 


C(x)=[Q/(rDt)* | exp(—2*/4Dt), (1) 


where C(x) is the concentration, Q is the amount of 
material initially deposited, x is the penetration, ¢ is 
the time and D is the diffusion constant. When the 
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Fic. 1. Representative penetration profiles for the diffusion of In 
in InP from electroplated layers. 
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Fic. 2. Representative penetration profiles for the diffusion of 
P in InP from the vapor. Solid lines are the theoretical error 
function complement. 


diffusion proceeded from a vapor source, the ‘‘constant 
source” solution was used, 

C(x)=C,{1—erf[_x 2(Dt)} x (2) 
where C, is the initial concentration of diffusant in the 


crystal and the remaining terms are 


Eq. (1)? 


as defined for 


B. Self-Diffusion in InP 


For the indium diffusion the thin 
electroplated layer of radioactive In' obtained from 
the Oak Ridge National Laboratory, while for the 
phosphorus diffusion the source was a vapor of radio- 
active red P® obtained from Atomic Energy, Canada. 
In the latter case an important step in the procedure 
was found to be the washing of the phosphorus in 
distilled water and anhydrous ether to eliminate P.O; 
and the subsequent formation of H3PO, which severely 
etched the InP at high temperatures. 

Figures 1 and 2 contain representative penetration 
profiles for the indium and phosphorus diffusion, 
respectively. Penetrations of phosphorus were generally 
smaller than those of indium. This was due both to the 
smaller diffusion constants of phosphorus and also to 


source Was a 


® A discussion of these solutions to the diffusion equation can 
be found in B. M. Barrer, Diffusion in and Through Solids (The 
Macmillan Company, New York, 1941). 





DIFFUSION IN 
the fact that phosphorus diffused from a vapor source 
while indium diffused from an electroplated metallic 
layer.” Plotting the diffusion constants against the 
reciprocal of the absolute temperature produces the 
curves shown in Fig. 3. Both curves can be described 
by the customary equation D= Dy exp(— E/kT), where 
Dy is 1X 10° em?/sec and E=3.850.05 ev for indium, 
and Do is 7X10" cm?/sec and E=5.650.06 ev for 
phosphorus. 


C. Self Diffusion in GaAs 


Measurements of the diffusion of Ga and As in GaAs 
were severely hampered by very small diffusion pene- 
trations and by the very short half-lives of the usable 
radio-isotopes which precluded long diffusion times. 
(The half-life of Ga” is 14 hours, that of As’® is 27 
hours.)'' Nonetheless, good penetration profiles from 
electroplated layers of Ga” and from vapors of As’® 
following the proper solutions to the diffusion equation 
were obtained. Figures 4 and 5 show such penetration 
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Fic. 3. Diffusion of In and P in InP. 


10 The phosphorus vapor consists chiefly of P, molecules, so 
that the initial entry of phosphorus atoms into the InP lattice 
:may have been even further inhibited. Since the critical temper- 
ature of phosphorus is about 700°C, as much as 400 mg was used 
in a 10-cm* ampoule in an attempt to increase the source concen- 
tration. 

11 These isotopes were supplied by the Industrial Reactor 
Laboratories, Plainsboro, New Jersey. 
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Fic. 4. Representative penetration profiles for the diffusion of Ga 
in GaAs from electroplated layers. 


profiles for gallium and arsenic diffusion, respectively, 
from which diffusion constants were calculated. 

The temperature dependence of these diffusions is 
shown in Fig. 6. For gallium the customary behavior 
is found and the diffusion can be characterized by a Do 
of 1X10’ cm?/sec and an activation energy E of 
5.60+0.32 ev. For arsenic, however, a region of very 
low, relatively temperature-insensitive diffusion is 
observed before the expected Boltzmann-type behavior 
occurs at very high temperatures. The high-temperature 
region indicates an activation energy of 10.2-F1.2 ev. 
It is suggested that the relatively temperature-insensi- 
tive arsenic diffusion may be due to diffusion along 
dislocations or clusters of dislocations. Long, low-level 
tails in the diffusion profiles have very often been 
observed in these self-diffusion measurements which 
also suggest diffusion along dislocations.” 

The most significant result of the self-diffusion 
measurements is the fact that in both InP and GaAs 
the constituent atoms diffuse at rates and with acti- 
vation energies which are appreciably different. 


D. Diffusion of Cd and Zn in GaAs 


This work was reported in detail in an earlier publi- 
cation.’ The diffusion of Cd and Zn in GaAs can be 


2G. P. Williams, Jr., and L. Slifkin, Phys. Rev. Letters 1, 
516 (1958). 
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Fic. 5. Representative penetration profile for the diffusion of 
As in GaAs from the vapor. The solid line is the theoretical error 
function complement. 
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characterized, respectively, by a Do of 0.05 cm?/sec and 
15 cm*/sec with activation energies E of 2.43 ev and 
2.49 ev, i.e., the same within experimental error. 


E. Diffusion of Sulfur and Selenium in GaAs 


For the diffusion of sulfur, vapor sources as dilute as 
3X 10'* */cm* were found necessary to eliminate reac- 
tions at the surface of the GaAs. Figure 7 shows two 
representative penetration profiles obtained under these 
conditions. Initial sulfur concentrations in the GaAs 
for these curves are about 2X 10'*/cm*. The temperature 
dependence of the sulfur diffusion in the range from 
1000°C to 1200°C is shown in Fig. 10. The data indicate 
a Do of 4X10* cm?/sec and an activation energy of 
4.04-F0.15 ev. When dense vapor sources of sulfur were 
used, ~10'5/cm*, the surfaces of the GaAs wafers 
showed evidence of a strong reaction with the sulfur. 
Electron diffraction patterns of these samples taken at 
grazing angle of incidence showed the presence of a 
GaS phase at the surface. Above a certain concentration 


18 The vapor densities given for the sulfur and selenium work 
are atomic densities and do not take into account the fact that 
both sulfur and selenium vapor are molecular, each molecule 
containing from 2 to 8 atoms. 


(~10"/cm*) further additions of sulfur apparently 
produce GaS rather than increasingly doped GaAs. 
This emphasizes the distinction which should perhaps 
be made, especially when working with impurities and 
compound semiconductors, between the solubility of 
an impurity in which the host crystal retains its identity 
and miscibility of an impurity in which another phase 
may be formed. 

When wafers of GaAs were heated in selenium vapor, 
an interesting side effect was observed, namely, the 
formation of layers at the surface which were clearly 
different from GaAs. These layers were amorphous, 
showed no sharp changes in optical absorption" in the 
visible or near infrared, and varied in thickness with 
selenium vapor density. The recent work of Flaschen 
et al.!® on selenium glasses, plus the characteristics 
described above strongly suggest that the most likely 
explanation of this effect is that a selenium glass has 
formed on the GaAs surface. In Fig. 8 is shown a 
photograph of a cross-sectioned wafer of GaAs heated 
at 1008°C in selenium vapor of density 6X 10'8/cm’*. 
Directly beneath the photograph is a plot of selenium 
radioactivity vs penetration for this wafer. The extent 
of the flat region corresponds roughly to the depth of 
the surface layer from which the diffusion of selenium 
into GaAs apparently has proceeded. When diffusion 
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Fic. 6. Diffusion of Ga and As in GaAs. 
14 Optical measurements were kindly performed by W. Spicer 
of these Laboratories. 
18S. S. Flaschen et al., J. Am. Ceram. Soc. 42, 450 (1959). 
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anneals were run with lower vapor source densities, 
~5X10'7/cm', initial flat regions in the penetration 
profiles were still found but they were very shallow, 
of the order of several microns. Furthermore, if the 
penetration curves are replotted using the end of the 
initial flat region as the “zero” for the remainder of 
the curve, then it is found that the resulting curves 
follow the error function complement quite well. (This 
is, of course, what one would expect if a source layer of 
appreciable thickness did form at the surface.) This 
procedure is illustrated in Fig. 9 for an anneal at 
1105°C, showing both the raw data and the reduced 
curve. The initial selenium concentrations in the GaAs 
for these diffusion anneals vary between 1 and 2X 10", 
cm®. The temperature dependence of the diffusion of 
selenium in GaAs, calculated as described above, is 
shown in Fig. 10 together with the sulfur diffusion 
results. It is characterized by a Do of 3X10* cm?/sec 
and an activation energy of 4.167F0.15 ev, i.e., the 
same within experimental error as that for sulfur. 


F. Precision of the Measurements 


Details of the precision of the experimental procedures 
are essentially the same as those given in an earlier 
report.’ Estimates of the uncertainty in D, both from 
using median penetration distances and from graphi- 
cally using the error bounds of each data point, are in 
the region 10% to 15%. Uncertainties in EF are 
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Fic. 7. Representative penetration profiles for the diffusion of S 
in GaAs from the vapor. 
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Fic. 8. Photograph of the edge of a cross-sectioned GaAs wafer 
heated in Se vapor at a temperature of 1008°C for 6.07 X 10 sec, 
showing a glassy layer of Se which has formed at the surface. 
Directly beneath it is the penetration profile of the radioactive 
Se for this wafer. 


derived from a least squares straight line of InD vs 1/T. 
Deviations of measured values of D from this straight 
line also fall within 15%. 


III, DISCUSSION 


The large disparity in diffusion constants and acti- 
vation energies for InP and GaAs speaks against a 
mechanism of diffusion involving atomic migration via 
nearest neighbor vacancies or via a ring mechanism 
involving equal numbers of atoms of each species. 
Each Column III atom has for its nearest neighbors 
four Column V atoms (or vacancies) and vice versa. 
Hence, a substitutional diffusion mechanism involving 
nearest-neighbor vacancy interchange should result in 
very nearly equal diffusion coefficients and activation 
energies for both species of atoms. Since interstitial 
diffusion would appear to be ruled out by the very low 
diffusion constants and high activation energies, the 
data presented here suggests that the likeliest mecha- 
nism of diffusion is the migration of each atomic species 
through its own sublattice. This mechanism has been 
suggested as a possibility for self-diffusion in ordered 
alloys in general,? and in particular as the mechanism 
for self-diffusion in InSb and GaSb.’ 
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the remainder of the “raw data” curve produces the compls- 
mentary error function. 


Recently, it was suggested that the concept of self- 
diffusion proceeding within a specific sublattice be 
extended to include impurity diffusion when the 
impurity is incorporated into the crystal as a substi- 
tutional donor or acceptor.‘ The data in Table I, a 
summary of the important self- and impurity-diffusion 
behavior in GaAs, strongly support this suggestion. 
Cd and Zn, which enter the Ga sublattice, diffuse with 
the same activation energy, about 2.5 ev, and S and 
Se, which enter the As sublattice, diffuse with the same 
activation energy, about 4.1 ev. Based on our knowledge 
of substitutional donor and acceptor diffusion in the 
elemental semiconductors germanium and silicon,'* this 
behavior is what one might expect if Cd and Zn diffused 
through the Ga sublattice, and S and Se through the 
As sublattice. Note in Table I that among the donors 
and acceptors the larger atom diffuses more slowly. 

Other work on impurity diffusion in compound 
semiconductors tends to substantiate further the idea 


16 The crystal structure of germanium and silicon is identical 
to that of the ITI-V compound semiconductors. In germanium 
all donors and acceptors diffuse with the same activation energy 
[W. C. Dunlap, Phys. Rev. 94, 1531 (1954) ] and in silicon they 
differ only very little [C. Fuller et al., J. Appl. Phys. 27, 544 
(1957) }. 


of diffusion within a sublattice. Measurements of p-n 
junction migration in InAs'’ show that all atoms 
substituting in the Column III sublattice, whether 
they be Column II acceptors or Column IV donors, 
diffuse with the same activation energy, and all Column 
VI donors (excepting tellurium whose results are 
ambiguous'’) diffuse with the same activation energy: 
however, these energies are different, 1.2 ev for atoms 
occupying Column III lattice sites and 2.2 ev for atoms 
occupying Column \V lattice sites. 

The InP self-diffusion results described earlier indi- 
cate that size, per se, does not seem to be a dominant 
factor in the diffusion. The covalent tetrahedral radius 
of indium is 1.44A while that of phosphorus is only 
1.10 A.'® Yet phosphorus diffuses more slowly than 
indium and with a higher activation energy. An indi- 
cation of what the dominant factor might be can be 
derived from the observation that in all the available 
diffusion data for compound semiconductors the 
Column V sublattice diffusion is characterized without 
exception by higher activation energies than that of 
the corresponding Column III sublattice diffusion, as 
seen, for example, in Table I. This observation supports 
the suggestion® that if the diffusing atoms are neutral 
(or singly ionized for the substitutional impurities) 
then the motion of a Column V vacancy may require 
more energy than the motion of a Column IIT vacancy, 
since the former involves the removal of five electrons 
from the bond system, while the latter involves the 
removal of only three electrons. 

In conclusion it is to be noted that 
energies and Dy values reported here for self-diffusion 
are among the highest to be found in the literature. 
However, based on self-diffusion measurements in 
germanium, there may be some reason to expect this, 
as follows. 

Consider first 
manium melts at 936°C and has a band gap of 0.7 ev. 
Indium phosphide melts at 1070°C and has a band gap 
of 1.25 ev, indicating that its bond energies are higher 
than that of germanium. This, plus the fact that in 
InP the basic diffusion jump is not to a nearest neighbor 
lattice site (as it is in germanium) but to a second- 
nearest neighbor site, makes it not unreasonable that 
activation energies for self-diffusion in InP are 3.85 ev 


the activation 


the high activation energies. Ger- 


TABLE I. Diffusion in gallium arsenide 


E, Do, | 9 Do, 

ev cm?/sec Dhiioo°c ev 
Zn 2.49 15 4.04 
Cd 2.43 0.05 4.16 
Ga 5.60 1X10? 10.2 


Di100°c 


cm?/sec 


1.51078 
1.0 10-” 
3.5 10-4 As 


4X 108 
3x 108 
4x 10”! 


6.0 10-" 
1.6 10-" 
1.0 10-* 
(extra- 
polated) 
17 A. Schillman, Z. Naturforsch. lla, 472 (1956) 
18 L. Pauling, Nature of the Chemical Bond (Cornell University 
Press, Ithaca, New York, 1939). 
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and 5.65 ev compared to 3.0 ev for germanium. Simi- 
larly, even higher activation energies for GaAs, which 
melts at 1240°C and has a band gap of 1.40 ev, are 
only to be expected. 

Next, consider the Do values. Following Zener," 
we write for Do the expression 


Do=-ya’v exp(AS/R), (3) 


where y is a numerical factor of the order 0.1 to 1 
determined by the geometry of the diffusion jump, a 
is the lattice constant of the host crystal, v is a vibra- 
tional frequency, and AS is the total activation entropy. 
Since order-of-magnitude changes in the pre-expo- 
nential part of Eq. (3) are highly unlikely in comparing, 
for example, germanium to InP, the unusually large 
Dy’s reported here must reflect a larger AS. For ger- 
manium AS calculated from the measured Do is 16 
cal/mole-deg. Both Zener’s theory and an empirical 
relationship evolved by Dienes” contain the result that 
AS varies as F, the activation energy. If this is applied 
to the self-diffusion data of InP, activation entropies 
of 21 and 30 cal/mole-deg are predicted. When the 
D,’s reported in the present work are used, together 
with the appropriate constants in Eq. (3),”' activation 
entropies of 30 and 56 cal/mole-deg are calculated. 
Since it is presumed that the basic diffusion step in the 
compound semiconductors is the movement of an atom 
to a second-nearest neighbor site rather than to a 
nearest neighbor site, the activation entropy for the 
former process may be intrinsically higher than that 
of the latter process. This would add, then, to the 
entropy values extrapolated from the germanium work 
and, bring them qualitatively closer to the values 
calculated from the Do’s in the present work. In the 
case of self-diffusion in GaAs, even with a Dy of 10”! 
cm?/sec for arsenic diffusion, the activation entropies 
are less than a factor of two greater than those extrapo- 
lated from the germanium data. It is to be strongly 


19 C, Zener, J. Appl. Phys. 22, 372 (1951). 

%” G. J. Dienes, J. Appl. Phys. 21, 1189 (1950). 

21 For diffusion within a face-centered cubic sublattice of these 
materials y is 1. The lattice constants for InP and GaAs are 
5.87 A and 5.64 A, respectively. For », we have taken the longi- 
tudinal lattice vibrational frequencies reported by G. Picus et al., 
J. Phys. Chem. Solids 8, 282 (1959). 
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Fic. 10. Diffusion of S and Se in GaAs. 


emphasized that these considerations are not meant 
to indicate either a quantitative agreement with other 
work, or an understanding of the physical significance 
of large activation entropies. Rather, it is suggested 
that these considerations indicate that the unusually 
large Do’s reported here may not be so unreasonable. 
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Ferromagnetic Relaxation Caused by Interaction with Thermally 
Excited Magnons* 
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The contribution of three-magnon processes to the relaxation rate of spin waves is investigated. Relaxation 
occurs through the confluence of two magnons (with the generation of a third magnon), and through the 
splitting of a magnon into two magnons. The relaxation rate due to the confluence process is approximately 
proportional to the wave number, whereas that due to the splitting process is approximately independent of 
the wave number. The latter contribution vanishes at frequencies higher than 3(y4rM) (y=gyromagnetic 
ratio, M=saturation magnetization), and increases with decreasing frequency. The implications of the 
theory with respect to the observation of spin-wave instability in a rf magnetic field parallel to the de field 


are discussed. 


1. INTRODUCTION 


T was pointed out in a previous paper’ that the ob- 
servation of spin-wave instability in an rf magnetic 
field applied parallel to the dc field provides a new, 
convenient method for the experimental study of re- 
laxation mechanisms in ferromagnetic materials. In 
this experiment (henceforth called the “parallel pump- 
ing” experiment) the wave number of the potentially 
unstable spin waves can be changed by varying the dc 
magnetic field. One thus obtains information about the 
variation of the spin-wave relaxation time with wave 
number. This information should be helpful in identify- 
ing the various relaxation mechanisms that may be 
operative in any given case. 

In this paper the spin-wave relaxation processes 
arising from the dipolar interaction will be investigated. 
The object of the paper is to determine their contribu- 
tion to the relaxation rates observed in the parallel 
pumping experiment. Similar problems have previously 
been treated in the literature,?~® but never without the 
help of certain simplifying assumptions that are not 
justifiable under the conditions applicable in many 
experiments. It is hoped that the results of this investi- 
gation will help in the interpretation of experimental 
data obtained from the parallel pumping experiment. 

The theoretical discussion will be confined to three- 
particle processes. It can be shown that the relaxation 
rate caused by these processes is proportional to the 
temperature in the high-temperature limit. Higher 
order processes (four particles etc.) produce relaxation 
rates which increase with a higher power of the tem- 


* Supported in part by the Air Research and Development 
Command U. S. Air Force and by the U. S. Army Signal Research 
and Development Laboratory. 
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*T. Kasuya, Progr. Theoret. Phys. (Kyoto) 12, 802 (1954). 
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perature (7? etc.). The experimental results on yttrium 
iron garnet’ indicate that the relaxation rate contains 
contributions which increase proportionally to the tem- 
perature. This suggests that three-particle processes 
account for an appreciable part of the observed relaxa- 
tion rates. 

The general theoretical method used in this paper is 
well known. The Hamiltonian containing Zeeman en- 
ergy, exchange energy, and dipolar energy is expressed 
in terms of the amplitudes of the normal modes (spin 
waves). The amplitudes of the normal modes are 
quantum-mechanically interpreted as creation and anni- 
hilation operators. The Hamiltonian contains a term 
that is quadratic in the spin-wave amplitudes and also 
terms that are of higher order. The eigenstates of the 
quadratic part of the Hamiltonian can be characterized 
by the occupation numbers of the various normal modes. 
All higher order terms in the Hamiltonian lead to 
transitions between the eigenstates.'Only that term in 
the Hamiltonian which is of third order in the ampli- 
tudes of the normal modes is considered explicitly, 
because only this term leads to relaxation rates propor- 
tional to the temperature in the high-temperature limit. 


2. GENERAL THEORY OF THE THREE- 
MAGNON PROCESS 


It was first pointed out by Akhiezer® that the dipolar 
energy contains a contribution which is of third order 
in the spin-wave amplitudes. It, therefore, leads to 
transitions in which one magnon is absorbed and two 
are emitted (splitting of a magnon), and to transitions 
in which two magnons are absorbed and one is emitted 
(confluence of two magnons). In these transitions Zee- 
man energy is converted into dipolar and exchange 
energy and vice versa. The three-magnon process has 
also been discussed by Kasuya*® and by Sparks and 
Kittel,® who found that the relaxation rate increases 
proportionally to the wave number. Akhiezer,? Kaganov 
and Tsukernik,t and Akhiezer, Bar’yakhtar, and 
Peletminskii,® have calculated the thermal average of 
the relaxation rates due to this process. 

TE. G. Spencer and R. C. LeCraw, Bull. Am 
(1960) ; and private communication. 
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INTERACTION WITH THERMALLY 


Following Holstein and Primakoff’ and Akhiezer,? we 
begin by expressing the components of the magnetiza- 
tion vector in terms of creation and annihilation opera- 
tors a* and a: 


M.+iM,= (2gusM»)*a*(1—gusata/2M»)', 
M.—iM,= (2gueM»)'(1—gurata/2M,)'a, (1) 
M .= Mo—gupa'a. 


Here, g is the spectroscopic splitting factor (g~2), us 
the Bohr magneton, Mo the saturation magnetization, 
and the superscript dagger denotes the Hermitian ad- 
joint. M,, M,, and M, as well as at and a are functions 
of r (position within the sample) and the operators @(r) 
and a'(r) obey the commutation relations 


a(r)at(r’)—al(r’)a(r)=6(r—-r’). (2) 


We now introduce the Fourier components a; of a(r) 
by the relation 


a(r)=V 1S, a,e**'*, (3) 


Here we have implied periodic boundary conditions 
and the compenents of k are integer multiples of 27/L, 
where L*= V is the periodicity volume. The assumption 
of periodic boundary conditions is merely a device for 
simplifying the theoretical problem and has no physical 
justification. Ideally one should use an expansion in 
terms of the correct normal modes which satisfy the 
physical boundary conditions, rather than in terms of 
plane waves. Since the normal modes are very involved, 
this approach is not very promising. The use of periodic 
boundary conditions is justified if the wavelength 27/k 
is much smaller than the sample dimensions. Under 
these conditions the boundary conditions at the surface 
of the sample do not play an important role and the 
normal modes locally resemble plane waves. By using 
the plane-wave expansion (3) we thus restrict the va- 
lidity of our results to modes whose wavelength is much 
smaller than the sample dimensions. It will be seen later 
that for the present purposes this is not a serious 
restriction. 

It follows readily from Eqs. (2) and (3) that the 
operators a, and a," satisfy the commutation relation 


+ 


0,0x/' — ay tay aes (4) 


where 6,_, is the Kronecker symbol. 

We now express the energy of the sample in terms of 
the operators a, and a,'. Taking into account Zeeman, 
exchange, and dipolar energy, one obtains for the 
Hamiltonian 


(5) 


where 
He =>. {A <@x' de +4 B,{ exp(—2id,)axa- k +c.c. ]}. (6) 
50 (3) = »» (Dene needy dp! +c.c.). (7) 


kk’ k’? 


8 T. Holstein and H. Primakoff, Phys. Rev. 58, 1098 (1940). 
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Here c.c. denotes the complex conjugate of the expres- 
sion preceding it and 


A,= gus(H+Dk+-2xM sin’,), 


B, = gupn2r7M sin’@,. (8) 


®, ER M=C sin26, exp(—id, )6, +h’ +k’, 
C= —rgup(2gusM 'V )3, 


6, and ¢, are the polar angles that characterize the 
direction of the wave vector k, and D is a phenomeno- 
logical constant characterizing the strength of the ex- 
change coupling. In the Hamiltonian (5) we have 
neglected all terms that are higher than third order in 
the wave amplitudes a; and a;,'. 

Following Holstein and Primakoff,* we now diagonal- 
ize the quadratic part of the Hamiltonian. This is 
achieved by a transformation to new operators @ and 
a,‘ defined by 

a, A, + 4.2 x’, (9) 
where 
Ax=coshsy,, 
cosh), = A, hw, 
(A,?—B,?)! 
gual (H+ Dk*)(H+ Dk?+4xM sin?6,) }}. 


ui=sinhdy, exp2idx,, 


10) 
sinhy, = B, hed, ( 


he 
(11) 


It is readily shown from Eqs. (9), (10), and (4) that the 
transformed operators @, obey the same commutation 
relations as the untransformed operators a,, and that 
the quadratic part of the Hamiltonian assumes the 
very simple form 


KH => hwo, G,'H,+ const. (12) 
Thus, the equations of motion as derived from the 
quadratic part of the Hamiltonian are separated and 
the “spin-wave amplitudes” @, are the normal co- 
ordinates of the problem. In terms of these variables 
the third-order term of the Hamiltonian becomes 


(3) — 


IC 9? = t 


> i (Dye Ded yr Ape +c.c.), (13) 


kkk 


where 


Ppp = (Dene Ae—Pewe ne wa*) (AerAwre twee Mer) 
(Durer ebter — Derren Nee Me AR! 
= Cbx444%’[ Sin 20,67 *** (A, — | wx] ) 
XK (NnAgre tee * Re) — Sin 20,76 ok" 


X (Age | ere] aee*An]. (14) 


The eigenstates of the quadratic part of the Hamil- 
tonian (12) are characterized by the occupation num- 
bers m, of the various spin waves (m,=0, 1,2,---). The 
cubic part of the Hamiltonian leads to transitions be- 
tween these eigenstates. The transition probability is, 
according to the well-known time-dependent perturba- 
tion theory, 

A= (20/h)|\H | 75(E:—E,). 


(15) 
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Fic. 1. Graphical solution of the interference condition for the 
confluence of a magnon & with another magnon k’. Note that the 
solution k’ becomes very large as k — 0. 


Here E; and Ey are the initial and final energy, re- 
spectively, and |3¢® |, is the matrix element of the 
perturbation energy with respect to the initial and final 
states. Using well-known properties of the creation and 
annihilation operators, one thus obtains for the rate 
of change of the average occupation number (m;) of 
the mode k 


2x 
(n.) = ie » {A eeke’| (Me +1)(nye +1)(nyr) 
1 


2 prpee 


— (ny){ny (ner +1) 16 (wet eon — wee’) 
+3A errnrel (at 1)(ne)(ne) 


— (ny) (mee t-1)(nger +1) 6 (@e— wer — we) }. (16) 


A gee = | Day A Byr pr |? (17) 
The factor } in Eq. (16) compensates for the fact that 
the final states are counted twice in the summation over 
k’ and k”. 

The factor of —(m,) on the right-hand side of the 
rate equation (16) is the inverse of the relaxation time 
for the mode under consideration. For convenience it 
may be separated into two contributions, one arising 
from processes in which the magnon k combines with 
another magnon k’ to form k” (confluence), the other 
arising from processes in which & splits into two mag- 
nons k’ and k”’ (splitting). The two relevant relaxation 


rates are, from Eq. (16), 


Tk 1! contt= 2xh- Ps A grees (Cree) — (ny) 
kh kl? 


X45 (w, + wp — wp), (18) 
™% | spi= wh y A pereek (1 + (ng) +(ny)) 
re 


X68 (wpe— wp — we). (19) 


For the confluence process, w,/:>w,’. Therefore (m,-)< 
(n,-), so that all the factors under the summation 
signs are necessarily positive. It is obvious that the 
relaxation due to confluence will tend to zero as the 
temperature tends to zero. On the other hand, the 
relaxation due to splitting will remain finite at absolute 
zero, provided that the interference conditions can be 
satisfied. 

In thermal equilibrium the average occupation num- 
bers are given by 


(n.)=Lexp(aw,)—1}", (20) 


where a=h/kgT, kp is Boltzmann’s constant, and T 
the absolute temperature. It follows from Eq. (20) that 
under the side condition appropriate for the confluence 
process (wp+wx— wy =0), 


1 sinh (aw;/2) 
(ny) — (nye) = : é ° 
2 sinh (aw,-/2) sinh (aw,-/2) 
Similarly, under the side condition appropriate for the 
splitting process (w,—w,:—w,=0), 
sinh (aw, 2) 


1 
1+ (my) +(ns) =- - 


2 sinh (aw,:/2) sinh(aw,--/2) 


(21b) 


These relations are only valid subject to the side condi- 
tions with which the two expressions on the left of 


1 


Correction factor F 





Fic. 2. Correction factor relating the theoretical result of 
Sparks and Kittel® to that derived in this paper plotted versus 
1/w on a reduced scale. 





INTERACTION WITH 
Eqs. (21a, b) occur in the sums representing the re- 
laxation rates. It should be noticed that as a— 
(i.e, T—> 0), the right-hand side of Eq. (21a) ap- 
proaches zero, whereas the right-hand side of Eq. (21b) 
approaches unity. 

Consider now the “high-temperature limit” in which 
the energy of all magnons that are involved in the re- 
laxation process is small compared to kgT. If the fre- 
quency w, of the relaxing spin wave is in the X-band 
region, the condition aw,<<1 is satisfied for all tempera- 
tures larger than approx. 1°K. For the splitting process 
the frequencies of the interacting spin waves must 
necessarily be smaller than «,. Thus, the high-tempera- 
ture approximation is valid down to temperatures of 
approximately 1°K in this case. For the confluence 
process the frequency of the interacting spin waves can 
be larger than w,;. Thus, the high-temperature approxi- 
mation breaks down at somewhat higher temperatures 
in this case. It appears, however, that the high- 
temperature approximation is valid in most cases that 
are conveniently accessible to experimentation. We 
shall, therefore, concentrate on this case and replace 
the right-hand sides of Eqs. (21a,b) by RaTwx./hwpwx. 


3. RELAXATION DUE TO CONFLUENCE 
OF TWO MAGNONS 


According to Eqs. (18) and (19), the relaxation rates 
are represented by double sums over the wave numbers 
k’ and k’’. Because of the two conservation laws for the 
“‘pseudo-momentum” and for the energy, however, the 
summation is actually extended only over a twe dimen- 
sional surface in k’ space. Before evaluating the relaxa- 
tion rates explicitly we shall discuss the qualitative 
features of this surface by a graphical method. 

For the case of confluence of magnons k and k’, the 


“ 
oo 


1 | 
0 Ol Qe 





j 
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Fic. 3. Frequency w; of long wavelength spin waves propagat- 
ing perpendicular to the dc field and two times the minimum 
spin-wave frequency (waves propagating parallel to the dc field) 
as a function of the internal magnetic field in reduced units. The 
splitting process is allowed only if w,>2wmin. 
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ic. 4. Graphical solution of the interference condition for the 
splitting of a magnon k into two magnons k’ and k—k’. 


conservation laws are 
ktk’=k", 


WE WE! = Wh’ 


(22a) 


These two relations may be combined to give the 
“interference condition” 


(22b) 


In Fig. 1 both sides of this equation are plotted as 
functions of k’ for two fixed values of k (k; and ke). The 
drawing represents a two-dimensional cut through a 
four-dimensional figure. Thus the surface in k’ space, 
along which the interference condition is satisfied, is 
reduced to isolated points. The extension of this con- 
struction to the two-dimensional k’ space can easily be 
envisaged. The parabolas shown in Fig. 1 must then be 
replaced by paraboloids of revolution which intersect 
along certain lines. The projection of these lines on 
the plane of the drawing is also indicated in the figure. 
It may be seen from Fig. 1 that with decreasing wave 
number k of the magnon whose relaxation rate is being 
calculated the wave number &’ of the interacting magnon 
becomes larger. As k approaches zero the solution of the 
interference condition k’ approaches infinity provided 
that the dispersion relation can be represented by a 
parabola. (Of course, this condition breaks down at 
high wave numbers.) It is plausible that this behavior 
will lead to a wave-number dependence of the relaxation 
rate. For details of this calculation the reader is re- 
ferred to an unpublished paper of the author® and to a 
forthcoming paper by Sparks, Loudon, and Kittel.” It 
is shown in these papers that the relaxation rate van- 
ishes proportionally to k& for sufficiently small wave 
numbers. One obtains for spin waves propagating per- 
pendicularly to the dc magnetic field (0,=72/2) 


ri| contt=FrkpT 2M Dw RF, (23) 


Wk’ = Whk+k’ ~ Whe 


where 
F=7(H+340M)w,. (23a) 
®E. Schlémann, Raytheon Technical Memo T-233, July, 1960 
(unpublished). 
10M. Sparks, R. Loudon, and C. Kittel (to be published). 
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Apart from the last factor F, our result (23) is 
identical to that given by Sparks and Kittel,® who have 
calculated the transition probabilities using the un- 
transformed perturbation energy (7) instead of the 
transformed perturbation energy (13). This procedure 
is valid if the spin wave & travels in the direction of the 
de field or for a general direction of propagation if 
H>4xrM. In order to compare our theoretical result 
(23) with the experimental data obtained from the 
parallel pumping experiment, the correction factor F 
should be evaluated for that value of H for which the 
wave number of the unstable spin waves approaches 
zero (H, in reference 1). For convenience we introduce 
the abbreviation 

(24) 
Replacing H by" 


H.=2eM[(1+40?)!—1], 
the correction factor F becomes 


F= (1+ }0)!-—te". (23b) 


In Fig. 2, F is plotted versus o'. It may be seen that 
the correction factor differs by less than ten percent 
from unity for ¢>0.5. In the case of yttrium iron garnet 
this implies that the correction is smaller than ten 
percent for pump frequencies larger than 5 kMc/sec. 
At lower pump frequencies, however, the correction 
factor is quite large (F ~3 for yttrium iron garnet at a 
pump frequency of 1 kMc/sec). 

It should be stressed that the result (23) is applicable 
only if & is sufficiently small (and T sufficiently large). 
It can be shown that the next term in an expansion of 
7, ' in powers of & is proportional to &*, if the high- 
temperature approximation is applicable. 


4. RELAXATION DUE TO SPLITTING 
The conservation laws for the splitting process are 


k=k’+k”, 


Wk = Wer TWh’ 


(26a) 


Thus the interference condition is 


(26b) 


We = WE —- Wek’. 


For a given value of & this equation does not always 
have a solution k’. Consider in particular the case that 
k approaches zero in such a way that 6,=2/2. A solu- 
tion k’ of Eq. (26b) then exists only if w; is at least 
twice as large as the lowest spin-wave frequency at the 
given dc magnetic field; i.e., only if 


@4.>>2Wmin- “/ 


In Fig. 3 both sides of this inequality are plotted versus 
the internal dec field H. It may be seen that the condi- 

1 Equation (28) of reference 1. Note that in reference 1, w 
denotes the pump frequency, i.e.,.two times the spin-wave 
frequency. 
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tion (27) is satisfied only if 


2 


> 30M, (28) 
where wy=y40rM. 

The graphical solution of the interference condition 
for the present case is sketched in Fig. 4. Again the two 
sides of Eq. (26b) are plotted as functions of &' for a 
given value of &. The two parabolas, whose intersection 
determines the solution, now open toward different 
sides. As a consequence the solutions &’ of the inter- 
ference condition remain finite as k approaches zero. 
We may thus expect that the relaxation rate due to 
this process will contain a contribution which is inde- 
pendent of the wave number (in contradistinction to 
the relaxation rate due to confluence). This expectation 
is verified by the detailed calculation presented below. 

We shall evaluate the relaxation rate due to con- 
fluence only in the limit in which k > 0 and 6,=7/2. 
Under these conditions w,;=w,'=4w,. Replacing the 
summation over k’ by an integration, the relaxation 
rate is, according to Eq. (19), 


tT | spl 4 VkpTr 2h vay fa k’ 


XK Ane 5(We— ex). (29) 
The integral is evaluated in the Appendix, where it is 
shown that 
(30) 
where 
r= J)keT (4eM)'1D-hy, 


and f(c) is a universal function of ¢=a;/wy. An in- 
tegral representation of this function is given in the 
Appendix. The integral can be evaluated exactly in 
terms of elliptic integrals, but for the present purposes 
it has been found more expedient to calculate an upper 
and a lower bound [_/i(o) and f2(c) | which bracket the 
function f(c). The two bounds together with the esti- 


Fic. 5. Frequency dependence of the relaxation rate due to 
splitting. The various functions are defined in the text. 
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mated behavior of f(¢) are shown in Fig. 5. f(¢) in- 
creases with decreasing o (i.e., decreasing frequency), 
and vanishes for o>%. For }—o<1 the function f(c) 
is approximately 


fs()=3.47(3—o0)!. (32) 


This function is also shown in Fig. 5. It may be seen 
that it approximates f(o) quite well. 


5. DISCUSSION 


In the present section we shall briefly discuss the 
implication of our theoretical] results with respect to the 
parallel pumping experiment. A theoretical analysis 
pertaining to a similar situation has recently been 
published by Kaganov and Tsukernik.” These authors 
have calculated the absorption in a rf magnetic field 
applied parallel to the dc field using the assumption 
that the spin waves are in thermal equilibrium. This 
assumption restricts the validity of their results to the 
range of relatively small rf magnetic field strengths. 
The effects predicted by Kaganov and Tsukernik™ 
are very small and have not yet been observed 
experimentally. 

The parallel pumping experiment described in refer- 
ence 1 is carried out at high power levels. Under these 
conditions certain spin waves become excited. The 
assumption of thermal equilibrium is, therefore, not 
applicable for these (unstable) spin waves, although it 
is still applicable for almost all other spin waves. 

According to the theory described by Schlémann ef 
al.,'"8 the unstable spin waves have 6,=2/2 and k#0 
if H<H,, where H, is given by Eq. (25). Under these 
conditions the assumption of periodic boundary condi- 
tions can be justified, because the wavelength is much 
smaller than the sample dimensions, so that the bound- 
ary conditions cannot play an important role. If H>H., 
however, the simple theory described in references 1 
and 13 is not accurate enough because the wavelength 
of the unstable spin waves is now comparable with the 
sample dimensions. In this situation it is imperative to 
formulate and solve the instability problem subject to 
the actual boundary conditions. Since this problem has 
not yet been solved, we shall restrict our discussion to 
the case in which H<H,. 

The three-magnon process contributes to the relaxa- 
tion rate at k~0 only if o<#. This relaxation rate can 
be determined experimentally from the critical field at 
H=H, (i.e., from the minimum of the critical field with 
respect to the de field). If H<H,, the wave number of 
the unstable spin waves is given by 


H+ Dk=H.. (33) 


According to references 1 and 13 ,the critical rf field 

2M. I. Kaganov and V. M. Tsukernik, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 37, 823 (1959) [translation : Soviet Phys.— JETP 
37(10), 587 (1960) }. 

FE. Schlémann, Raytheon Technical 
(unpublished). 


Report R-48, 1959 
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is related to the relaxation rate by 


Aierit= 2oy 7, (34) 


Here we have taken into account that the relaxation 
rates r,~' as calculated in this paper refer to energy re- 
laxation. Therefore 7,~' equals twice the amplitude re- 
laxation rate (usually denoted by 7). If 7,7 varies 
linearly with k (as was shown in Sec. 3), the critical 
field will, according to Eqs. (34) and (33), vary linearly 
with (H.—H)}: 


Hiern =at68(H.—H)}. (35) 


Here a contains contributions from all those relaxation 
processes, for which the relaxation rate does not reduce 
to zero in the limit as k — 0. Thus the splitting process 
contributes to a, whereas the confluence process con- 
tributes only to £. 

The experimental data are very often presented in 
the form of an equivalent linewidth AH; of the &th 
spin wave, which is related to the relaxation rate 7, by 


vyAH,.= 1. (36) 


The k-independent contribution to the equivalent line- 
width that arises from the splitting process is, according 
to Eqs. (30), (31), and (36), 


AH kgp1= dsp: | = PekeT (4e9M 1D“! f (0), (37) 


where f(a) is given in Fig. 5. 
The exchange constant D is related to the Landau- 
Lifshitz exchange constant A by 


D=2A/M. (38) 


Numerical values of A and D can be inferred from the 
specific heat at low temperatures. According to Kunzler 
es al., for yttrium iron garnet A=4.3X10~7 erg/cm; 
hence D=4.4X10-* oe cm?. We thus find that at room 
temperature (44M = 1800 oe) the factor of f(c) on the 
right of Eq. (37) is approximately 0.37 oe. 

It should be kept in mind that other relaxation 
processes also contribute to a. For instance, the presence 
of minute impurities of rare earth ions will lead to a 
k-independent relaxation rate through a mechanism dis- 
cussed in detail by Kittel and his collaborators." It can 
be shown that relaxation processes arising from the 
magnetoelastic energy and involving either two mag- 
nons and one phonon, or one magnon and two phonons, 
also contribute to a. 

The second term in Eq. (35) arises from those proc- 
esses for which the relaxation rate varies linearly with 
wave number. According to Eqs. (35), (34), (33), and 
(23), the contribution of the three-magnon process is 


= — Beont= tkeTD IF (oc), (39) 


44 J. E. Kunzler, L. R. Walker, and J. K. Galt, Phys. Rev. 119, 
1609 (1960). 

18C. Kittel, Phys. Rev. 115, 1587 (1959); P.-G de Gennes, 
C. Kittel, and A. M. Portis, Phys. Rev. 116, 323 (1959); C. 
Kittel, J. Appl. Phys. 31, 11S (1960). 
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where F(c) is given by Eq. (23b) and Fig. 2. It is con- 
ceivable that relaxation processes other than the three- 
magnon process also contribute to 8. 

Equation (35) may be regarded as the beginning of 
a power series in (H.—H)'. Higher order terms arise 
if the relaxation rate contains contributions that vary 
as k, k®, etc., and/or if the contributions that vary as 
k® and k' depend explicitly on the magnetic field. The 
relaxation rate due to confluence of two magnons in 
fact depends explicitly on H [Eq. (23a) ]. This has not 
been taken into consideration in Eqs. (35) and (39) 
because its effect on the critical field is equivalent to 
the effect of those contributions to the relaxation rate 
that vary as k*. Since the latter have been neglected it 
is more consistent to neglect the former also. The 
measured values of the critical field can usually be 
fitted quite well by a relation of the type of Eq. (35) 
with a and @ independent of H. 

In reference 1 the experimental data were tentatively 
explained on the basis of a linear dependence of the 
relaxation rate on k?. It has now been found that the 
data agree much better with Eq. (35), indicating that 
the relaxation rate varies in fact linearly with k. The 
theoretical value of Boon [Eq. (39) ] agrees in order of 
magnitude with the experimental value obtained at 
room temperature on yttrium iron garnet with a pump 
frequency of 9.42 kMc/sec. LeCraw and Spencer'® have 
found that for yttrium iron garnet the relaxation rate 
at k=O increases sharply at frequencies below 3 kMc/ 
sec. This is exactly the behavior expected on the basis 
of the present theory. Further experimental evidence in 
support of the theory has been presented by Green and 
Schlémann."” 


ACKNOWLEDGMENTS 


The author has greatly benefited from discussions 
with C. Kittel and M. Sparks of the University of Cali- 
fornia, R. C. LeCraw and E. G. Spencer of the Bell 
Telephone Laboratories and U. Milano, J. J. Green, and 
M. H. Sirvetz of the Raytheon Research Division. 
Special thanks are due to R. I. Joseph for a careful 
reading of the manuscript and for checking the 
calculations. 


APPENDIX. RELAXATION DUE TO SPLITTING 


In the limit as k->0, k” approaches —k’. Thus, 
according to Eqs. (17) and (14) for 0,=2/2, 


Axe k=4|B_ pepe]? (Al) 

=4(? sin?26,: (Axe — | wae |)? | Aenea * ee |? ; 

Here we have used the fact that \_y- =A, and p_»r=py. 

With the help of Eqs. (10) and (11), it can easily be 

16R, C. LeCraw and E. G. Spencer, Bull. Am. Phys. Soc. 5, 
297 (1960). 

17 J. J. Green and E. Schlémann, J. Appl. Phys. 32, 168S (1961). 


ERNST SCHLOMANN 


shown that 
(Ax — | wer |)?=exp(—e)=7(A+Dk woe, 
\AwAe toe * ue |? 
=43[1+coshy,- coshy,+sinhy,- sinhy, cos2(¢.—¢:) | 
=} (wwe) Lonwr +y?(H+ 27M) 
X (H+ Dk? +2xM sin6,:) 
+~+¥?(22M )? sin?6,, cos2(di—x") }. 


(A2) 


(A3) 


Combining Eqs. (A1), (A2), and (A3), and using the 
fact that wy =4a,, one obtains 


A_ pre k=4C%a, sin?20,-y (H+ Dk”) 
 [wi?-+27?(H+ 20M) (H+Dk?+24M sin, 
+2y(24M)* sin, cos2(s—gu) |. (AA) 


Consider now the delta function that occurs under 
the integration sign in Eq. (29). For convenience it may 
be rewritten as 


5(w,.— 20%) = 2.6 (w)2— 4, 2) 
= 2a {wi2— 4° (H+ Dk”) 


(H+ Dk?+44M sin) }}. (AS) 


The surface in k’ space over which the argument of the 
delta function vanishes is given by 


Dk = —(H+2xM sin%6j) 


+[ (24M)? sin*8,-+ (w,/2y)? }*. (A6) 


Since H and a, are related by 


w’=7H(H+4rM), (A7) 


one finds, after elimination of H, 


Dk’?/2xM = cos*6;+ (sin*O,+07)!— (1+407)!, (A8) 


where c=u,/wy. In Fig. 6 we have plotted K’=k’ 
X (D/2xM)! versus 6, in polar coordinates for various 
values of o. Each curve has the form of a “figure eight.” 
Only one loop of the curve is shown for the cases o?=0.4, 
0.25, 0.03, and 0.01. As o approaches } and zero, the 
curve contracts into the origin. The angle @ at which 
the two arms of the eight cross is always less than 30 
degrees. The maximum value of K’ is obtained when 
6,.=0 and o?= 75. 

Equations (A4) and (A5) are now inserted into Eq. 
(29) and the integral is evaluated in polar coordinates. 
The integration over ¢, can immediately be carried 


— 1/12 =00834—— 





—0O03 


Fic. 6. Solutions of the interference condition for splitting in 
the limit as k — 0, 0,=2/2. The numbers in the figure refer to o?, 
where ¢ =w;/wy. 
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out, since this variable does not occur in the argument 
of the delta function. We may thus replace A_x-xx by 
the average value A_,-,, taken with respect to ¢,-; in 
other words, the expression given under Eq. (A4) with 
the last $-dependent term omitted. For convenience we 
introduce the following abbreviations: 
x= Ccos*O;, 
A_wnn=sin’Oy cos’, (a—b cos*6,,) = x(1—x)(a—bdx), 
a= 16C%w,*y (H+ Dk”) [ wi? + 2y7(H+ 22M) 
X (1+ 24M + Dk”) ], 
b= 16C*w,*y* (H+ Dk”) 4M (H+22M), 
c=4y7°4rM (H+ Dk”), 
d=4,°(H+ Dk”) (H+ Dk”? +4nM) —w,?. 


(A9) 


Since d*k’=4rk"dk’ d(cos6,-) (where the integration 
limits on cos0,- are 0 and 1), and since d(cos@) = 4a~!dx, 
one obtains from Eqs. (29), (A4), (A5), and (A9) 


a 


rl op1= 2V ep T ai | "dk! F(R’), (A10) 


where 


F(W)= fas xi(1— x) (a—bx)5(cx—d) 


(All) 
= dic—12(¢—d) (ac—bd), 


provided that 0<d/c<1. This condition is satisfied as 
long as k’<ko, where 


27 (H+ Dk?) —o,=0. (A12) 


F(k’) vanishes if k’>ko. Thus kp is effectively the upper 
integration limit in Eq. (A10). 

For convenience, we introduce a new integration 
variable 


z= (H+ Dk”)/2xM. (A13) 


The lower integration limit is then, according to Eq. 


(AZ), 


zo= (14+-407)!—1, (A14) 


and the upper limit, according to Eq. (A12), 


(A15) 


21-0, 


where o= . Using Eq. (A7) the functions a, 4, c, 
and d are now expressed i in terms of z and oc: 


a= 4C*o~*z[ 207+ (1+-40*)#(1+2) ], 
b=4C%o4(1+-407)!z, 

c= 2wyy’2, 

d=wy?[2(2+2)—o? ]. 


w,/wM 
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Hence 


c—d=wy"(o?—2?), 


ac— bd = 4C*w y?a*2[_ 4072 s+ (1+ 407)}(o?+2 2). 
According to Eqs. (A13) and (A7), 


(A17) 


27M 


1 
pap (~~) [s+1—(1+-40%)!Jidz. (18) 
2 


Thus, from Eqs. (A10), (A17), 


and (8) 


(All), (A16), (A18), 


(A19) 


T%, | spl1— Ts ‘f(c), 
where 
a 
Ts l=, ekeT 


1 
f(o)=— J g(s)ds, 
a z0 


g(2)=2-[s+1—(1+40*)*}!x[22— (o?—2") }! 
<[o*—2*]X[40°2+ (1+40*)!(o?+2") ]. 


(4nM)*D-!y, (A20) 


and 


(A21) 


(A22) 


In order to obtain an estimate of f(c), we note that 


throughout the integration interval 


—2¢)ao*]. (A24) 


We now define a function g;(z) analogous to Eqs. (A22) 
except that 2z—(c?—2*) is replaced by 22. Then, 
according to Eq. (A24), 


z)[1 — i (o? — z¢")zo 1 |}. 


The integral over gi(z) can readily be evaluated, with 
the result 


fl)=o* [glade 


20 


g1(2) 2 g(z)2 gil (A25) 


= 2ig8{ — (2/7) xy’ —4(1+60?—<x)y5 
+4(1+60?— 23) y*+03(80—x)y 
+o4(8—7x)(x—1)-! tan[y(x—1)-#]}, (A26) 
where 

x= (1+40?)!, 

y= (o—2x+1)}. 


According to Eq. (A25), 
positive, 


since the integrand is always 
filo) 2 f(o)2 fe), 
)zo thf (ce). 


The functions fi(o) and f2(c) are plotted in Fig. 5, 


(A27) 
where 


folo)=[1—-} (0229 (A28) 
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The ratio of the relaxation times on the “belly” 


and on the “necks” of the Fermi surface is estimated 


numerically by very crude methods. It is shown that the relative amount of s-wave to p-wave scattering by 
impurities is important and that Umklapp processes play a major role in phonon scattering. The ratio depends 
on impurity type and on temperature in just the right way to explain qualitatively the variation of the Hall 


coefficient in the metals and their alloys. 


INTRODUCTION 


T has been shown elsewhere! that it is impossible to 

get good agreement between theory and experiment 
for such properties as the Hall effect, magnetoresistance, 
thermoelectric power, optical absorption, etc., in the 
noble metals unless we assume that the relaxation time 
of the electrons is different at different points on the 
Fermi surface. From these transport properties we can 
infer the general way in which 7 must behave, but we 
still lack a direct calculation starting from the electronic 
band structure of the metal and the type of scattering. 
This is the problem which is studied here. 

Let it be said at once that the full problem is of ex- 
treme complexity. Even supposing that we knew exactly 
the shape of the Fermi surface, the electron velocity for 
each value of k, the matrix elements for all scattering 
processes, the lattice spectrum, and all, we should still 
be faced with the very difficult mathematical problem 
of solving the Boltzmann equation—an integral equa- 
tion over the Fermi surface. Indeed, we should then find 
that a relaxation time could not be defined uniquely at 
each point on the Fermi surface ; it would depend on the 
direction of the electric field, the existence of thermal 
gradients, magnetic fields, etc. This can easily be shown 
by an inspection of the integral equation and the con- 
sideration of special cases. 

Nevertheless, we must not escape in this way from all 
responsibility towards this problem. Experience and 
physical intuition tell us that there must be something 
very like a relaxation time for the state |k) inversely 
proportional to the probabilities of transitions into and 
out of this state weighted to allow for the big effect on 
an electric current of scattering through large angles. 
We are bound to find an expression similar to the exact 
solution in the standard isotropic case. 


or dS’ 
ee [2—cose) eal LW: (1) 
WV 


where (k,k’) is the matrix element for the transition 


* Permanent address: Cavendish Laboratory, University of 


Cambridge, Cambridge, England. 
1 J. M. Ziman, Advances in Phys., 10, 1 (1961). 


2 J. M. Ziman, Electrons and Phonons (Oxford University Press, 


New York, 1960), Sec. 7.4. 


from |k) to the state |k’) in the region dS’ of the Fermi 
surface, where the velocity is 0’. We assume here elastic 
scattering. 

In the free-electron case, @ is just the angle between 
the wave vectors k and k’. Our more complex system 
does not have this solution; even the plausible guess 
that @ might be the angle between the electron velocities 
at k and k’ does not generate a better formal solution of 
the integral equation, and is not easy to deal with 
mathematically. But the main thing is that the transi- 
tion probability in the integral should be strongly 
weighted for processes in which the electron velocity 
makes a large change—for example, when it is scattered 
right across the Fermi surface. So we shall assume that 
the formula (1) is valid, with 0 the angle between k and k’. 
This is our first approximation. 


IMPURITY SCATTERING 


To proceed with the calculation, we need a formula 
for the Fermi surface. We shall use the ““8-cone”’ model' 
in which the wave function of the state |k) is expressed 
in the form 


| k) =a, exp(ik- r)+(% exp[i(k— g)-r]. (2) 


The coefficients ak, 8x can be calculated at each point 
of the Fermi surface from the standard formula for the 
mixing of plane waves. More exactly, we should use 
orthogonalized plane waves (OPW’s) in place of the 
simple waves, but the difference is not relevant to our 
present purposes. 

For the matrix element for scattering by an impurity, 
we then write 


(kk) =an* an Urn tBu Bee U von +9 
tan* Be U eget Bu* an U were, (3) 


where U-_k is a matrix element for the scattering of a 
single plane wave (or single OPW) between k and k’. 
This formula is not exact, since it uses the Born ap- 
proximation, but it ought to give a reasonable semi- 
quantitative description of the form of the scattering 
probability. In particular, it takes care of the inter- 
ference between the two waves in (2) which is, as we 


$j. M. Ziman, Proc. Roy. Soc. (London) A252, 63 (1959). 
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shall see, very important in the final result. But for an 
exact calculation we should need a better theory of the 
functions LU ,-_,. 

Even now, the integration of (1) is extremely heavy 
work. We make two further approximations, which de- 
pend mainly on the fact that Uy, is a slowly-varying 
function of |k’—k|—that is, of the angle 6. We suppose 
that the variation of U(@) over a single ‘‘cone” of the zone 
can be neglected. Then k— g will always lie in the cone 
that is opposite to the cone of k, and we can assume, on 
the average, that it is equal to —k. Thus, we write 


Og pg Ue» = U (x8), etc. (4) 


When we have put (4) and (3) into (1), and used the 


normalization condition, a?+$?=1, we can reduce our 
formula into the following expression : 


1 2r ( 
-=— 1—cos@ 
r(k) J : 


X {4(U?(0)+-U? (4—8) ]+20'8’LU (0)U (x—8) | 
+ (c—6*)(a"*—8")}[U0)— U0) 
+2a6{U (0)U (x—6) a 
lee tg il dela cite PT (5) 


The coefficients a and 6 are functions of k, and can be 
taken out of the integral. But a’, 6’, and @ are all func- 
tions of k’. We approximate again by noting that a’ and 
8’ go through the whole range of their values on a single 
“cone,” where U(@) may be treated as more or less 
constant. Thus, we replace a’8’ and a?—8” by their 
averages over a cone, and integrate the remaining ex- 
plicit functions of @ over a whole solid angle. 

With these assumptions we write 


1/7(k) = (11 +(2a'B’) avT uv) + (a? — 8) (a? — B”)) ay 
x ( T,- T .)+2a8 ( Tut(20'B’)avT 1), 


4r? 
T .=— fa —cos6) 
i? 


X3(U?(0)+U?(x—86) | sinddé, 


where 


f -cose)e '(0)U (x—6) sinédé, 


4? 

T,—T.=— fa —cos@) 
h? . 

<3LU? (0) — U?(x—8) | sinédé, 


1 ds’ 
(2a'B’)av= a fre ; 
4 y’ 


v 


1 } as’ 
—B”),.~=— fer-ey— 
4a v 
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All these expressions have already turned up in pre- 
vious calculations,’ and can be evaluated very easily. 
With Cu, or Au, as our model, we find 


(2a'B’)\aw~ 3, (a?—B")av~}. (11) 


We can now use our standard formulas to find a and 8 
at any chosen spot on the Fermi surface, and hence 
estimate the local value of +. But all we need for our 
present analysis is some measure of the anisotropy of r. 
A convenient parameter is the ratio of the extreme 
values of 7, i.e., on the belly and on the neck. At these 
points 

2a8 


2a8 


‘+3, a®—S’= | on the belly; 


+1, e* B° 


(12) 
0 on the neck 


These numbers are not to be supposed very accurate, 
but they clearly indicate that a is much larger than 8 on 
the belly, where a single plane wave or OPW is a good 
representation of the wave function. On the neck, 
however, we must have |a|=|8|. There is still the 
relative sign of the coefficients to be fixed. This depends 
on the symmetry of the wave function at the zone 
boundary. It now seems fairly certain‘ that the p state 
lies lowest in Cu, and perhaps also in the other noble 
metals; this makes the sign of 2a@8 in (11) and (12) 
always negative. 

We now need only values at the various weighted 
scattering cross sections, (7), (8), and (9). These are 
easily estimated from the phase shifts for scattering by 
charged impurities, e.g., in the work of Blatt.> But in- 
stead of using such numbers, let us suppose that only 
two partial waves are important—the s wave and the p 
wave—and that the corresponding phase shifts, 6) and 
5, are both small enough to write sindo~ do, etc. We then 
have (dropping constant factors like # and 7) 


7 .= Zz. (21 +1) sin’6 )= 60°+36/, 
l=( 
(13) 


Tu= > (2/+1)(—1)! sin’6,~5e—36/, 


l= 


i > 1 sin?(6:41—6)) = (69—8,), 
l=1 
whence 
t (belly) 84(6;/5o)? 
Lice hase ; (14) 
r(neck) 1—7(6;/69)+63(6;/5o)? 


This relation, plotted in Fig. 1, does not, of course, 
really give precise numerical estimates of the ratio of the 
extreme values of the relaxation time on the Fermi 
surface. The calculation is obviously much too crude. 
Nevertheless, it shows some important qualitative fea- 
tures. If we look at Blatt’s data, we find 0.5<6)/69<1 
for most of the charged impurities. This would make the 


* B. Segall (private communication). 
5 F. J. Blatt, Phys. Rev. 108, 285 (1957). 
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Fic. 1. Anisotropy of 7, as a function of the ratio of the phase 
shifts, for impurity scattering. 


ratio (14) lie somewhere between 1.4 and 1.6. That is, 7 
is rather smaller on the neck than on the belly—which is 
just what we need to explain the values of the Hall 
coefficient in alloys of the noble metals.' 

But we also note that when 6,;<6o, the ratio (14) tends 
to zero. In other words, the relaxation time on the neck 
is then very much greater than on the belly. It is quite 
easy to see why this should be so. The ratio 6,/59 
measures the relative proportions of p-wave to s-wave 
scattering by the impurity. On the neck the electrons 
are in pure p states. If the scattering of a plane wave is 
s-like, then these electrons will not be scattered at all, 
and their relaxation time will be very long. That is, 
when the scattering of a single plane wave is isotropic, 
there will be complete destructive interference of the 
partial waves and no scattering. 

This is just the sort of condition that might occur 
when the impurity, for example Ag, has the same 
valency as the parent metal, for example, Au. These 
elements both have the same atomic volume so that the 
effect of the Ag on a conduction electron in the Au will 
be due only to minor differences in the effective po- 
tential deep down in the ion core. We then expect the 
scattering of a single plane wave (actually, a single 
OPW) to be equivalent to the scattering by a very 
localized perturbation, almost a 6 function. Such scat- 
tering is well known to be s-like, i.e., nearly isotropic. 
It is significant that the Hall effect in the Ag— Au be- 
haves as if r(belly) were very much less than r (neck), in 
agreement with our analysis. In the Cu—Au system, 
however, the difference of atomic volumes gives rise to 
substantial phase shifts for the p wave’ and the ratio of 
relaxation times can then be much the same as for 
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charged impurities. This is also indicated by the experi- 
ments on the Hall effect. 


PHONON SCATTERING 


The above calculation gives us some hope that we 
may be able to calculate directly the anisotropy of r for 
different types of impurity, and encourages us to plunge 
into the more complicated problem of the effect of 
phonon scattering on the electrons. We make our at- 
tempt as follows. 

First we note that (3) is still valid. In calculating the 
electron-phonon interaction we only use first-order per- 
turbation theory, so that the effect on a mixed wave can 
be expressed as a matrix element combining contribu- 
tions from the separate simple plane waves. It is true 
that when these are OPW’s there are some corrections to 
the simple Bardeen formula and the whole theory of 
screening is much more complex, but Collins® has shown 
that these are not large effects. Thus, we may write’ 


Ux-1= (k’—k)-e, C(|k’—k}). (15) 


To avoid difficulties with the lattice spectrum, we 
shall assume (quite illegitimately, of course) that longi- 
tudinal and transverse waves have the same velocity. From 
the three degenerate lattice modes of wave number §, 
we can then construct a single mode whose polarization 
vector e, is parallel to (k’—k), and this is the one that 
scatters; the other two will be polarized normal to 
(k’—k) and need not be counted. This device keeps the 
counting of transitions correct, but tends to underweight 
certain types of electron-phonon Umklapp process 
where the scattering is mainly by the low-frequency 
transverse modes. 

For the functional form of the rest of (15) we assume 


sin(Kr,)— (Kr,) cos(Kr,) 
C(K) « G(Kr,)= ————_—_—— -, (16) 
(Kr,)? 

where rf, is, as usual, the radius of an atomic sphere. This 
ignores a screening factor, and another complicated and 
incalculable factor depending on the effect of displacing 
the ion core; these factors tend to cancel one another to 
some extent, but ought to be included in a proper 

calculation. It is reasonable to take 
|k’—k| = 2k, sin30, (17) 

where kr is, say, the radius of a simple Fermi sphere. 
We must still allow for a most important effect— 
the part of the transition probability that depends on the 
occupation number of the phonon states involved in 
the scattering and on the conservation of energy in the 
process. This is a mechanical calculation® in which we 
include certain extra factors in (1), and integrate over all 


6 J. G. Collins (to be published). 
7 J. M. Ziman, see reference 2, Sec. 5.8. 
8 J. M. Ziman, see reference 2, Sec. 9.5. 
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phonon wave vectors and over the energy of the final 
state | k’). In the case of electrical conductivity (but not 
of thermal conductivity nor of thermoelectric power), 
these integrations can easily be done; they tell us that 
we shall get the proper answer if we include under the 
integral sign in (1) the factor 
i csch?(fiv/2kT), (18) 
where » is the frequency of the phonon involved in the 
process of scattering from |k) to |k’). 
We naturally assume a Debye model, in which 


hv/kT = (q/Ov)(6/T), (19) 


with Qp the Debye cutoff wave number. For N-processes 
we can very easily calculate the contribution, putting 
q=k’—k. This holds for small values of @, until g 
reaches its maximum, Qp. But then we go over to 
electron-phonon Umklapp processes, where the re- 
lation between g and @ is much more complicated. There 
is only one simple general rule; when @ is somewhere 
near a, g will have reached a minimum value, corre- 
sponding to a transition from k to the nearest point on 
the Fermi surface in the repeated zone (Fig. 2). This 
minimum value of g is really the most significant 
parameter in the theory of U-processes, since it provides 
a lower cutoff frequency, a minimum temperature, 
below which U-processes involving the state k are no 
longer possible. As we shall see, the value of 7 at k de- 
pends strongly on this parameter. 

To give arithmetical expression to this behavior, we 
use the following formula : 


g/Op=V2 sin30 for 0<0<3z, 


g/Ov=sin[ 4 (4r+x—8) |/sin(34+3x) 


for $r<0<z, 


(20) 


where the angle x is defined so that 
Qmin/QOp=V2, (1+ cot}x), (21) 


i.e., SO that g=qmin When =z. This function is con- 
tinuous as we pass from N-processes to U-processes (a 
necessary property of any electron-phonon interaction 
theory; the zone boundary in the phonon reciprocal 
space is as arbitrary as it is in electron k space) and 
provides a reasonable interpolation formula between the 
limits that we know; obviously it can only be a very 
crude approximation to the true function. 

For a point k on the neck it is easy to see that gmin=0. 
Truly, here the distinction between N-processes and 
U-processes is artificial, but we must retain it formally 
so as to include all terms in the integral. But on the 
belly, in the [100] direction say, the point k is quite a 
long way from the zone boundary, and further still from 
points on the Fermi surface in the next zone. A rough 
estimate, from the geometry of the surfaces in Cu, gives 


Qmwin/QOp*}. (22) 
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Fic. 2. The minimum phonon wave vector for U-processes. 


We now have enough data to carry out the calculation. 
We put (15), (16), and (17) into (7), (8), and (9), 
including under the integral sign also the factor (18) 
with (19), (20), and (21). The result is of the form of 
(6), except that the cross sections depend on k (through 
the choice of gmin), and everything depends on the 
temperature. I have carried out the integrations on a 
desk calculator, and find the following results: 


T/0 0.2 


t (belly) /7 (neck) 2.2 


First we observe that at “high” temperatures (T~6) 
the relaxation times are about equal, on belly and on 
neck. Thus, phonon scattering at high temperatures 
partakes a little of the s-wave behavior [we can check 
this by looking at (15) in detail] and does not give so 
much anisotropy as scattering by charged impurities. 
This is what we want for the Hall effect in alloys, 
although to explain the magnitude of m* we want 
(belly) still to be a bit greater than r(neck) at room 
temperature. 

But we notice that the anisotropy of 7 increases 
rapidly as we go to lower temperatures ; at T=0.20 it has 
already greatly exceeded the typical ratio for charged 
impurities. If we look at the temperature dependence of 
the Hall effect,’ we find direct evidence of this—a rapid 
drop in n* at around 100°K in Cu. This behavior stems 
directly from the limit (15). U-processes for states on 
the belly are effectively ‘frozen out,” and the relaxation 
time there, governed only by .V-processes, increases 
rapidly. On the neck there is no lower limit to g, and 
U-processes contribute down to the lowest temper- 
atures. 

The above calculations, both for impurity and phonon 
scattering, are extremely uncouth; it is to be hoped that 
no one will be misled into treating these numerical 
ratios as if they were exact. Nevertheless, without 
straining the algebra or arithmetic, we find a pattern 
which agrees qualitatively with the experimental evi- 
dence. This pattern would, for example, be entirely 
different if we had s-states at the zone boundary; for 
impurity scattering the anisotropy ratio would then be 
between 1.3 and 1.6, (depending on the ratio 6,/59) and 
would not become small when 6;/591, while for phonon 
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scattering it would be much larger—something like 3, 
and not so sensitive to temperature. The fact that all 
three noble metals show the same behavior in their Hall 
effects—both with alloying and with temperature—is 
good evidence for the p-state lying lowest in all three. 

It would be interesting to apply the same arguments 
to the alkali metals, where the Fermi surface is not so 
distorted, and where, it seems, the s-state moves below 
the p-state as we pass from Na, through K, to Rb and 
Cs. But we lack serious data on the Hall effect, and 
other manifestations of the anisotropy of 7, so that we 
should have little chance of making comparison with 
experiment. Another effect that might be calculated in 


®F, S. Ham, The Fermi Surface, edited by W. A. Harrison and 
M. B. Webb (John Wiley & Sons, Inc., New York, 1960), p. 9. 
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the way we indicate here is the thermoelectric power, 
since this depends strongly on the way that r(k) varies 
as we change the energy of k. For example, is dr(«)/ de 
negative on the belly simply because increasing the 
length of k reduces the value of gmin, and thus allows 
many more U-processes? These, and many other ques- 
tions in this field, remain to be answered. 
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The infrared lattice bands of a quartz have been investigated at 297°K from 5 to 37y in reflection and 
transmission with polarized light. Previously published measurements of the optical constants do not agree 
in this spectral range. It is shown that dispersion theory can fit the data within experimental error throughout 
the range, and accurate values of the dispersion parameters and the optical constants are obtained. This is 
the first accurate dispersion analysis of a complex spectrum. A study was made of the accuracy of the 
Kramers-Kronig method of analysis on this spectrum. The strength, width, and frequency of 14 optically 
active lattice vibrations are given, 4 of which have not previously been established. From a consideration of 
published Raman data, 10 of the resonances are assigned according to symmetry type as fundamental 


vibrations. 


I. INTRODUCTION 


UARTZ was one of the first materials to be 

extensively investigated in the infrared. Because 
of its scientific and technological importance it has 
continued to be a frequent subject of investigation. 
Yet, its optical properties in the infrared remain largely 
unknown or uncertain. From an inspection of the 
existing literature one cannot obtain consistent values 
for the optical constants. The present work was under- 
taken with the purpose of providing a comprehensive 
and consistent account of the optical properties of a 
quartz in the region of its strong lattice absorption 
bands, 5 to 37 microns (xu). In order to achieve this 
purpose it was necessary to analyze the optical data 
according to classical dispersion theory. The success of 
this analysis demonstrates the applicability of this 
theory to very complicated lattice spectra such as that 
of quartz. 

The reflectivity of a quartz (hereafter written simply 
“quartz’”’) at room temperature (297°K) was measured 
in the range 5-37 for the ordinary (O) ray and 
extraordinary (£) ray with plane polarized light. The 


transmission was measured in the range 7—27 u for the 
O and E rays with polarized light, The sample thickness 
for the transmission was 0.00262 cm, which 
sufficiently thin to afford considerable transmission 
between the main absorption bands. The range 5-37 yu 
includes all of the strong lattice absorption bands. 
Since a major aim of this work was to obtain a high 
degree of accuracy in the measurements, they were 
taken with great care and in many cases rechecked 
several times. Particular attention was paid to elimi- 
nating errors due to scattered light and incomplete 
polarization. A quantitative dispersion analysis was 
carried out with the aid of an IBM 704 computer on 
the reflectivity for both the O and E rays. From this 
analysis the optical constants for both rays were 
obtained over the entire spectral region studied. The 
extinction coefficients so obtained compare well in 
the regions between the strong absorption bands with the 
transmission measurements. The primary results of the 
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dispersion analysis are the values of the dispersion 
parameters which describe the optically active lattice 
oscillators. The measurements and analysis are com- 
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prehensive as far as the reflectivity is concerned. All 
the information obtainable from the reflectivity is 
contained in the dispersion parameters. These parame- 
ters are also in agreement with the accepted values of 
the refractive index from 1 to 4 uw. The analysis was by 
the method of successive trials and adjustments of 
parameters. The technique of applying this method to 
a complicated spectrum is discussed. Its power is 
emphasized, and its limitations are specified. The 
Kramers-Kronig method of reflectivity analysis was 
critically investigated in regard to its accuracy. As 
data for the Kramers-Kronig method a calculated 
reflectivity was used which corresponded to exactly 
known optical constants. The exact and the Kramers- 
Kronig optical constants are compared. 

According to the theory associated with the names 
of Helmholtz, Lorentz, and Drude, optical dispersion 
may be explained in terms of oscillators having the 
proper frequency and dipole moment. A review of 
classical dispersion theory, its historical development, 
and its experimental verification has been given by 
Wood.! In general, dispersion analysis may be defined 
as the full specification of the oscillators required to 
give agreement with reasonably accurate optical data 
extending over some wavelength range. Such analyses 
have been frequently applied to the refractive index in 
wavelength regions not containing strong reflection 
bands. In the early days of the theory Rubens and 
Aschkinass? were able to use an equation of the required 
form to represent the refractive index of quartz very 
accurately over the range 0.185 to 3.0 uw. In regions 
containing reflectivity bands, however, dispersion 
analysis is hardly practical even for the simplest 
spectrum without the use of high speed computing 
equipment. This has greatly hindered the use of dis- 
persion analysis in the past, although a number of 
authors*""" have made qualitative use of dispersion 
theory to discuss the reflectivity of various substances, 
especially NaCl. Noteworthy is the work of Czerny* 
on NaCl, which was undertaken as a critical test of the 
theory. The qualitative agreement between theory and 
experiment demonstrated by Czerny was convincing 
evidence for the validity of the dispersion theory. 
Recently quantitative dispersion analyses by machine 


1R. W. Wood, Physical Optics (The Macmillan Company, New 
York, 1934), Chap. XV. 

2H. Rubens and E. Aschkinass, Ann. Physik Chem. 65, 241 
(1898); see reference 33, p. 743. 

3 The work prior to 1932 is reviewed in reference 1. Later work 
is given in references 4-11. 

4M. Czerny, Z. Physik 65, 600 (1930). 

5 A. von Hippel, R. G. Breckenridge, F. G. Chesley, and L. Tisza, 
Ind. Eng. Chem. 38, 1097 (1946). 

6 J. Ketelaar, C. Haas, and F. Fahrenfort, Physica 20, 1259 
(1954). 

7H. Y. Fan and W. G. Spitzer, Phys. Rev. 99, 1893 (1955). 

8 F, Abeles and J. P. Mathieu, Ann. phys. 3, 5 (1958). 

®G. Picus, E. Burstein, B. W. Henvis, and M. Haas, J. Phys. 
Chem. Solids 8, 282 (1959). 

 R. J. Collins, J. Appl. Phys. 30, 1135 (1959). 

1M. Hass, Phys. Rev. 117, 1497 (1960). 
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computation have been reported for SiC," ZnO," and 
GaP," all of which have simple infrared reflectivity 
spectra consisting of a single band. In each case it was 
possible to fit the measured reflectivity within an experi- 
mental error of about 1%. It may be said that the 
validity of the theory for simple spectra has now been 
fully established. Dispersion theory has not heretofore 
been applied even qualitatively to very complicated 
spectra such as that of quartz. 

For the most part the optical constants of materials 
have been obtained directly from optical data without 
the use of dispersion theory. Recent reviews of these 
methods have been given by Abeles and Mathieu’ and 
by Fan.'® Most of these methods require the measure- 
ment of two independent quantities as functions of 
wavelength. An exception is the method using the 
Kramers-Kronig relations,'® which can yield the optical 
constants from a single measured quantity as a function 
of wavelength. This method has been recently em- 
ployed*:'7~*? in discussing the reflectivity of a number 
of materials. Very little is known about the accuracy 
of the optical constants obtained by this method.® 

There are definite reasons for undertaking a system- 
atic investigation of the fundamental lattice bands of 
quartz. First is the continuing interest attached to 
quartz itself because of its basic importance in miner- 
alogy and many optical and electrical applications. 
Second, in view of the discrepancies in the literature, 
there is an evident need for accurate infrared measure- 


ments and analysis. The discrepancies are discussed 
along with the results of the present work in Sec. IV. 
Third, there is the intriguing question of whether 
classical dispersion theory can account quantitatively 
for complex spectra such as that of quartz. As a ma- 
terial on which to test the theory, quartz is ideal, 


2 W. G. Spitzer, D. Kleinman, and D. Walsh, Phys. Rev. 113, 
127 (1959); W. Spitzer, D. Kleinman, and C. J. Frosch, Phys. 
Rev. 113, 133 (1959). 

'8R. J. Collins and D. Kleinman, J. Phys. Chem. Solids 11, 
190 (1959). 

4D. A. Kleinman and W. G. 
(1960). 

%*H. Y. Fan, in Methods of Experimental Physics, edited by 
K. Lark-Horovitz and V. A. Johnson (Academic Press, Inc., New 
York, 1959), Vol. 6B. 

16 For discussion of the analytical aspects of these relations see 
H. Bode, Network Analysis and Feedback Amplifier Design (D, 
Van Nostrand Company, Inc., Princeton, New Jersey, 1945). 
Chap. XTV 

17 T. S. Robinson, Proc. Phys. Soc. (London) B65, 910 (1952). 

18 T. S. Robinson, Proc. Phys. Soc. (London) B66, 969 (1953). 

1 F, C. Jahoda, Phys. Rev. 107, 1261 (1957). 

*” R. J. Archer, Phys. Rev. 110, 354 (1958). 

*1 J. R. Nelson and J. J. Hopfield, Bull. Am. Phys. Soc. 3, 126 
(1958). 

2 J. R. Nelson, A. H. Schainblatt, and P. Hartman, Bull. Am. 
Phys. Soc. 3, 272 (1958). 

3H. R. Philipp and FE. A. Taft, Phys. Rev. 113, 1002 (1959). 

4M. Gottlieb, thesis, University of Pennsylvania, 1959 
(unpublished). 

25M. Gottlieb and J. R. 
(1959). 

6D. G. Thomas and J. J. Hopfield, Phys. Rev. 116, 573 (1959). 

27M. P. Rimmer and D. L. Dexter, J. Appl. Phys. 31, 775 
(1960). 


Spitzer, Phys. Rev. 118, 110 
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because excellent samples are readily available and a 
vast amount is already known about its properties. 
Fourth, the dispersion analysis provides the infor- 
mation needed for theoretical studies on such topics as 
the specific heat,?* the infrared combination bands,” 
the electronic polarization accompanying nuclear 
motion,” the ionic charges in the lattice,*"* and the 
normal modes of vibration.” Fifth is the problem of the 
nature of vitreous silica.“ A dispersion analysis of 
quartz is essential to a competent interpretation of the 
lattice dispersion of silica. 


Il. EXPERIMENTAL PROCEDURES 


The room temperature reflectivity at near normal 
incidence was measured from 5 to 37 uw with a Perkin- 
Elmer single-beam double-pass spectrometer and prisms 
of NaCl, CsBr, and CsI. Measurements were made on 
four samples, three of which were Z-cut crystals of 
natural, synthetic, and rose quartz, and one was an 
X-cut crystal of natural quartz. The X-cut sample was 
rectangular in shape with one edge aligned with the 
optic axis. Spectroscopic analysis showed the major 
impurity of the rose quartz to be Al (0.088%) with 
much smaller amounts of Li, Na, Cu, Mg, Be, and Ti. 
The sample surfaces were prepared by standard optical 
polishing techniques“ and the natural Z-cut crystal 
was etched in HF. The samples were sufficiently thick 
to be opaque over the range studied. The Z-cut samples 
were measured with unpolarized radiation within 6° of 
normal incidence. Within experimental error the three 
Z-cut samples gave identical results. During these 
measurements the wavelength calibration was checked 
several times, particularly in those regions where the 
reflectivity changes rapidly with wavelength. A suffi- 
cient number of points was taken to reveal clearly the 
shape of each band, and most of the points were checked 
and rechecked after remounting the sample. The result 
is the reflectivity for the O ray (electric field perpen- 
dicular to optic axis) shown by the points in Fig. 1(a). 

The terms O ray and E ray are convenient for desig- 
nating the reflectivities and optical constants obtained 
here under the conditions EC and E\\C, respectively, 
where E is the electric vector and C the optic axis. 
According to the usual terminology of the optics of 
uniaxial crystals, the ordinary ray is polarized perpen- 
dicular and the extraordinary ray parallel to the plane 
formed by the ray and the optic axis. In the degenerate 
case when the ray is along the axis the two rays are 
equivalent. All O rays have the same optical constants, 


28 QO. L. Anderson, J. Phys. Chem. Solids 12, 41 (1959). 
*% 1D. A. Kleinman, Phys. Rev. 118, 118 (1960). 
% M. Lax and E. Burstein, Phys. Rev. 97, 39 (1955). 
31 B. Szigeti, Trans. Faraday Soc. 45, 155 (1949). 
® B. D. Saksena, Proc. Indian Acad. Sci. 12A 93}(1940). 
%R. B. Sosman The Properties of Silica (Chemical Catalog 
Company, Inc., New York, 1927), American Chemical Society 
Monograph Series. 

* We wish to express our appreciation to Dr. D. L. Wood who 
supplied the sample and spectroscopic analysis. 
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and therefore a characteristic reflectivity can be defined. 
A characteristic reflectivity for the E ray can be defined 
in the sense that all E rays perpendicular to the optic 
axis have the same optical constants. 

The instrument resolution in Fig. 1 varies from 
0.016 w at 8 w to 0.15 w at 27 w. The accuracy of the 
measured wavelengths is limited by the ability to fix 
the positions of the calibration bands. Throughout the 
range these positions are uncertain to no more than 
0.04 yw. The error due to spectrometer drift was elimi- 
nated by frequent recalibrations. Measurements on 
several portions of each sample showed no error due to 
surface irregularities. The random error in the reflec- 
tivity measurement includes fluctuations in the mount- 
ing and positioning of the sample as well as electronic 
noise in the detection system. From the reproducibility 
of measurements this error was estimated to be about 
0.5% reflectivity independent of the value of the 
reflectivity. A systematic error can arise because of the 
presence of scattered light in the beam. If R,,, R, R,, 
and the measured, true, and scattered light reflectivities, 
respectively, then R,,=(R+AR,)/(1+A), where 
A=I,/Io is the fraction of scattered light in the beam. 
From the transmission of a number of infrared filters 
it was determined that A<1% over the entire range; 
so we may write R,,= R+A(R,—R). Since R,, R<0.9 
the error term is less than 0.9%. 

The X-cut sample was measured with polarized 
radiation. The polarizer consisted of a stack of plates 
(AgCl * for \<25 yu, polyethylene** A> 25 yw) set at the 
polarizing angle. Since the spectrometer partially 
polarizes the beam, the polarizer was always kept in 
the position giving the maximum degree of polarization. 
Measurements were taken with the optic axis parallel 
and perpendicular to the plane of polarization. The 
latter measurements were in complete agreement with 
the reflectivity for the O ray shown in Fig. 1(a). The 
measurements with the axis parallel to the plane of 
polarization give the reflectivity for the E ray shown 
by the points in Fig. 1(b). That the polarizer was 
highly efficient at 19 uw is shown by the fact that the 
measured reflectivities for the O and E rays differ by 
a factor ~ 100 at this wavelength. Similar comparisons 
at 12.5 w and 25.2 uw show that the polarizer efficiency 
was high throughout the range of study. A small error 
is introduced by the angle of incidence being 6°. The 
only effect of this error may be seen in Fig. 1(b) at 
8.6 uw, where it was found that the small dip disappears 
when the angle of incidence is reduced to 3°. The dip 
at 19.7 w in Fig. 1(b) is not sensitive to the angle of 
incidence. The depth of this minimum was found to be 
sensitive to the resolution, so the minimum reflectivity 
~ 74% shown in Fig. 1(b) cannot be regarded as certain. 

The room temperature transmission was measured 
on a single X-cut sample of thickness (2.62+0.12) K 10% 

36 R. Newman and R. S. Halford, Rev. Sci. Instr. 19, 270 (1948). 


86 A. Mitsuiski, Y. Yamada, S. Fujita, and H. Yashinaga, J. Opt. 
Soc. Am. 50, 433 (1960). 
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Fic. 1. The reflectivity of quartz for the ordinary ray (a) and the extraordinary ray (b) 
The data are shown by the points and the theoretical fit by the solid curves 


cm from 5 to 27 uw with polarized radiation. The results 
are shown by the points in Figs. 2(a) and 2(b) for the 
O and E rays. The sample was found to be opaque in 
those regions near the reflectivity peaks. The efficiency 
of the polarizer is again indicated by the transmission 
at 14.4 » where the sample is nearly opaque to the O 
ray but transmits ~62% of the E ray, and at 18.6 u 
where the sample is opaque to the # ray and transmits 
64% of the O ray. 


III. DISPERSION ANALYSIS 


According to the classical dispersion theory of 
crystals,*” the refractive index m and extinction co- 
efficient & are given by the equations 


Pee 
vey 





n?— k®= eg +>” 4rpjv7— 
i 


b 
(v2—v)P+y rv, 


(1) 
YiP¥; 


nk=>> 2npjv? ~~ era 
F (v2—v)2+-y2r%v2 


where the summation is over the lattice oscillators. 
37 F, Seitz, Modern Theory of Solids (McGraw-Hill Book 
Company, Inc., New York, 1940), Chap. 17. 


Each oscillator is described by its strength p,, width Vis 
and frequency v;. The strength p in a diatomic crystal 
is simply related to the effective ionic charge,” or it 
may be defined in terms of an oscillator strength f by 
the relation 

pj= (Ne?/42?mv;) fi, 


where V is the concentration of unit cells and e, m are 
the charge and mass of the electron. The short-wave- 
length dielectric constant €9 describes the polarizability 
of the electrons with the atomic centers rigidly fixed. 
The long-wavelength dielectric constant is given by 


€ € +203 4irp;. (2) 
The reflectivity at normal incidence, 


(n—1)?+? 
R=- ; (3) 
(n+1)?+2 


can be calculated if the constants in (1) are known or 
assumed. These constants are called the dispersion 
parameters and the process of determining them is 
dispersion analysis. A dispersion analysis is successful 
if it fulfills the following requirements: (a) Within the 
wavelength region of interest the theory should fit the 





w. CG. 


10 12 14 


SPITZER AND D. 


16 


A. KLEINMAN 





_ 


nN 
°o 


°o 


18 





3S 
o 





TRANSMISSION IN PER CENT 
@ 
°o 











18 26 


A IN MICRONS 


Fic 


. 2. The transmission of an 0.00262-cm thick X-cut quartz plate for the ordinary ray (a) and the extraordinary ray (b). 


The data are shown by the points and the theoretical fit by the solid curves. 


data within reasonable estimates of the experimental 
error. (b) The number of oscillators used is the minimum 
number that the data requires. (c) The dispersion 
parameters are uniquely determined within reasonable 
uncertainties by the requirement of fitting the data. 
The analysis was carried out on the reflectivity of 
quartz by the method of successive trials and adjust- 
ments of parameters previously described” and suc- 
cessfully applied to SiC," ZnO,"* and GaP." In this 
method reasonable values are chosen for the dispersion 
parameters, the reflectivity is then calculated by a 
high speed computer, and the parameters are adjusted 
until agreement is obtained with experiment. A glance 
at Figs. 1(a) and 1(b) shows four principal bands for 
both the O and £ rays and several of the bands have 
structure. The dispersion analysis of quartz is therefore 
a much greater undertaking than the previous analyses. 
Nevertheless the analysis proved to be quite feasible, 


because reasonably good initial guesses could be made 
for most of the parameters from inspection of the data. 
Also €9 can be accurately ascertained from the refractive 
index* in the region 1-4 uw. The theoretical fit obtained 
is shown by the curves of Figs. 1(a) and 1(b). 

It will be seen that for the O ray no discrepancy 
exists between the measurements and the analysis. 
But in the case of the E ray the following minor dis- 
crepancies may be noted: (a) The calculated peak at 
20u is greater than the measured peak, (b) The 
analysis appears slightly low in the region 20.5 to 22.5 wu. 
The small dip measured at 8.6 u is spurious as previously 
discussed, and was therefore omitted from the analysis. 

Effects similar to that just noted at 20 uw have been 
observed in SiC ® and GaP." In these cases it was 

38 American Institute of Physics Handbook (McGraw-Hill Book 
Company, Inc., New York, 1957), Vol. 6, p. 23; also see reference 
33, p. 591. 





INFRARED 


possible to ascribe the effect to a damaged surface layer, 
and this layer could be removed by etching. These 
damaged layers produced by polishing had thickness 
of approximately 1X10~* cm. The measurements of 
Figs. 1(a) and 1(b) were taken after the removal of 
3X10~ cm by HF etching. Measurements taken prior 
to the etching (not shown) are in agreement with those 
shown except in the region 18.5 to 20.2 uw for the E ray 
where they are slightly lower. Therefore the discrepancy 
at 20 uw may be ascribed tentatively but not definitely 
to a damaged surface. The present situation differs in 
three respects from that of SiC and GaP: (a) It will be 
shown that the present case (the 18-20 » band of the 
E ray) involves three resonances. (b) The strongest of 
the three is considerably weaker than the reststrahls of 
SiC or GaP. (c) The experimentally observed effect of 
etching is of much smaller magnitude. 

The discrepancy in the region 20,5-22.5 mu coincides 
with a peak in the reflectivity of the O ray. Since the 
discrepancy is <2% it could very well be due to in- 
complete polarization. 

The dispersion parameters obtained from the analysis 
are given in Table I(a) and (0) for the O and E rays, 
respectively. The first column gives the wavelengths of 
the resonances, the second column the corresponding 
frequencies in wavenumbers (cm™), the third column 
the resonance strengths, and the fourth column the 
widths. The notation is that of reference 12. Also listed 
are > 4rp; and «, €,. Most of the resonances listed are 
clearly distinguishable in the reflectivity, but not all 
in the same way. It is of course familiar that strong 
resonances give rise to bands of high reflectivity, as 
seen for example at 9.33, 22.20, and 25.35 uw in the O 
ray. It is not surprising that weaker resonances, if they 


TaBLeE I. The dispersion parameters of quartz for the ordi 
nary ray (a) and the extraordinary ray (b) obtained from the 
reflectivity. 


p(cm™) ¥ 


1227 
1163 
1072 
797 
697 
450 
394 


A(u) 


0.009+0.002 
0.010 0.002 
0.67 0.02 
0.11 0.01 
0.018 0.002 
0.82 0.02 
0.33 0.02 
€9 = 2.356+0.002 
> 4rp=1.97 +0.04 
6,=4.32 +0.04 


(0) 


0.011+0.001 0.15 +0.02 
0.67 0.01 0.0069 0.0003 
0.10 0.01 0.010 0.001 
0.006 0.001 0.04 0.01 
0.05 0.02 0.014 0.003 
0.66 0.02 0.0090 0.0003 
0.68 0.02 0.014 0.0004 
€o = 2.383-0.002 
D 4xp=2.18 +0.04 
E> 4.56 +0.04 


0.11 +0.04 
0.006 0.002 
0.0071 0.0003 
0.009 0.001 
0.012 0.004 
0.0090 0.0005 
0.007 0.001 


8.1540.05 


0.02 
0.02 
0.02 
0.02 
0.02 
0.02 


8.60 
9.33 
12.55 
14.35 
22.20 


5.35 





8.20+0.05 1220 
9.26 0.02 1080 
12.85 0.03 778 
18.9 0.10 539 
19.65 0.10 509 
20.20 0.10 495 
0.15 364 
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Fic. 3. The reflectivity near 9 u for the ordinary ray showing 
the effect of the 8.15 wu resonance. For explanation of the three 
curves, see the text. 


are sharp, can produce smaller maxima as seen at 12.55 
and 14.35 w in the O ray and 12.85 wu in the E ray. 
However, when a sharp weak resonance lies close to a 
strong resonance at longer wavelength so as to fall 
within the high reflectivity band of the latter, it 
produces a minimum in the reflectivity. Examples of 
this may be seen at 8.6 uw in the O ray and 19.65 yu in 
the £ ray. The very weak resonance at 18.9 » produces 
only a suggestion of a minimum. This resonance and 
that at 19.65 uw have not been previously reported. 
There is no dip, peak, or kink in the reflectivity for 
either ray to indicate a resonance near 8.2 yu, but these 
resonances are required by the shape of the short wave- 
length side of the 9- reflectivity bands. An enlarged 
view of the 9-u band for the O ray is shown in Fig. 3 
where the data is indicated by points. Curve (a) is 
calculated with the 8.15 » resonance omitted and the 
other parameters as in Table I(a). The curve fits well 
except in the region 8.1-8.5 » where it is too high. In 
curve (b) better agreement in this region is obtained 
by increasing y for the 9.33 » resonance from 0.0071 to 
0.012, but this curve is poor at 9 uw. A thorough study 
has shown that the correct shape can be reproduced 
mly by adding a resonance near 8.2 yu, although the 
parameters of this resonance cannot be determined 
with great accuracy. It will be seen that curve (c) 
which includes the 8.15 uw resonance fits the data well. 
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Fic. 4. The refractive index of quartz. The data** are shown by the 
points and the theoretical fit by the solid curves. 





The 8.2 w resonance in the £ ray is required for the 
Same reason. 

The errors listed in the tables refer to the precision 
of the dispersion analysis. Most of the considerations 
concerning the accuracy of a dispersion analysis 
previously presented“ for a simple spectrum also apply 
to the present case. In general the errors are estimated 
during the course of the analysis from the sensitivity 
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of the results to the various parameters. Therefore the 
errors listed give the accuracy of fitting the data, but 
not the accuracy of the data itself. Except for the weak 
8.2 uw resonances the listed errors in \ are no larger and 
in most cases much less than the experimental errors 
discussed in the previous section, showing that further 
precision in the analysis cannot be attained. 

The high-frequency dielectric constant ¢) was ob- 
tained from the refractive index* in the region 0.9 to 
4 » shown by the points in Fig. 4. The curves are 
calculated from the dispersion parameters, and only 
take into account the dispersion due to the infrared 
reflectivity bands. The increase of m above the curves 
for \<2 uw is due to the fundamental absorption edge 
in the ultraviolet. The limiting values of the curves as 
A— 0 are «'. To begin the analysis ¢) was estimated 
from graphical extrapolations of m(A) to A=0. It then 
proved possible to fit the reflectivity and obtain the 
other dispersion parameters. Finally ¢€ 9 was slightly 
adjusted to obtain the best fit to #(A) as shown in Fig. 
4. It did not prove necessary to readjust the other 
dispersion parameters. The asymptotic approach of 
n(A) for the O ray to the curve shows that €9 may be 
considered constant for A\>3 u. The data for the E ray 
does not extend beyond 3.0 uw, but the asymptotic 
behavior appears to be the same as that of the O ray. 
The errors in €9 were estimated from the deviations of 
the curves from the data at 2.0 u. 
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Fic. 5. The refractive index of quartz for the o 
as obtained from the dispersion analysis of the reflectivity. 
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Fic. 6. The extinction coefficient of quartz for the ordinary ray (a) and the extraordinary ray (b) 
as obtained from the dispersion analysis of the reflectivity. 


For many purposes the optical constants, ” and k, 
are of interest rather than the dispersion parameters 
themselves. The refractive index from 4 to 35 uy is 
shown in Fig. 5 and the extinction coefficient in Fig. 6. 
It will be observed that k becomes quite small ~0.01 
in the regions between the strong-reflectivity bands. 
This would predict that one should observe measurable 
transmission in these regions through samples of ~ 10-?- 
cm thickness. 

From the optical constants the transmission can be 
calculated for a sample of any thickness taking into 
account interference effects."* The results corresponding 
to the thickness of the measured sample are shown by 
the curves in Fig. 2. It will be realized that except for 
€) the dispersion analysis is based entirely on the 
reflectivity. Furthermore, the analysis leans most 
heavily on the data within the reflectivity bands where 
the absorption is so high that the transmission meas- 
urements become impractical. Therefore a comparison 
of the measured and calculated transmissions provides 
a severe test of the dispersion analysis. With one 
exception the wavelengths at which the sample goes 
opaque are predicted within 0.1 uw. The regions of trans- 
parency exhibit a structure characteristic of interference 
effects which is closely reproduced by the theory. A 
total of 25 interference maxima are predicted correctly 


within 0.1 yw, indicating that the m(A) is given correctly 
by the theory to an accuracy of 1% or better in the 
regions of transparency. There is also good agreement 
in the level of transmission except in the windows at 
23 uw. Here, especially in the E ray, the observed trans- 
mission is about half that predicted. This discrepancy 
is in the direction which would be expected, since some 
absorption could arise from combination bands. The 
transmission level of 25% at the top of the 23 » window 
represents an additional absorption coefficient over that 
predicted by the dispersion analysis of Aa~300 cm“. 
Combination bands of about this strength have been 
observed in SiC * and GaP. However an extra ab- 
sorption coefficient of Aa~ 1200 cm™ at 21 uw is needed 
to account for the opaqueness of the sample at that 
wavelength. If the extra absorption in the EZ ray from 
20.6 to 25.3 uw is due to two phonon processes in which 
one of the phonons belongs to the same branch as the 
27.45 uw resonance, the low-energy phonons would range 
in energy from 0,004 ev (31 cm) to 0.015 ev (121 
cm). These are reasonable energies for acoustic 
phonons in a hard material.*® It is also reasonable that 
the extra absorption would be greatest for the higher 
energy acoustic phonons. 

It has been proposed*:'*~’ that the Kramers-Kronig 


~ % B. Brockhouse and P. Iyengar, Phys. Rev. 111, 747 (1958). 
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(K-K) relation provides a powerful tool for analyzing 
the reflectivity spectrum. Recently Thomas and 
Hopfield** have analyzed the exciton spectrum of CdS 
by this method. If the reflectivity amplitude is written 
re’®, where r= R!, the K-K relation is” 


2vo a“ Inr(v) 
6(v)=— f dy. (4) 


9 9 
T ia. 


The optical constants n, k can be readily obtained from 
the equation 


re’=[(n—1)—ik]/[(m+1)—ik], ) 


The dispersion parameters are not given directly by the 
K-K method, but can be obtained from a dispersion 
analysis of k or of the imaginary part of the dielectric 
constant —2mnk. If the resonances are sufficiently far 
apart the-resonance strengths can be conveniently 
determined from the area under the nk curve by the 
relation™ 


[nar TT’ pjV;. (6) 


According to Thomas and Hopfield** the accuracy of 
this procedure for estimating p; is about 10-20%. If 
only the optical constants and not the dispersion 
parameters are desired the K-K method has the ad- 
vantage of giving results with one machine calculation. 

It is of interest to inquire into the accuracy of the 
K-K method as compared with that of dispersion 
analysis for determining the optical constants. This has 
been done by applying the K-K procedure to a hypo- 
thetical reflectivity obtained from a set of assumed 
dispersion parameters through Eqs. (1) and (3). The 
reflectivity was essentially identical with that of the 
E ray of quartz, so the results are indicative of what 
one obtains from a K-K analysis of quartz. 

The program used was that of Thomas and Hopfield?® 
for the IBM 704 computer. In this program the infinite 
integral in (4) is written as a finite integral over the 
available data plus a correction term. The correction 
term is expressed in the form A+By+Cyv*, and the 
three constants are evaluated by the machine so as to 
make @(v) vanish at three appropriately chosen fre- 
quencies where k& is known to be small. The finite 
integral is evaluated by representing Inr(v) by straight- 
line segments between the data points. The integral in 
(4) can then be evaluated exactly between each pair 
of data points by elementary integration. This pro- 
cedure takes into account very accurately the contri- 
bution of the pole v= vp. 

The results for the extinction coefficient are shown in 
Fig. 7 where the exact values of k corresponding to the 
hypothetical reflectivity are indicated by crosses and 
the K-K results by open circles. The data were read 
into the machine for 160 wavelengths evenly spaced 
from 5 to 37 uw. The points of vanishing k were chosen 
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to be 2.50, 5.62, and 50 uw where the exact & is 0.003 or 
less. These conditions are very favorable for accuracy 
because of the large number of data points, the absence 
of “error” in the data, the large wavelength range 
covered by the data, and advance knowledge of where 
the points of zero phase may be chosen. The correction 
term in the phase angle @(A) then turned out to be 


A6(A) = —0.0224—0.0188(5/X)+-0.061(5/A)?, (7) 


where A@ is in radians and X in p. On the basis of Fig. 
7 it may be stated that the K-K procedure used here 
is accurate to better than 10% in k& for k>0.1 on the 
more gradual short wavelength side of the absorption 
bands. Accuracy on the steep long wavelength side of 
the bands is somewhat less. For k<0.1 the accuracy 
tends to be poor. In these regions the phase angle is 
of the same order as the correction A@~0.02. In other 
regions of good agreement of & the refractive index n 
is also in good agreement. The K-K procedure is not 
a substitute for a dispersion analysis if accurate values 
for the optical constants are desired, especially in 
regions of low k<0.1. 


IV. DISCUSSION 


A comprehensive review of the most important 
experimental work on quartz and vitreous silica prior 
to 1922 has been given by Sosman.® An extensive 
bibliography of the early infrared work has also been 
given by Saksena.” The earliest work revealed strong 
reflectivity maxima for the O ray at 8.5, 9.0, 12.5, and 
20.8 wu. The first detailed study of the reflectivity for 
both O and E rays by Reinkober“ in the range 1 to 18 u. 
In addition to the strong bands near 9 and 13 pu 
Reinkober found a number of minor peaks in these 
regions and a weak band in the O ray at 14.6 uw. Trow- 
bridge and Wood" studied the shape of the 9 uw band in 
detail using a grating spectrometer of high resolution. 
They did not observe any of the minor peaks of 
Reinkober. The detailed shape was again studied at 
high resolution by Hardy and Silverman® who observed 
a great deal of small fine structure. This structure, 
however, cannot be identified with that of Reinkober. 
The reflectivity from 15 to 32 uw for both rays was 
measured by Liebisch and Rubens.” This work revealed 
strong bands for the O ray at 21.0 and 26 u, and for 
the E ray at 19.7 and 27.5 uw. Simon and McMahon* 
have studied the reflectivity of quartz from 7 to 15 » 
by the method described by Simon* in which the 
reflectivity is measured at two different angles of 
incidence. Using this method Reitzel** investigated the 


“Q. Reinkober, thesis, 
Physik 34, 343 (1911). 

41 A. Trowbridge and R. W. Wood, Phil. Mag. 20, 898 (1910). 

4 J. D. Hardy and §S. Silverman, Phys. Rev. 37, 176 (1931). 

“T. Liebisch and H. Rubens, Sitzber. deut. Akad. Wiss. Berlin 
Kl. Gesellschaftswiss 198, 876 (1919). 

“T. Simon and H. O. McMahon, J. Chem. Phys. 21, 23 (1953). 

© T. Simon, J. Opt. Soc. Am. 41, 336 (1951). 

46 J. Reitzel, J. Chem. Phys. 23, 2407 (1955). 


Berlin, 1910 (unpublished); Ann. 
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Fic. 7. The extinction coefficient calculated by the Kramers-Kronig method of analysis is 


shown by the open circles. The crosses 


show the extinction coefficient which corresponds to the theoretica! reflectivity curve used as data. This theoretical reflectivity curve 


is nearly identical with the dispersion fit of Fig. 1(b). 


region 16.5 to 25 u. In principle Simon’s analysis 
gives the actual resonant frequencies of the lattice 
oscillators, which as pointed out by Havelock** are 
not the same as the reflectivity maxima. 

Most of the early transmission work on quartz was 
in regions of relatively low absorption up to 5 yu or 
beyond 50 u. The first to study a region of high lattice 
absorption was Nichols,“ who measured the trans- 
mission of a thin sample (0.0018 cm) for the O ray in 


47 There appears to be difficulty in the application of Simon’s 
method as described by Simon and McMahon for quartz. In 
applying this method to a uniaxial crystal care must be taken to 
insure that the light transmitted into the crystal is either an 
ordinary ray or else an extraordinary ray perpendicular to the 
optic axis. The only proper arrangement used by Simon and 
McMahon is shown in their Fig. 1(b), which measures the O ray. 
These authors suggest that in strong reflectivity bands the optical 
constants can be deduced by the use of an impedance chart, but 
it is not clear how much use was made of this method in obtaining 
their results. Also, as pointed out by T. S. Moss, Optical Properties 
of Semiconductors (Academic Press, Inc., New York, 1959), p. 16, 
the resonance frequency is given by the conductivity maximum 
rather than the e”’ defined by Simon. 

48T. H. Havelock, Proc. Roy. Soc. (London) A86, 1 (1912); 
A105, 488 (1924). 

4 E. F. Nichols, Sitzber preuss. Akad. Wiss. Physik math KI. 
1183 (1896); see reference 33. 


the region 4.5 to 8.1 yw. Rosenthal® measured the 
transmission of a 0.01 cm sample for the O ray from 
3.5 to 20 wu, observing measurable transparency beyond 
10 uw. Barnes* has studied both O and £ rays in trans- 
mission from 20 to 135 wu. Barnes reports absorption 
bands at 38 (O ray), and 77, 105, 122 uw (both rays). 
The bands at 38 and 77 u first seen by Czerny® are 
somewhat stronger than the other long wavelength 
bands, but very much weaker than the strong bands 
near 9, 13, 20, 26 uw. The region 1 to 7.8 uw has been 
remeasured more extensively by Drummond.* The 
most comprehensive transmission work in the region 
of strong lattice absorption is that recently reported 
by Saksena* from 4 to 15 yw. Using a transmission 
method Ramadier-Delbes® has measured the refractive 
index for the O ray between the strong absorption 
bands. 

The Raman spectrum of quartz has been extensively 


* H. Rosenthal, Ann. Phys. Chem. 68, 783 (1899). 


5! R. B. Barnes, Phys. Rev. 39, 562 (1932). 

2M. Czerny, Z. Physik 53, 317 (1929). 

8D. G. Drummond, Proc. Roy. Soc. (London) 153, 328 (1935). 
4 B. D. Saksena, Proc. Phys. Soc. (London) 72, 9 (1958). 

55 Mme Ramadier-Delbes, J. phys. radium 12, 954 (1951). 
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investigated, and a summary of the work prior to 1940 
is given by Saksena.” There is excellent consistency 
between the various workers, who reported 17 lines 
between 8 and 80 uw. More recent work by Krishnan*® 
which used longer exposures revealed 41 lines from 4 
to 80 uw and is consistent with the earlier work. As a 
result the Raman spectrum is more accurately known 
than the infrared spectrum. In principle if both spectra 
are accurately known, including the polarization 
properties of the Raman spectrum, it should be possible 
to assign the fundamental lines to specific normal 
modes of vibration of the lattice. Saksena® had sug- 
gested assignments on the basis of a group theoretical 
analysis of the lattice vibrations and the available 
(1940) optical data. The data required from the re- 
flectivity for such an analysis are the resonance fre- 
quencies which Saksena could only estimate*’ rather 
inaccurately from the reflectivity maxima. 

We turn now to a more detailed consideration of the 
most recent work on the optical properties of quartz 
in the region of its strong lattice bands.“**-* It is at 
once surprising that Saksena™ reports a transmission 
of 2-3% between 8 and 9.7 yu which contains the well 
known strong 9-y absorption band. This is the more 
surprising in view of the thickness of his samples which 
ranged from 0.003 to 0.011 cm. Upon comparing the 
absorption coefficients which he gives with those of 
Simon and McMahon,“ one finds that the latter are 
larger by over an order of magnitude throughout most 
of the region 8-14 yw. For the O ray, the strong resonance 
in the 9-~ region is given by Saksena as 9.55 y» and 
Simon and McMahon as 9.39 y; this discrepancy would 
seem to be outside of reasonable experimental error. 
In the 12.5-4 band of the O ray, Saksena reports peaks 
at 12.32 and 12.70 uw for a Z-cut crystal (sample plane 
normal to optic axis) and a single peak at 12.5 yw for 
an X-cut crystal (sample parallel to axis). Simon and 
McMahon report peaks at 12.47 and 12.58 yw for the 
Z-cut crystal in a quantity e’’ defined by them. How- 
ever, their extinction coefficient, which is the quantity 
relevant to the transmission measurements of Saksena, 
shows only one peak at 12.5 uw. Although the double 
peak in a Z-cut crystal observed by Saksena may prove 
to be significant, it cannot be identified with the double 
peak in the e” of Simon and McMahon. It should be 
mentioned that if Saksena’s observation is correct its 
explanation must be sought beyond the ordinary theory 
of crystal optics. Reitzel*® extended the work of Simon 
and McMahon to 25 y, but did not study the strong 
bands at 25 uw (O ray) and 27 u (E ray). It is revealing*” 
to note that he was unable to analyze the 19 y-band in 
the £ ray, since, as he states, no consistent values of 
the optical constants could be obtained. Also significant 
is the fact that the maximum reflectivity observed by 
Reitzel is ~65%, whereas Liebisch and Rubens* 

56 R. S. Krishnan, Nature 155, 452 (1945). 


57It appears from his text and Table II that Saksena has 
applied Havelock’s formula for the shift in the wrong direction. 
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observed ~90%. Therefore, as asserted earlier, the 
optical constants of quartz throughout the range 8-30 u 
are in doubt. 

The resonance wavelengths found here from a 
dispersion analysis of the reflectivity of quartz have 
been listed in Table I. Previously Simon and 
McMahon“ have reported resonances for the E ray 
(E\|C) at 8.01 not found here, 9.48 not in agreement 
with 9.26 found here, and 12.82 u in good agreement 
with the present work. For the O ray (Z_LC) they find 
8.12, 8.61, and 9.39 y, all in good agreement with the 
present work, and 12.47 and 12.58 uw. The latter two 
are peaks in a quantity e”’ which they define. However, 
their k curve has a single maximum at 12.5 in satis- 
factory agreement with Fig. 6, but the magnitudes of 
n and k which they report are not in agreement with 
Fig. 6. Reitzel** reports a resonance at 22.0 uw for the 
O ray in poor agreement with 22.20 u found here. Also 
the peak reflectivity (65%) at ~21 yw reported by 
Reitzel is in disagreement with the present work (91%) 
and with the earlier work of Liebisch and Rubens 
(90%). The extinction coefficient reported here agrees 
with the transmission measurements of Saksena™ 
between 7.2 and 8.0 uw and with those of Barnes®' at 
35 uw. On the other hand the samples used by Saksena 
should have been completely opaque in regions of 
strong absorption. The reflectivity for the O ray in the 
range 8 to 14 uw at 20° from normal incidence reported 
by Simon and McMahon’ in their Fig. 4 is in satis- 
factory agreement with the present work. The optical 
constants given by them are in qualitative and quanti- 
tative disagreement with Figs. 5 and 6. The measured 
reflectivity reported here is in general agreement with 
much of the earlier work reviewed in Sec. IV. The 
refractive index measurements of Ramadier-Delbes® in 
the transmission windows from 5 to 14 uw for the O ray 
are in good agreement with the present results. 


The dielectric constant of quartz has been studied 
by a number of workers with somewhat varying results. 


It is certain that the dielectric constant e,, (electric 
field parallel to optic axis) is larger than e«. By the 
liquid matching method Schmidt** obtained ¢,,=4.60, 
€,=4.32-4.36. Thornton® made very accurate measure- 
ments on the torsional period of long ellipsoids sus- 
pended in an electric field and obtained ¢,,=4.600, 
€,=4.5485. The most systematic study of «, was by 
Jaeger® who obtained ¢€;,=4.58 as the average of many 
determinations by using the plate condenser method. 
A frequency effect® was observed by Doborzynski® 


58 W. Schmidt, Ann. Physik 9, 919 (1902); see reference 33. 

%® W.H. Thornton, Proc. Roy. Soc. (London) A82, 422 (1909) ; 
see reference 33. 

© R. Jaeger, thesis, Berlin, 1917 (unpublished) ; see reference 33. 

61 A frequency effect is to be expected in piezoelectric crystals 
if one compares dielectric constant measurements above and 
below a piezoelectric resonance. The limiting values far from the 
resonance are the clamped and free dielectric constants related 
by the expression ¢,/er=1—?, where & is the electromechanical 
coupling factor (in quartz k~0.1.) See W. P. Mason, Piezoelectric 
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who reported €;,=4.66, ¢,=4.55 at 50 cps and ¢€,,= 4.58, 
€,=4.41 at 5X 106 cps. Rao® has reported €,, = 4.50—4.60, 
€,=4.40-4.50, and has suggested that these variations 
are typical of apparently identical samples. Recently 
Stuart has established that relaxation processes 
associated with impurity ionic conduction can produce 
large effects in €,,. The existence of tunnels in the axial 
direction through which ions can migrate was pointed 
out by Gibson and Vogel.® 

The values listed in Table I for the long-wavelength 
dielectric constants €, €,, are to be considered lower 
limits, since they do not include any resonances beyond 
35 u. However, it is known that there are no reflectivity 
bands out to 300 uw. Therefore the values 


€1=4.5640.04, «=4.32+40.04, 

may be considered a measurement of the static or low- 
frequency dielectric constant. This value of €,, is in 
agreement with Schmidt,** Thornton,® Doborzynski,* 
and Jaeger.” The value of «, however, is lower than 
most of the values previously reported, although it 
agrees with Schmidt.** 

Saksena® has given an interpretation of the infrared 
and Raman spectra of quartz taking into account the 
selection rules arising from the crystal symmetry. He 
finds that the 24 normal modes of vibration of zero 
wave vector can be classified according to their sym- 
metry properties as follows: 4 nondegenerate totally 
symmetric vibrations (Class A) active only in Raman 
spectra, 4 nondegenerate vibrations (Class B) active 
only in the infrared ray, and 8 doubly degenerate 
vibrations (Class E) active in the infrared O ray and 
Raman spectra. The 4 Class B fundamental vibrations 
are most reasonably assigned to the E ray resonances 
having the largest 4ap which are at 9.26, 12.85, 20.20, 
and 27.454. These assignments are the same as 


Crystals and Their A pplication to Ultrasonics (D. Van Nostrand 
Company, Inc., Princeton, New Jersey, 1950). 

® PD. Doborzynski, Bull. intern. acad. polon. sci., Ser A, No. 
6-8A, 320 (1937). 

6 A.A.S.N. Rao, Proc. Indian Acad. Sci. A25, 408 (1947). 

% M. R. Stuart, J. Appl. Phys. 26, 1399 (1955). 

6 G. Gibson and R. Vogel, J. Chem. Phys. 18, 1094 (1950). 
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TABLE II. A comparison of the ordinary ray resonances 
with Raman frequencies. 


> Raman* 
1228 (3) 
1160 (7) 
1082 (4) 
1065 (3) 
794 (5) 
696 (4) 
453 (2) 
395 (5) 
267 (7) 
127 (20) 


7 (cm) 





1227 
1163 
1072 
12.55 (s) 797 
14.35 (w) 697 
22.20 (s) 450 
25.35 (s) 394 
38 (w)> 265 
78 (w)> 128 


® See reference 56. 
> See reference 51. 


Saksena’s except for more accurate values for the infra- 
red wavelengths. The weak resonances at 8.20, 18.9, 
and 19.65 uw are therefore combination bands. The 
resonances in the O ray are compared with certain 
Raman frequencies reported by Krishnan** in Table 
II. The two long-wavelength resonances are from the 
transmission measurements of Barnes.*! The agreement 
is good except for the 9.33-4 resonance which falls 
between Raman lines. The approximate strengths of 
the Raman lines are indicated in parentheses as reported 
by Krishnan; the infrared resonances are indicated 
simply as weak or strong. Since there can be only 8 
fundamentals one of the resonances in Table II must 
be a combination band, and it is probably the 8.15-u 
resonance which is weak in both spectra and relatively 
broad (large y). All the other resonances are moderately 
strong in one spectrum or the other and an order of 
magnitude sharper. 
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Analogous to the theory of the diffraction of x rays and neutrons by the lattice vibrations of crystals, the 
scattering of electrons in a metal by thermal vibrations gives rise to a temperature-dependent Debye-Waller 
factor in the matrix element. The factor is derived and its possible effects on electrical resistivity discussed 
for the case where Bloch functions are used for the electron wave function. A detailed numerical calculation 
for an umklapp process involving a particular phonon was performed, for cesium at room temperature, with 
the result that the new matrix element is about 0.7 times the 1937 Bardeen result, and consequently the 
contribution to the resistivity about 0.5 times the Bardeen value. It is even a possibility that, for some 


phonons, the matrix element may increase. 





1. INTRODUCTION 


N the scattering of x rays, neutrons, and y rays by 
crystals, it has long been known that the tempera- 
ture-dependent Debye-Waller factor enters in the 
expressions for the scattering cross sections. This factor 
represents the effect of the “system fluctuations” of the 
lattice vibrations on the scattering, and tends to 
smooth out sharp peaks in the coherent scattering. 
This results in broadened Laue spots, for example, and 
puts a limit on the proportion of recoilless transitions 
in the Méssbauer effect, for another example. One is 
tempted to ask: Does this factor appear in the ordinary 
scattering of electrons by lattice vibrations; i.e., in the 
transport properties of a metal, and if so, what sort of 
alterations would it cause? 

As may be expected, the Debye-Waller factor enters 
in a simple way on the rigid-ion model with shielding 
if we use plane waves for the electron wave functions. 
[See the K=0 term of Eq. (27) below.] It would 
decrease the resistivity, a result entirely analogous to 
that in the above-mentioned topics. The situation for 
the electrons in a metal is slightly different since they 
are not plane waves, but Bloch functions. That this 
might be significant can be seen from the observation 
that the details of the lattice vibrations that the Debye- 
Waller factor takes into account have to do with the 
motion of a charge which is the rigid-ion core, and at 
the same time the deviation of the Bloch wave from a 
plane wave is mainly significant in the region of the 
cell which is near the core. Thus, we might expect that 
if the effect of the deviation of the Bloch functions from 
plane waves is large, then the Debye-Waller factor may 
be important. Our calculations have shown for a par- 
ticular phonon that the plane-wave result is very close 
to the Bardeen value (which used the nearly free 
electron type Bloch function), but that this is fortuitous 
in the following sense. If one forms the Bardeen result 


* This work was continued at the Argonne National Laboratory, 
Lemont, Illinois, and completed at Westinghouse Research 
Laboratories, Pittsburgh, Pennsylvania. The calculations were 
done with the assistance of A. E. Fein at the Westinghouse 
Laboratories. 


by adding to the plane-wave term the other waves 
which correspond to the (nonzero) vectors of the 
reciprocal lattice (see below), then the series does not 
immediately begin to converge, nor does it seem to 
converge after many thousands of such vectors are 
taken into account. The effect of the Debye-Waller 
factor sets in well before the convergence does. We 
made such a calculation for a particular phonon at 
high temperatures, and there is involved considerable 
computational error; nevertheless we believe it allows 
us to say that the effect of the Debye-Waller factor 
appears not to be a minor matter, at least at first glance. 
In order to get entirely significant results, one should 
compute the total effect on the electrical resistivity, 
say. But it would require such an enormous amount of 
numerical work that it was rejected as unfeasible at 
the present time. 

The derivation of the effect in the electrical resistivity 
is contained in Sec. 2 below, with some intermediate 
steps taken in the Appendices. In Sec. 3, we discuss a 
former calculation of Bardeen in which the effect of 
the deviation of the electron wave functions from plane 
waves had been estimated. It is convenient to discuss 
the Debye-Waller factor effect in terms of the Bardeen 
treatment, and such a discussion concludes Sec. 3. We 
end the paper with a short summary of the character- 
istics of the matrix element that appears in the trans- 
port coefficients of metals. 


2. DERIVATION 


We start from the results of the variational theory 
for the electrical resistivity p. We shall have to appeal 
to a previous paper’ to get our basic expression; the 
details are given in Appendix A. We start then with 


p=C f urdu hf ae P(kk’)[(1—e-*) Se, ey he 


+. (e?— 1) Se Rg n]), (1) 


1M. Bailvn, Phys. Rev. 120, 381 (1960). 
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where C is given by Eq. (A12) in Appendix A. We list 
below some of the notation in (1) and elsewhere. 


k=initial-electron wave vector; E= E(k). 

k’=final-electron wave vector (after collision 
with a phonon); £’= E(k’); 

K= vector of reciprocal lattice, 

s=—k’+k, 

e=e(jo)=unit vector in direction of polariza- 
tion of jo phonon, 

k-k’/kk’ = cos@, 

u=sin(6/2), (u=0---1), 

u(/)= displacement of /th ion from its equilibrium 
position R(J), 

u(k,r)= coefficient in the Bloch function [see 
Eq. (10) ], 

o=phonon wave vector, 

j=phonon polarization index (j= 1, 2, 3) 

w(joe)=phonon frequency, 

w(X)= probability expression in Eq. (5), 

s=hw/xT, 

N=number of atoms in crystal, 

A= volume of crystal, 

Ao= A/N=atomic volume, 

Q(x) = [sin (t/2h)/(at/2h) Pt. 


(2) 


? 


The pseudomomentum law that emerges from the 
transition probability P(k,k’) is of the form [see Eq. 
(21) below | 

=—k’+k=o+K. 


(3) 


The angle brackets in (1) mean an average over all 
interactions k, k’ which have the same |k—k’| magni- 
tude (i.e., over all directions s for a given s). The first 
term in the square bracket of Eq. (1) represents the 
absorption of a phonon; the second term, the emission 
of a phonon. 

The quantity P(k,k’) is what concerns us in this 
article. It is defined from first order perturbation theory 


as 


P(k,k’) => (93) w(9) © (g7’) 4? | (kU | BV | kav) |? 


XOLE(kK)+ E(0)— E(k’)—E(0’) J, (4) 


i.e., a sum over the final phonon configurations Xi’ and 
an average over the initial configurations M1, the 
weighting factor in the average being 


w(N)=]] (1—e-*) exp[—n(jo)z]. (5) 
@) 


A configuration for the phonons specifies the 3N occu- 
pation numbers n(jo). These numbers are designated 
as n(ja)’ in the configuration N’, etc. The quantity 2 
acts like a delta function and gives as usual 


siny\? 
farocer— n+ 2000) E0)]=28 fay *) 
y 


= 2ahilE’— E+E(n')—E(2)], (6) 
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where 6 is a Kronecker delta function. The wave 
function VW for the system is written as a product of an 
electron wave function ¥(k’,r) and the phonon con- 
figuration wave function &(9U), the latter itself a product 
of 3N functions for the phonon modes. Thus the matrix 
element can be written 


(k’ St’ | 6V | kot) = (o0’ | (k’ | 6V | k)| 90). (7) 
Now the perturbation in the potential will be assumed 
to be such that the shielding of the ion by the con- 
duction electrons, and the “‘antishielding” of the given 
electron by its accompanying hole can be accounted 
for in the form 


(k’|6V | k)=S(k,k’)(k’ | 8V ion | k), (8) 


where 6Vion is the perturbation from the ions alone. 
The justification for (8) is that there are many calcu- 
lations which yield precisely this result.2* Even if the 
electron wave function is not a plane wave, but a Bloch 
function, a sum of such terms will result, and our 
considerations will then apply to each term.‘ The 
shielding factor S thus can be removed from the matrix 
element. 
5V ion is computed on the rigid ion model as 


5V ion (8) =>. [or — RW) —u())—v0@@—-R(D)], (9) 


where u(/) is the displacement of the / ion from its 
equilibrium position R(/), and v(r) is the potential at 
the point r from an ion at the origin. »(r) should contain 
exchange effects between conduction and core electrons, 
and core polarization effects. We shall use Bloch 
functions 


v(k,r) = A-te™* tu(k,r) 
A~e'®*[uo(r)+ui(r)+---], (10) 


where u(k) [not to be confused with u(/)] is periodic 
with the periodicity of the lattice. We can then write 


(k’ | 5V ion | k) 


=) 4 if ar e** 'u(Kk,r)u(k’,r)* 


l 


x[o(r—R(J)—u(l))—o(r—R())] (11a) 


=> ene f ay vy (k,x)y(k’,x)* 
l 
x [o(x—u(l))—»(x)]. 


(11b) 


In going from (ila) to (11b) we have changed the 
variable of integration from r to x=r—R(/) and em- 
ployed the periodic nature of u(k,r); i.e., w(k, r+R) 
=u(k,r). To proceed, we Fourier-analyze the ion 

2 J. Bardeen, Phys. Rev. 52, 688 (1937). 

3M. Bailyn, Phys. Rev. 117, 974 (1960); see Eq. (29). See also 
D. Hone, Phys. Rev. 120, 1600 (1960). 

4See reference 3, left-hand column of p. 981, Eq. (24) would 
keep the sum over that appears in Eq. (15). 
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potential : 


o(t)=N> Dy nye 
1 ce 
u=— f e*4-Ty(r)d*z, 
Ao 
giving 


o(x—u(l))—v(x)=N >, v,e7*4 *Le't 8 — 1 J. 
Thus we find upon substituting (12b) into (11b), and 
the result into (7), 

(k’9U’ | 8V ion | kIT) = N+ Fg e** 2 0,U (kk’,q) 
« (ot’ | eft" —1| 0), 


(12a) 


(12b) 


(13) 
where 


U (kk’,q) = f dr V(k,x)y(k’x)*e-i-*, (14) 


crystal 


In the plane wave approximation, U (kk’,q)=6,,,. The 
crux of our discussion lies in obtaining the displacement 
u(/) in the exponential in (13). For we see immediately 
that the techniques used in neutron diffraction work 
are now applicable without further ado. 

Substituting (13) and (8) into (4) and then inte- 
grating over E’ and using (6), we get 


2m |.S(k,k’) |? 
fran az -— Pd a > p es RO-RO) Ip 9 .* 
h N?2 lq U'q’ 
x U (kk’,q) U (kk’,q’)*T (qi,q‘7’), (15) 
where 
T (ql,ql’)=% w(N) L 6LE’— E+ E(N’)— E(N) ] 


X(N’ | eft 8M — 1 | MN’ | ef” 8 —1/ 9)*, (16) 


We shall consider only single phonon processes defined 
by the state Xv’ differing from 2% by one mode having 
one more or one less quantum. In Appendix B we 
derive from the published methods® the following 
expression for T: 


T (ql,ql’) = Die Qa ja)Qq (jo)* 
x {exp{io- [R(1)—R(’)]} no( jo)5(E’ — E— hw) 
+exp{—ie-[R(J)—R(’) ]} [no( jo) +1] 
X5(E’— E+hw)} exp{—[W(q)+W(q’)]}, (17) 


where W is the well-known quantity appearing in the 
Debye-Waller factor: 


er, ee ee = 
W(q)=4 > —————(q: e)? coth—— 
8 & IM Nw( je) xT 


hw 
coth——- - - 
2xT 


~}.} CS ee 


~ = ¢ 
* §¢ 2MNw( jo) 


cubic symmetry, (18) 


5L. S. Kothari and K. S. Singwi, in Solid-State Physics, edited 
by F. Seitz and D. Turnbull (Academic Press, New York, 1959), 
Vol. 8, p. 109. The relevant pages are 117, 118, 125, and 126. 
Some errors there will be corrected by the authors at a later date. 
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where mo(je@) is the equilibrium occupation number of 
je phonons 


no( ja) = (e*—1)"", (19) 


and where Q (differing slightly from the notation of 
reference 5) is 


i 


h , 
Q0,(je)= (..-) q:e(jo). 


(20) 
2M Nw 


The second form in (18) follows because of cubic 
symmetry.® 

Substituting (17) into (15), we get momentum delta 
functions 


> exp[z(s+e)-R(l) |= Ni(stoe+K), (21) 


which select out, for a given s, one and only one o, K 
in the @ sum in (17). K is a vector of the reciprocal 
lattice. For the rest, we get 


2r 

f P(kk’)dE’ = —{no( jo)8(E’— E—fw) 
ih 

+[no(jo)+1 ]6(2’— E+tw)} (Y- 2)? 

h 

< |. S(k,k’) | ’ 

2M Nw 


where 


Y(k,k’) =>", qv,U (kk’,q)e-", (23) 


This is our basic result. Instead of the usual matrix 
element, we get Y, which is temperature dependent 
through W. 

Substituting (23) into (1), we get finally 


2x fh? |Y-e|? 
p= A— —— fea — ——_—— -) 
h 2MN (e*—1)(1—e-*) 


x | S(k,k’)|?. (24) 


It is worthwhile making a simplification here. From 
Eq. (14) we have 
1 ‘ ‘ 
U (kk’ ,q)=— f d*y ei(k—k’—@ -ty4(k r)u(k’r)* 


crystal 
; =6(s—q—K’)U xx *’, (25) 


where 


1 
Uwe =— f d*y e*®’ -ty(k r)u(k’,r)*, (26) 
Ao “cet 


(i.e., q can differ from s only by some reciprocal lattice 
vector K’). Hence 
Y(K,k’)=Dox-(s—K’)05_x Ure® "©", (27) 
In the case of plane waves, U,,-*’ =x: 9, and we get 
Pp ) g 
Y(k,k’) = sv,e-”- - -_plane waves. (27') 


* The author is indebted to Dr. A. Maradudin for pointing out 
that this is rigorous for cubic crystals. See for example R. E. 
Peierls, Quantum Theory of Solids (Clarendon Press, Oxford, 1955), 
p. 66. 
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Thus, for plane waves, the new effect is to multiply the 
old matrix element squared by e?”™, the Debye- 
Waller factor. This factor would then enter linearly in 
the integrands of the electrical and thermal resistivities, 
and all other transport coefficients involving thermal 
scattering, and would always decrease the resistivity. 
The case of Bloch waves is discussed in the next section. 


3. COMPARISON WITH THE BARDEEN 
CALCULATION 


The by now standard calculation of the electron- 
phonon scattering matrix element was originally pre- 
sented by Bardeen’; and subsequent discussions* have 
only extended his approach. Therefore it is instructive 
to compare the calculation here with the work of 
Bardeen. In the latter, the plane-wave approximation 
was used in obtaining the shielding factor, so that Eq. 
(8) is valid. The potential in (9) was expanded in powers 
of u and only the linear terms kept. The linear terms 
there correspond to the terms linear in wu in the ex- 
pansion of the exponential in Eq. (13). If the two 
treatments are then compared, it is not difficult to 
show that our Y corresponds to the integral 

Yeardeen= i(k’ | Vo| k) (28) 
of Bardeen’s treatment. If we wish to further compare 
the two, we should drop the e~” factors in Y [for this 
factor corresponds to taking the terms nonlinear in u 
in the expansion of the exponential in (13) ]. Thus we 
should identify (28) with 

Y=)» vs_x’U xr ®’ (s—K’). (29) 

That (28) and (29) are identical can be seen by 
expanding the quantity m* in a Fourier series. In terms 
of the U* of (26), we have 

uo(r)?= 2x UFe'™t, (30) 
Substitution of this into (28) yields by integration by 
parts 


YBardeen=? » is um fer s—K’) -'Vyd5y 
K’ 


=5 U¥’ f eile) -t(g— Kd 
K’ 


=> (s—K’)U*'v,_x, (31) 
x’ 


which is precisely (29). 

Bardeen then separated the integral in (28) into an 
integral Y,; over the zeroth cell plus an integral Y, over 
the rest of the cells. In Y2, the potential was approxi- 
mated as e?/r and the wave function, for the purpose 
of calculation, as a plane wave. Thus Y, is just the 
Fourier coefficient of the potential, with the zeroth cell 
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removed. In Y;, Bardeen set 
Y; _ (k’| Vv k) cet _ Yi%+Yy’, 
Y,” - (k’ | Vor | k).e11, 
Y,’= —(k’| Vve| k) ccs, 


(32) 


where v7(r) is the total potential of the electron in the 
zeroth cell, and where the ion part (v) of this is obtained 
by subtracting off v, which was taken by Bardeen to be 
the potential of a uniform negative charge, represen- 
tative of the other conduction electrons. Strictly 
speaking, one should add a term Y,""= —(k’| Voex| kK) conn 
which would represent the subtracting off of the ex- 
change potential vx of the conduction electrons from 
one another. However the exchange potential is fairly 
constant as a function of r (i.e., the exchange hole 
“follows” the electron), and its gradient is neglected. 
Thus Y,’ is the “zeroth cell Fourier coefficient” of a 
uniform positive charge distribution. Now it turns out 
numerically that the first term on the right, Y,°7, in 
(32) is usually very small. Hence Ypardeen22=¥1’+Yoe, 
corresponds to the Fourier coefficient of a potential 
arising from a uniform positive charge when r is in the 
zeroth ceil and from a point charge (which amounts to 
the same thing) when r is outside the zeroth cell. That 
this is in effect an almost equivalent ‘“‘pseudo-potential” 
to the Bardeen model was pointed out by Brooks.’ 
Thus one can use either modulated plane-wave functions 
and the correct potential, or modulated or unmodulated 
plane waves and the pseudopotential 

fr Se 
Ve————— +, <I} 

Ae 2, 


(33) 


r>T1s. 


The true potential and (33) are rather similar (—e?/r) 
near the edge of the cell, but they differ enormously 
near the center. 

Thus if we leave off the Debye-Waller factor, there 
are two equivalent ways of computing Y: (1) by 
summing the series (31); and (2) by using the closed 
form result of Bardeen (i.e., Y=Y,'+Y:2). Unfortu- 
nately, when we include the Debye-Waller factor, 
there does not seem to be any closed form expression 
(although some hope for this still exists), and we are 
reduced to evaluating the series (27). In the calculations 
described in the next section, we have for a particular 
s computed both series (27) and (31). In the final 
section we compare the various cases. 


4. A DETAILED CALCULATION FOR A 
PARTICULAR PHONON 


In order to get some idea of the effect of the e~-” 
factors in (27), we have not been able to avoid doing a 


7H. Brooks (unpublished notes). 
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detailed calculation of each K term, and then summing 
over K. To do this we must choose a particular s, i.e., 
a particular phonon. To get from such a calculation to 
the electrical resistivity, one would have to add the 
results from many s’s and average the result in the 
appropriate way. Such a comprehensive calculation 
seems unfeasible at the present time, and we have 
restricted ourselves to just one s, hoping that this 
glimpse will give us some idea of whether or not the 
Debye-Waller factors may be important. 

Fortunately, Callaway and co-workers and others* 
have calculated the potentials and the wave functions 
for the alkali metals. We chose rubidium for our 
example, and for our s we chose an umklapp process 
with 


s = 24o(1.1,0.9,0), (34) 


where ko is the wave vector at the Fermi level. The 
magnitude of this s is about 2», and its direction is 
approximately (but by design not precisely) in the 
[110] direction. Thus it corresponds to an umklapp 
process involving a phonon of very small wave vector 
in which the electron changes direction by 180°, i.e., 
it corresponds to an important scattering process. We 
chose a room temperature value for the coefficient of 
g in (18): 
W (gq) = (gan)?A, 
A=0.3304. 


Here a, is the Bohr radius so that ga, is dimensionless. 
The wave functions we used from Callaway and 
Morgan® were of the form (10) including only the 1» 
term. Hence the quantity Uxx-™ of (26) depends only 
on K, and we can relabel it U*. The angle integrals in 
U* and », can be performed immediately, and the 
resulting expression from which we computed was 


Y=-— BZ, 
92 1 


(36) 


a (37) 
2 a; ps® 
Ps sinxp 
Z=)>, (—») f (puo)*——-dp exp(— A | «—«|?) 
% 0 


Kp 


2 cos(|«— x! p,) p 
fests oes 
}e—«/|? 0 


Here we introduced the dimensionless quantities r= as; 
kK=anK ; p=r/an; ps=1,/an; P=0(r)[e*/(2a,) |. In the 
v, integral we made the same approximation as 
Bardeen*; namely in the region r>r,, we used plane 
waves and v(r)=e?/r. 

The reciprocal lattice vectors K for the body-centered 


sin(| «<— |p) 
p°b— : 


§ The following articles contain the potentials for Li, Na, K, 
Rb, and Cs in that order. W. Kohn and N. Rostoker, Phys. Rev. 
94, 1111 (1954); E. Wigner and F. Seitz, Phys. Rev. 43, 804 
(1933); J. Callaway, Phys. Rev. 103, 1219 (1956); J. Callaway 
and D. F. Morgan, Jr., Phys. Rev. 112, 334 (1958); J. Callaway 
and E. L. Haase, Phys. Rev. 108, 217 (1957). 


BAILYN 


Taste I. The numbers here are the components of Z in Eq 
(38). The results denoted by the superscript DW are those in 
cluding the Debye-Waller factor. The row ‘‘Bardeen” corresponds 
to the result from a computation similar to that in reference 2. 


Box Bs Z, Zz 
—13.12 —10.73 
—11.29 —9.38 
—11.31 —8.80 
—15.17 
—16.19 
— 15.99 
— 15.39 
— 15.53 
— 15.87 

9 — 16.50 

10 —17.06 

11 — 17.56 
Bardeen —12.4 


Z,PW Z,?W Z.PW 
z 4y ‘2 


~ 
— 


— 10.94 8.95 
—9.86 —8.21 
9.23 —7.11 
8.97 6.96 
-8.84 6.85 
83 6.84 
8.85 6.86 
85 6.80 
8.85 —6.86 
85 —6.86 
85 —6.86 
8.85 6.36 


| 
-_ 


Cn Ue wre 
| 
NRNNNNK 


~ 


| 


Sw ww 


alkali metals form a face-centered lattice with points at 


K= (22/a) (g1,2,83), 
(39) 
a= (8/3) ir,. 


The components refer to the orthogonal axes of the 
crystal of unit cube edge a. Not all combinations of 
integers gigogs are allowed: only those for which the 
sum gi+g2+¢; is even correspond to a reciprocal lattice 
vector. 

The various K’s were regarded as lying on “shells” 
and in “boxes.” A shell is the surface of a cube, the 
box is the volume. The first box is bounded by 
—1<g;<1 (¢=1, 2, 3), and its surface is the first shell. 
The second box is bounded by —2<g,<2, and the 
second shell is its surface. And so on. The number of 
possible combinations gigeg3 in the mth box is (2m+-1)°. 
Of these the number of reciprocal lattice points is 
almost exactly one-half, the error being less than unity. 
For example, for n=1, the true number is 13, the 
computed number 13.5. The zeroth box contains the 
one term K=O, and corresponds to the plane-wave 
result. 

In this way, we computed the series (27) and (31) 
up to 11 boxes, that is, including 6083 reciprocal lattice 
vectors. The results are in Table I. See also Table IT. 


5. DISCUSSION 


We see from Table I that the series not including the 
Debye-Waller factor does not appear to begin to 
converge even after about 6000 reciprocal lattice 
vectors have been calculated. (The converged value 
should be the Bardeen result in Table II.) A possible 
explanation of this, and a significant fact anyway is 
that the integrals U* and »v, performed by the machine 
only computed 36 points in the region r<r,, these 
points corresponding to some of the points listed by 
Callaway and Morgan.’ However the convergence of 
the series at large K depends to a great extent on the 
heavy canceling of plus and minus contributions in 
these integrals arising from the presence of the factors 
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sinKr and sin({s—K|r). Therefore the details of the 
convergence are not significant in the series not in- 
cluding the Debye-Waller factor. At best the first few 
shells and the converged value of the case including 
the Debye-Waller factor may be qualitatively reliable. 
As a check we computed graphically by hand the factor 


ve sinxp ; 
f (puo)>——dp~ U® 
0 Kp 


for a K in the 11th shell (with K = 10.99), interpolating 
between the values the machine used. Our result was 
— 1.08, the machine gave —1.28. Thus an error of 25% 
in the individual term resulted in this extreme case; in 
the lower shells the error is far less, of course. Just as 
the whole terms tend to cancel, so do we expect the 
errors to; nevertheless, the numerical results must be 
regarded very cautiously in the light of this con- 
sideration. We believe that the first few shells are 
reliable, and our subsequent discussion presumes this. 

For the case calculated, we notice that with the 
Debye-Waller factor, we get a resultant value of Y 
about 0.7 times the Bardeen result (this is about twice 
the plane-wave Debye-Waller effect), implying a 
corresponding reduction by 4 [= (0.7)? of the contri- 
bution to the resistivity. It is not safe to assume, 
however, that this would be the way in which the total 
resistivity does change, because for different s vectors 
(even with the same s magnitude), the alteration 
might be a greater decrease or even an increase possibly. 
It is hard to see how to estimate the total effect. 

The case calculated was for room temperatures. For 
low temperatures, the coefficient A in (35) becomes 
smaller (see Table III). The Debye-Waller factor effect 
we anticipate would then be smaller, although even this 
is not certain, since so much depends on the details of 
the cancelation of different K terms. 

Finally we remark that the direction of the resulting 
matrix element is not the same with the Debye-Waller 
factors included. The ratio of the y component to the 
x component is given in parentheses in Table II. It is a 
change of only a few degrees. There seems to be no 
formal reason why it should be the same. 

In a naive way, one can argue that the Debye-Waller 
factor effect may be larger at high temperatures for 
cesium and rubidium than for sodium and potassium 
(since A is larger, see Table III), and hence, if the 
trend indicated by our spot calculation is representative 


TABLE II. The values for the magnitude of Z [see Eq. (38) ], 
with the ratio Z,/Z, in parentheses. The Bardeen result is that 
provided by the model of reference 2; the D-W value is the con- 
verged result of (38) including the Debye-Waller factor, as 
obtained from Table I; the PW entrees are the values for the 
K=0 term in (38) with and without the Debye-Waller factor. 


D-W 


11.2 (0.78) 


Bardeen 


PWsa 
17.0 (0.817) 


PW pw 
14.1 (0.817) 


16.1 (0.817) 
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Taste III. Values for A [see Eq. (35) ] at high and low 
temperatures. These are rough values. 


Rb 


Li Na K 


0.027 
0.3304 
5.21 


0.030 
0.270 
4.84 


A (0°K) 
A (300°K) 
r,/an (300°K) 


0.035 
0.070 
3.21 


0.032 
0.150 
4.00 


for an average over all s’s, the resistivities will be 
reduced by greater and greater amounts as we go from 
sodium to cesium. This at high temperatures would 
make agreement with experiment worse than it already 
is.! However, we regard such an estimate as idle specu- 
lation since the actual effect on the transport coefficients 
can hardly be estimated from the solitary example 
so very crudely computed in this paper. 


6. SUMMARY 


It has long been known that deviations of electrons 
in metals from perfectly free electrons play an im- 
portant role in understanding metallic phenomena. 
This deviation can be discussed in terms of the deviation 
of the energy surfaces from perfect spheres in k space, 
and also in terms of the deviations of the wave functions 
from plane waves. In semiclassical transport theory, 
the former gives rise to effective mass and velocity 
considerations, and considerations concerning the 
geometry of momentum transfer. The wave-function 
deviations give rise to the details of the scattering 
matrix element. The two are of course closely related. 
Bardeen? has given an account of how the deviation 
from plane waves will alter the cross section of the 
scattering. Some additions to his approach have been 
considered in reference 1. These reflected the details 
of the wave function also, and tended to increase the 
matrix element over the Bardeen value, especially in 
the umklapp region of scattering. We have shown in 
this paper that when the phonon “system fluctuations” 
are taken into account in the single-phonon processes, 
Debye-Waller factors enter into the ion potential 
perturbation matrix element in a rather complicated 
way that indicates a kind of interference of the detailed 
ion motion and the detailed nature of the wave function. 
Very tentative indications of a not altogether reliable 
spot calculation are that this results in a decrease of the 
matrix element from the Bardeen value. For quanti- 
tative results for the transport coefficients, we feel that 
in addition to matrix element improvements, the details 
of the spectrum are also very important,! and that the 
theoretical estimates now available must be improved. 

Finally there are questions of a more general nature 
that one is stimulated to ask, once there is a possibility 
that effects of the higher order terms in the potential 
expansion in powers of u, the ionic displacements, may 
not be negligible. First there is the question of higher 
order perturbation theory. Everything so far has been 
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in the context of first order perturbation theory, but 
the nth order perturbation effects are proportional to 
u", and these then resemble our “higher first order” 
effects which lead to the Debye-Waller factor. Un- 
fortunately higher order perturbation theory in this 
problem seems to be orders of magnitude more difficult 
to calculate than first order perturbation theory, and 
we can do little more at present than point wistfully 
in this direction. On the other hand, one can do some- 
thing about relaxing the restriction to single-phonon 
processes in first order perturbation theory. The effect 
of two-phonon processes has been calculated,® and has 
been shown to be of the order of 4% or less in the 
electrical resistivity. Hence we suspect that no major 
effects are to be looked for in this direction. However, 
multiphonon processes occur in higher order per- 
turbation theory, and may well play an important role 
there. 

Another question that can be raised is how good the 
potential model is. What we have done in this paper is 
to take the rigid-ion model with shielding seriously. 
But one can question whether the model is that accurate 
to warrant such seriousness. One can argue that the 
model might be all right for first order effects, but 
anything of greater detail cannot be expected of it. 
In particular, one can recall that the “deformable-ion” 
model has some validity to it, whereas the rigid-ion 
model ignores any deformation of the ion core. Here 
again all we can do is point and say that possibly an 
improvement of significance lies in this direction. Our 
attitude is. that if one takes the rigid-ion model with 
shielding seriously in first order perturbation theory 
and with single-phonon processes, then it leads to the 
Debye-Waller type effect as discussed above. 


ACKNOWLEDGMENTS 


The author is grateful to Professor Harvey Brooks 
for permission to see some notes before publication, and 
for many discussions on the Bardeen theory, to Dr. 
Singwi and Dr. Sjolander for discussions on the Debye- 
Waller factor, to Dr. Maradudin for discussions on a 
variety of topics, and to Dr. A. E. Fein for unstinting 
aid in programming the calculations. He is also grateful 
for a National Science Foundation grant which partially 
supported the research. 


APPENDIX A. DERIVATION OF EQ. (1) 


We start from the variational principle! expression 
for the electrical resistivity p=doo/ac, where on the 
effective mass approximation [see reference 1, Eq. 


(A8)] 


m ie 
= —-— — (Al) 
- : m* hAy 


® E. Franzak and M. Bailyn, Bull. Am. Phys. Soc. 5, 280 (1960). 
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and where 


ra dE 
adhe ~_(* *) - f feseise f— 
4? 82°xT qh? |VE| || VE’| 
(fae P(kk’)) fol— fe) | VE’—VE|?. 


This latter comes about from substituting into [see 


reference 1, Eq. (A6) ] 


mo 
inn ——(~ ‘) five AVE.) Pk (A3) 


the expression” 


af A 
—) =L()=— | Pk) fl 
(5) ees J Pm 


<(1— fo(E’) Ix(k’)— 
Here the electron distribution is 
f= fo- (A fo ‘OE)x ( k), 


where fo is the Fermi function. We have assumed cubic 
symmetry so that vector component products VE,- VE,’ 
were replaced by VE-VE’/3. The integral dS¢g is over 
the surface of constant energy FE. The differential 
volume element was written 


@k = (dSz 


(A2) 


x(k) ]d*k’. (A4) 


(A5) 


(A6) 


The £’ integral will employ the delta function of 
energy for single-phonon processes so that £’ will 
equal Ew. We anticipate this result [see Eq. (6) 
above ]. The £& integral will then be simplified because 
of the presence of fo(1— fo’) which also acts as a kind 
of delta function. For the two cases of emission and 
absorption of a phonon, we get 

a 
f dE fi E)[1— fo(Ethw) | 

: =tio(1—e-*)1- +, 

=hw(e?—1)-!---, (A7) 
The rest of the integrand is taken out at its value on the 
Fermi surface, and the two surface integrals are over 
the Fermi surface. 


1 *4 |VE’—VE|? 
dy=— ~-(~ —) - J fesas— eae 
4n® 8a°xT VE| |VE’| 


x f dE’ P(k,k’){ rg talie stata 
+(e*—1)-5(E’— E+tw)}. 


The surface elements can be written 


2M* 
esas’=( -)¢ ff fa cossisie’ fa cos, (A9) 


"WH. Jone Jones, in Encyclopedia of Physics, edited by S. Fliigge 
(Springer-Verlag, Berlin, 1955), Vol. 19. 


E'=E+tw 
E'= E—hw. 


(A8) 
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where 6’, ¢’ are the polar and azimuthal angles of k’ 
relative to k as polar axis; and 6, @ are the angles k 
makes with respect to some arbitrary polar direction. 
0’ is thus the angle of scattering. 

Now if we keep |k—k’| magnitude fixed, and the 
tip of k fixed (i.e., 6), then the tip of k’ traces a circle 
on the Fermi surface as ¢’ takes on values 0- - - 2x. The 
k integral §fd(cos@)dp then in effect moves this 
circle over the Fermi surface to all possible posi- 
tions with equal weighting. Thus for a given 6’ 
(i.e., for a given k—k’ magnitude), the three integrals 
JS SJ JS d(cosé)dodg’ correspond to averaging k—k’ over 
all directions with equal probability : 


Jf fatcosmascg’ — ane ) ek’ (A10) 


The angle brackets designate this average. The factor 
8x arises from the product of 2 (from the cos@ range) 
24 (from the @ range) and 27 (from the @¢’ range). A 
more general discussion of the integration of (A2) was 
made in reference 1. The above is a short-cut to the 
result for a spherical Fermi surface. (The important 
point is that for a given |k—k’|, one must average 
over many o’s if one is in the umklapp range. This 
point is discussed in reference 1, but is not relevant to 
the argument of the present paper. However, it was 
thought worthwhile to derive here the resistivity 
expression incorporating this average.) 
Defining u=sin (6/2), we get 
| VE’—-VE|? 
1VEI — (Al 1) 
t| | VE"! 
whence from (A8) we obtain Eq. (1) above, with 
N 8 Av%&?(m*)4 


@ 3x 


; (A12) 
h'e? 


APPENDIX B. DERIVATION OF 7 (ql; q'l’) 


In Eq. (16), we consider only “single-phonon 
processes,” defined as processes for which ’ differs 
from 9 by one phonon mode having an occupation 
number of one greater or less. These can differ from 
the single-phonon processes which are defined as 
processes in which one phonon mode changes its 
occupation number by +1 in that in the former, proc- 
esses are taken into account in which a second phonon 
may get emitted and absorbed, and in which still a 
third may get emitted and absorbed and so on, all of 
which additional emissions and absorptions appear in 
emission-absorption pairs so that there is no effect on 
the state 9U’ from these other phonon transitions. 

The factors 1 in the matrix element in Eq. (16) will 
yield zero for single-phonon processes. 

The quantity u(/) is expanded in normal modes in 
the customary way°®: 


q:u(l)=> ie Oq( jo) {a( jo) exp[ie- R(/) ] 


+a(jo)* exp[—ie-R(/)]}, (Bi) 
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where the Q’s are given by Eq. (20) above. The matrix 
elements of the a’s are then 
(n\a|n+1)=(n+1|a*|n)=(n+1)!. (B2) 
From Eq. (4.6) of reference 5 we have 
(90' | expLiq-u(Z) ]| 90) 
= in(j101)*O4( jie) explie,- R(/) |F(91,q), 
HM = {n(jr91), n( joe), 7m (B3) 


‘N(janGsn)}, 


NM = {n(jroi1)+1, n(jooe), ---n(jawosn)}, 


where 


F (Nq) = II Fain (jo,q), 
Ig 


F n,n(jo,q) =(n(je) | exp{id, (je) 
X[exp[ie-R(/) Ja( jo) 
+exp[—io-R(l) Ja*(jo) |} |n(je)). 

In a parallel manner one can show 

(| exp[aq-u(2) ]| 90) 

= i[_n( qoi)+ 1 a dg ( ie } 
Xexp[—ie,-R(J) ]F(9q), (BS) 
31M = {n(jioi) +1, n\ J2@2), padi n(jan@sn)}, 

3=as in (B3). 

For a given 9, the sum over 9X’ in (16) will then be 

a sum over (B3) and (B5) and over the 7,0; singled out 

in (B3) and (B5) (there labeled 7:¢,). Thus 


T (ql; q'l’)= XS Qg(jr101)Qq (ji01) 


ng 
X {exp {io,- [R(/) — RU’) ]} X (jie1; qq’) 
+exp{—ioi-[R()—R(’)}} 


XX (jie; qq’) +X’(qq’) }}, (B6) 


where 
(B7) 
(B8) 


X’(qq’) =X w(N)F (Ng) F (Nq’)*, 
X (j101; qq’) = KH w(N)n(j191) F (Ng) F (Nq’)*. 


Methods for evaluating X and X’ can be found in 
reference 5 [see Eqs. (4.8) and (3.9) of that reference ] 
and in the paper by Weinstock." In our case, we do 
not have F(9iq)* as in these references, but rather 
F (Sig) F (Siq’). By exactly the same methods, however, 
it is not difficult to show that the difference between 
q and q’ can be taken into account by the result 


X’(qq’)=e- 7 +1, (B9) 


(B10) 


X (frei; qq’) =no( frase FW), 
where W (q) and o( je) are given by Eqs. (18) and (19) 
of the text. Substitution of (B9) and (B10) into (B6) 
yields the desired result: Eq. (17). 


1! R. Weinstock, Phys. Rev. 65, 1 (1944). 
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8 (99 min) 

The Méssbauer effect is observed in Ni®™. The Ni®* was obtained by Ni™(p,a)Co™ — Ni®!*, 
giving a nickel Méssbauer nucleus in a Ni* host lattice. The magnitude of the effect at 7=80°K is about 
4% for a 400 mg/cm? absorber foil (natural nickel). From the thickness dependence we obtain fsource= fabs 
= (9+1)% for the Debye-Waller factor at T=80°K. The temperature dependence yields a Debye tempera- 
ture varying between 413° and 437°. The velocity dependence has a half-width of 1.65 mm/sec. The spec- 
trum deviates from the Lorentz shape expected for a single line. A recent electronic determination of the 
lifetime of this 71-kev state indicates a natural half-width of 0.37 mm/sec. The increased half-width and 
shape of the spectrum observed in our experiment may be understood in terms of a magnetic hyperfine 
splitting. The moment of the ground state is known. The internal field H and the magnetic moment y, of 
the first excited state are unknown. An analysis of the data gives a connection between the two quantities, 


pe(H). 


I. INTRODUCTION 


HE most interesting nucleus available for the 
Mossbauer effect so far, is probably Fe*’. Be- 
cause iron belongs to the ferromagnetic metals, many 
nice experiments were possible: determination of nu- 
clear moments, internal fields, etc.' There exists yet 
another ferromagnetic nucleus, Ni®™, with Méssbauer 
properties: stable isotope, 71-kev excited state with a 
reasonable lifetime, low internal conversion, and high 
Debye temperature. Surprisingly, this nucleus is not 
listed in Nagle’s “Table of Méssbauer Candidates” 
(reference 1). There are, of course, some possibilities of 
producing the 71-kev state of Ni®™: Coulomb excitation, 
B- decay (Co"™, T,;=99 min) and B* decay (Cu®, Ty 
=200 min). In spite of the relative short half-life of 
Co® we have chosen the 8~ decay. The 8* decay is con- 
nected with a high gamma-ray background. The 
Coulomb excitation has some problems of a solid-state 
nature (e.g., knocking out of the atom from the lattice 
site), which have not been solved yet. 
The Ni® states involved (Fig. 1) have closed proton 
shells. There are five neutrons in the p; and fy levels 
outside the closed 28 shell. The 71-kev state may be 


co” (7), =99 min) 
on 


ee 
Ne } ~ 1,3 Mev 
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~~ 
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Fic. 1. The pertinent nuclear data are indicated in the dia- 
gram. The lifetime of the 71-kev state is now known: Typean 
= (7.6+0.7) X10~ sec. 


* On leave from University of Erlangen, Erlangen, Germany. 
1 Mossbauer Effect Conference, University of Illinois, Urbana, 
Illinois, June, 1960, edited by H. Frauenfelder and H. Lustig. 


understood as a single-neutron state (/;). In the ground 
state (p3)~'(/;)* one of the p; neutrons is lifted to the 
fy level (pairing energy). The 71-kev y radiation is an 
M1 transition (see Sec. V). An M1-transition pj— /; 
is / forbidden. In agreement with this prediction, the 
measured transition probability is, indeed, much smaller 
(about 1/100) than /-allowed M1 single particle transi- 
tions of the same energy. This single-particle situation 
allows some statements about the magnetic moment of 
the excited state. 


Il. PROCEDURE 


Méssbauer experiments may best be understood if 
the host lattice of the source is of the same kind as the 
nucleus emitting the resonant radiation. In order to 
obtain the excited state of Ni® in a nickel lattice, 95% 
enriched Ni* was bombarded in. the ORNL 86-in. 
cyclotron. The proton energy of this cyclotron is about 
22 Mev. The reaction is 

8-(99 min) 
Ni™(p,a)Co® — Ni®*, 
The Ni® was electroplated* (for example, 40 mg/3 cm*) 
on an aluminum backing. The cyclotron bombarding 
time and beam current were chosen so that a maximum 


74 kev Ni*" (7; = 99 min) 
2 


ROOM BACKGROUND 
510 kev 


200 300 400 
PULSE HEIGHT (arbitrary units) 


Fic. 2. The spectrum shown was obtained 40 min after 
irradiation in the cyclotron. The 71-kev gamma ray is the only 
prominent gamma ray. The background is taken as the shaded 
area. The spectrum was measured at intervals of 30 min 

* See, for example, Modern Electroplating, edited by A. G. Gray 
(John Wiley & Sons, Inc., New York, 1953) 
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Fic. 3. A schematic diagram of the equipment used in this experiment shows the relative orientation of the source, absorber foil, 
and gamma detector. A synchronous motor, not shown, is used to drive the cam. The coupling is an O-ring belt. 


of 10‘ counts/sec would be observed for our geometry. 
Cleanliness of the source is clearly demonstrated in 
Fig. 2; the predominate line is the 71-kev gamma. 
After bombarding the Ni®™ with 22-Mev protons, a 
sizable fraction of the Co* nuclei should be displaced 
from normal lattice sites. In order to repair such radia- 
tion damage, the source was heated to 500°C for five 
minutes. The absorber foils used throughout this experi- 
ment were natural nickel (1.25% Ni*). The largest foil 
thickness used was 825 mg/cm’. 

The probability, /, for recoil-free gamma emission, 
computed on the basis of the Debye model, suggested 
that the measurements could be done at liquid nitrogen 
temperature. The source and absorber were located in 
the same low-temperature bath and the absorber was 
moved relative to the source. 


Ill. APPARATUS 


The copper chamber shown in Fig. 3 served as a 
low-temperature cavity and contained the source and 
absorber. The liquid nitrogen was contained in an ordi- 
nary Dewar flask. The area within the chamber was 
kept free of ice by circulating dry nitrogen gas through 
it. Measurements using a copper-constantan thermo- 
couple showed that the source and absorber could be 
maintained at temperatures between 77°K and 80°K 
without difficulty. Insulation of the copper chamber 
from room temperature was obtained by means of thin 
stainless steel tubes extending down from the brass 
cover plate. The absorber was supported on a Lucite 
ring attached to a stainless steel tube. 

A shaped cam determined the motion of the absorber 
foil attached to a push rod. The cam was coupled to a 
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continuously variable mechanical speed reducer and a 
synchronous motor by an O-ring belt, which allowed 
a continuous range of velocities from 0 to 10 cm/sec. 
Two cams were used during this experiment—cam A 
generated a triangular velocity distribution (i.e., con- 
stant acceleration) and cam B generated a square ve- 
locity distribution (i.e., constant velocity). 

Cam A was used as a “hunting” cam since the ve- 
locity distribution was divided into nine sectors between 
+ max and —2max and the counting rate could be re- 
corded during one revolution for each interval. This 
cam was used to find the approximate width of the line 
and the magnitude of the effect to be expected. 

Cam B was used to obtain details of the line shape 
because of the higher velocity resolution of 5%. The 
cam was divided into four sectors: +2, 0, —v, 0, and the 
counting rates for the two zero-velocity sectors were 
lumped together. 

The electronic instrumentation for detection of the 
71-kev gamma consisted of standard components. A 
(13 in.X1 in.) NaI(Tl) crystal was mounted on a 
DuMont 6292 photomultiplier tube. The output signal 
was fed into a linear amplifier and a single-channel 
analyzer. The 71-kev line was in turn fed into one of a 
series of scalars. A particular scalar was singled out by 
one of a set of mercury switches synchronized with the 
cam rotation. Scalars counting a 60-cps pulse were 
placed in parallel with the counting rate scalars in order 
to record the time a particular velocity channel was 
open. 


IV. MEASUREMENTS 


Méssbauer measurements have been done until now 
with radioactive isotopes having half-lives of at least 
several days. The 99-min activity of Co™ requires either 
to measure the counting rates at different velocities 
simultaneously (cam A) or to take into account the 
decay by using the formula 

[R(v)—R(0) | 
M (v)=1—-—— —— 
e[ R(2)—R(0) ro 


In2 
la——, (1) 


— , 
99 min 


where R(v) is the counting rate at velocity ». Cam B 
gives directly R(v) and R(O) used in formula (1). The 
results of a systematic search at 41 velocities are shown 
in Fig. 4. The results given in Fig. 4 using Eq. (1) are 


a) -4 0 
v (mm/sec) 
Fic. 4. The measured velocity depenaence of the M(v) for Ni®! 
is shown. The solid curve is a theoretical fit for u4.= +1.15 nm and 
H=61 kgauss. The half-width is (v+).x,)= 1.65 mm/sec. 
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independent of the background. The absolute value of 
the resonance absorption effect requires, of course, 
careful investigation of the background. These correc- 
tions become more important as time progresses during 
a set of measurements, because of the relative fast 
decay of Co*®. The background to signal ratio 6 was 
determined by periodic measurements of the spectrum. 
Another effect which must be considered is the re- 
radiation r of the 71-kev gamma after absorption. The 
size of r depends on the geometry of the experiment and 
is in our case, 0.40. With this background taken into 
account we obtain for the absolute value of the Méss- 
bauer effect : 


Mv) =2(1+r) (1+) 
R(~)—R(0) R(v)—R(O) 
R(~)+R(0) R(v)+R(0)} 


Figure 5 shows §t(0) as a function of the foil thick- 
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Fic. 5. The effect (0) at T=80°K is shown for three foil thick- 
nesses. The solid curve is a fit using Eq. (4) with f=/’=9%. 


ness for a constant temperature T=80°K. Figure 6 
demonstrates the temperature dependence of the effect 
for a constant thickness. The ordinate, /*, of Fig. 6 is 
related to Mt(0) by the expression (5) given in the 
following section. 

The measurement of the 7 dependence was carried 
out in the following way: The Dewar flask was filled 
with liquid nitrogen and the source and absorber were 
cooled to approximately 78°K. The liquid nitrogen was 
then removed from the Dewar and replaced by an 
atmosphere of dry nitrogen gas. The time required for 
the copper chamber to reach room temperature was 
several hours so that the temperature change during 
the time required to measure one point (~5 min) was 
small. The temperature was monitored regularly at 
intervals of five minutes. 


V. DISCUSSION 


Nuclear physics. The lifetime of the 71-kev Ni®™ state, 
unknown during our measurements, was very recently 
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determined by Schwarzschild’ using a standard elec- 
tronic method: Tinean= (7.6+0.7)X10- sec. The in- 
ternal conversion coefficient a= 0.12 is known. A single 
line (without hyperfine structure splitting) in emission 
and absorption leads to a Lorentz-shape velocity de- 
pendence of the Méssbauer effect: 


1 
M (v) <« —_———- —, with 
[e+ (05)nat? | 


c 
(05) nat = ———— = (0.370.036) mm/sec. 
WoT mean 

The observed v-dependence (Fig. 4) has no Lorentz 
shape and has a half-width velocity (v4)ex»= 1.65 mm/ 
sec. To understand this result, we assume a magnetic 
hyperfine structure splitting in source and absorber,‘ 
produced by an internal magnetic field H. 

The source and absorber consist of metallic Ni, so 
that Hsource= Haps= H. Later we have to average over- 
all directions of H because we do not apply an external 
field. 

The magnetic moment of the ground state, u, 
= (0.30+0.02) nm, was measured recently.’ The sign 
is probably negative (shell model). The magnetic 
moment yp, of the excited state is unknown. The y 
transition is M1+ #2. The B(£2)-matrix element is 
known from Coulomb excitation,’ and the half-life, 
calculated with the B(£2), is 1.2 10~* sec. The meas- 
ured mean life of 7.6X10~* sec indicates therefore an 
almost pure M1 transition. The selection rule Am= +1, 
0 yields then 12 different lines in the emission spectrum. 

To get the line intensities and polarizations, one has 
to sum over all directions of H, or, somewhat simpler, 
to average over all y-ray directions, keeping the field 
direction constant. Our measurements indicate that the 
distance between two adjacent lines is smaller than the 
natural linewidth. The interference terms between dif- 
ferent lines vanish, the emitted y rays are unpolarized. 
The emission spectrum e(w) contains therefore 12 un- 
polarized slightly separated lines. The absorption proba- 
bility of thin absorbers moving with a velocity » is 
proportional to e(w+wov/c). The Méssbauer effect M (v) 
becomes 


+2 D 
M(v)=M(—2)« f ea)e( wwe de 


— oo. 


wo= E,/h=const. 


The integrand contains 144 terms, many of them are 
equal except for constant factors. Only 35 terms are 
really different (Appendix). We expect therefore 35 
“unresolved” Méssbauer lines symmetrically to »=0. 


8 A. Schwarzschild (private communication). 

* There is no electric quadrupole splitting, because of the cubic 
symmetry of the Ni-lattice. 

§ J. Orton, P. Auzins, and J. Wertz, Phys. Rev. 119, 1691 (1960). 

° L. Fagg, E. Geer, and E. Wolicki, Phys. Rev. 104, 1073 (1956). 
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Fic. 6. The temperature dependence of f?«Qt(0). The dashed 
curve is obtained from the Debye model with 6=413°. If @ is 
allowed to be slightly temperature dependent, as shown in the 
insert, then one gets the solid curve. 


M(v) depends on the known quantities Timean, Ey, Mg, 
and the unknown parameters », and H. In Fig. 4 we 
have fitted our experimental data points with ye=+1.15 
nm, H=61 kgauss (solid line). There exists a set of 
ue-H values in agreement with the measurements. In 
Fig. 7 these values are plotted as a u.-H diagram. As 
was pointed out, the excited state is probably a (/;)! 
single-particle neutron state. The magnetic moment p, 
is then positive, which excludes the dashed branch in 
Fig. 7, if the sign of u, is really negative. The magnetic 
moments of all known odd-neutron states lie below the 
upper Schmidt-line,? which gives in our case 0<yp, 
< (5/7) | uneutron|. The internal magnetic field H corre- 
sponding to these limits lies between 55 and 220 kgauss.® 

Solid-state physics. Consider the probabilities f and 
J’ for recoil free gamma emission and absorption in the 
source and absorber. In the Debye model? one gets 


f=f' =exp{—0.75£,°[1+6.6(7/6)2]/Mcek9}, (3) 


where 6= Debye temperature. To obtain f and f’ from 
our measurements, we have to consider the absorber 
thickness and temperature dependence of t(v). 

Given a spectrum with WN lines, separated by an 
average distance A, each line with a natural line width 
lr’. If AKI but NAT, one gets an emission spectrum 
e(w) with a rectangular shape: 


e(w)=1/2a for |w—wo| <a 


Bane =0 for 


7R. J. Blin-Stoyle, Revs. Modern Phys. 28, 75 (1956). 

8 A recent measurement of the internal magnetic field in nickel 
by the nuclear magnetic resonance method yields H int= 170 kgauss 
at room temperature. L. Bruner, J. Budnick, and R. Blume, Phys. 
Rev. 121, 83 (1961). 

*R. L. Méssbauer, Z. Physik 151, 124 (1958). 


|w—wo| >a. 





OBENSHAIN 


4} 


5 


. 5] 
> | Hneutron| 


LEAR MAGNETONS) 


~ 
v 


peu 


| 
- | H#neutron| 


100 
H. (siiogouss) 
Fic. 7. The data points of Fig. 4 can be fitted with different 
values of the unknown parameters yu, and H. The curves indicate 


possible values. The dashed curve is excluded by the shell-model 
prediction pe/u, <0. 


This condition is more or less fulfilled in the Ni® case. 
A straightforward calculation yields the following re- 
sults: The Méssbauer spectrum Yi(v) is a triangle for 
all absorber thicknesses d (=number of Ni® atoms/ 
cm*). The half-width velocity (v)ex, of the triangle is 
independent of d and is connected with a by (24)exp 
=¢cXa/wo. The thickness dependence of Yt(v=0) is 
given by 

dovf’ m (4)nat 
M(0)=/] -ex| oe ee | (4) 

2 2 (04 )exp 

27.+1 1 


oo= 2xX°— 


27,+11+a 


with 


In Eq. (4) everything is known except f and 7’. The 
values f= (9.5_1.641*)% and f’=(8.0,2.07'*)% fit the 
measured d dependence in Fig. 5. This result indicates 
that f’=/>(9+1)% for T=80°K. 

From Eq. (4) we get, with /’=/, for thin absorber 
foils 

4 (U4 )nat 

IMO). (5) 


mod (5)exp 


In Fig. 6 we have plotted the measured /f? versus T. 
On the other hand, we can calculate f? in the Debye 
model Eq. (3). With @=413° (taken from specific heat 
measurements) we get the dashed line. The solid line 
follows from a slightly temperature-dependent Debye 
temperature 413° < 0(T) <437°. This T dependence of 
6 indicates the limit of the simple Debye model. 
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APPENDIX 
We have to investigate the influence of the hyperfine 
structure splitting on the Méssbauer effect. Take the 
internal field H in the z direction. An M1 transition 


from I,m, to I,m, (angular momenta of the excited 
and the ground state) leads to the frequencies 


Me Mg H 
w(m,— m)=art(- Me— —Mg : 
| i, h 
The angular distribution of the emitted y rays with a 


polarization A= +1 (right- or left-hand screws) for this 
transition is given by 


+1 /I, i se 
W(m.— mM) - p i ( ) V_q(A;8,¢) |’, 
=i\m, —m, 9g 
with Vo=sin@ and Vi.1=-+e*'*(cos@—A)/Vv2. 
To get the transition intensities 7(m,— m,), one has 


to integrate W(m,— m,) over dQ because the internal 
field direction is distributed randomly. The result, 


I, i 1 : 
I(m.— m,) ; 
mM, —M, M,—M, 


is independent of the polarization dX. 

Every hyperfine structure line has, of course, a 
Lorentz shape with a half-width [=%/T mean. The emis- 
sion spectrum ¢(w) is the sum over all lines: 


rr * by 
ew ( ) 
memg\M. —M, Mez—M, 


x— _______., 
[w—w(m,— m,) P+[T/2h P 


The Mdssbauer effect for thin absorber foils is 


+00 v 
M(v) « f ea)e( tun) 
a c 
iP i; 1 ) 
M>—M, 


9 


a I, 1 : 
x , ; 
m. —m,' M,'—Ne 
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« Feo 


mg,mg’ me,me’ \ MN, —Ms, 


~ ______=s N(s; 9,2), 
[a+ (m.— m.')p— (m,— m,')q P+-4 
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where 
x=2(v/c)(E,/T), 
and 


N(x; p,q)=N(- 


p=2yH/I.T, g=2u,H/I,T, 


“;pq)=N(x; —p, —), N(O;0,0)=1. 
=}) 


For Ni*(I,=§, I, 


one gets 35 different pairs of 
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(m.—m.') and (m,--m,’) values, that is, a combination 
of 35 Méssbauer lines. The unknown parameters are H 
and uw, or p and g. We have written a code for the 
ORACLE computer, which yields V(x) for fixed p and q 
values in the form of a curve. Many of these curves 
have the measured half-width x,=2E,(v,)exp/cI'=8.75 
and a shape in agreement with our measurements (one 
typical case is shown in Fig. 4). 
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Electron Spin-Lattice Relaxation of Chromium in MgO7 


J. G. Castie, Jr., anpD D. W. FELDMAN 
Westinghouse Research Laboratories, Pittsburgh, Pennsylvania 


(Received October 31, 1960) 


The effective spin-lattice relaxation time, 7, has been observed for the ground-state multiplet of Cr(+3) 
in the cubic field of MgO. 7; is observed to vary from 800 milliseconds at 1.3° to 3.4 milliseconds at 50°K. 


The direct process dominates below 4.2°. 


PIN relaxation within the ground-state multiplet of 

the chromium (+3) ion has been of interest for 
some time.'-' We have observed the spin-lattice re- 
laxation of Cr(+3) in the cubic environment of MgO 
from 1.3°K to 50°K. For this case, i.e., a multiplet 
having equally spaced energy levels and therefore a 
common spin temperature, a unique spin-lattice time 
is expected and was found in very dilute samples. The 
general problem of spin relaxation in MgO at even 
moderate concentrations is complicated apparently by 
the existence of other impurities. 

The paramagnetic resonance spectra of Cr(+3) sub- 
stituted for Mg(+2) in MgO have been clearly shown® 
to be due to some chromium ions in a cubic environment 
and to others having an Mg(+2) vacancy nearby. On the 
basis of charge neutrality, the concentration of excess 
Mg(+2) vacancies is expected to be at least half that 
of trivalent impurities. Apparently, a considerable frac- 
tion of the trivalent impurities are closely associated 
with Mg(+2) vacancies. The central line from a 
Cr(+3)—[100] vacancy pair lies about 2 gauss above 
the cubic chromium line at 9 kMc/sec with H along 
[100 }. 

The microwave spectra of the other transition ele- 
+ These studies were supported by the Air Force Research 
Division. 

1 J. H. Van Vleck, Phys. Rev. 57, 426 (1940) ; 59, 724 (1941). 

2S. Shapiro and N. Bloembergen, Phys. Rev. 116, 1453 (1959). 

3R. D. Mattuck and M. W. P. Strandberg, Phys. Rev. 119, 
1204 (1960). 

4J. G. Castle, P. F. Chester, and P. E. Wagner, Phys. Rev. 
119, 953 (1960). 

5 J. H. Pace, D. F. Sampson, and J. S. Thorp, Royal Radar 
Establishment Memo 1693, January, 1960 (unpublished). 

®R. Michel, J. Phys. Chem. Solids 13, 164 (1960). 

7 J. E. Geusic, Phys. Rev. 118, 129 (1960). 

8 N.S. Shiren, Bull. Am. Phys. Soc. 5, 343 (1960). 

9 J. E. Wertz and P. Auzins, Phys. Rev. 106, 484 (1957). 


ments in MgO have been reported.®:"" The crystals 
being used in the present study show absorption by 
Cr(+3), Fe(+3), Mn(+2), V(+2), and Fe(+2) ina 
cubic environment, and Cr(+3)-vacancy pairs. At 9 
kMc/sec, one of the Mn(+2) (—}—$4) lines is about 
one gauss below the cubic chromium line, the (—}—}4) 
line of Fe(+3) with H along [100] is about 50 gauss 
below, and the central pair of V(+2) lines are split to 
about 40 gauss each side of the cubic chromium line. 
The Fe(+2) line at 1800 gauss" was observed only in 
some of the samples which had higher chromium con- 
centration. Spectrographic analysis showed impurity 
concentrations (other than for chromium) to be of the 
order of 10 parts per million (ppm), with Fe consistently 
higher than the others. 

Using the inversion-recovery method previously de- 
scribed,‘ the spin population difference, m, is observed 
directly as a function of time after inversion by adia- 
batic fast passage. When recovery of equilibrium for 
S=} is dominated by spin-lattice relaxation, the devia- 
tion of from its equilibrium value is expected to vary 
as exp(—?/T)), where T; is the spin-lattice relaxation 
time. This single exponential recovery is also expected 
for Cr(+3) in the cubic environment of MgO. Con- 
versely, the observation of nonexponential recovery of 
the cubic chromium line implies that other relaxation 
processes are operative. 

Exponential recovery of the cubic Cr(+3) line was 
observed in two of the purest crystals available as a 
function of temperature up to 50°K; the values of 7, 
so obtained are listed in Table I. For spin-lattice re- 
laxation by resonant phonons! at frequency f, 7; 


 W. Low, Phys. Rev. 101, 1827 (1956); 118, 1608 (1960). 
"J. H. E. Griffiths and J. W. Orton, Proc. Phys. Soc. (London) 
73, 948 (1959), 
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Taste I. Spin-lattice relaxation time for Cr(+3) in MgO with 
H-=s3 Kg. Values of 7; are given in milliseconds to an accuracy 
of 10%. 


Temperature S50°K 4.2°K 
Sample A* 3.8 300 


re es Ge 
550 740 











Sample B> 3.4 vee 560 see 800 





* Grown at the General Electric Company; kindly supplied by N. S. 
Shiren. 
b Grown at SemiElements Incorporated, Saxonburg, Pennsylvania. 


should vary with temperature as [1+exp(—x)]/ 
[1—exp(—x)], where x=Af/kT. For small x, 7; is 
then expected to be proportional to 1/7. The tempera- 
ture dependence of 7; is observed to be 1/T from 1.3°K 
to 4.2°K for which temperature range x is less than one 
for all the transitions within the Cr(+3) multiplet. 
Therefore, the direct process dominates spin-lattice re- 
laxation in this range. Measurements of the tempera- 
ture dependence at a larger value of f/T would be 
necessary to determine which of the transitions are 
effective. The more rapid decrease of T; between 4.2°K 
and 50°K suggests that spin relaxation is dominated at 
50°K by multiple phonon process. 

The order-of-magnitude formulas by Mattuck and 
Strandberg? give the following: 


1. T; for the direct process to be about two orders of 
magnitude longer than the observed value of 300 milli- 
seconds at 4.2°K. 

2. T; for the Raman process to be close to the ob- 
served value of 3 milliseconds at 50°K. 


A check on the relaxation model used in reference 3 
requires a more precise calculation of transition proba- 
bilities from their general expressions; such a compari- 
son is underway. 


AND D. 


W. FELDMAN 

It was found that the Cr(+3) resonance, with a full 
width at half-power absorption of about 0.5 gauss, 
was very inhomogeneous in these samples. A “hole” 
inverted‘ in the line persisted for a time of the order of 
T,; the source of the broadening is not yet understood 
but is under further study. Inspection of the wings of 
the line gave no unambiguous evidence of hyperfine 
coupling to Mg*® as had been observed in the F-center 
spectra.” Dipolar coupling to paramagnetic impurities 
other than cubic Cr(+3) and anisotropic hyperfine 
coupling to Mg*® are sources of some inhomogeneity. 

The impurity concentration in sample B was deter- 
mined by spectrographic analysis to have within a 
factor of three the following values (in ppm): Cr-15, 
Fe-80, Mn-2, V-5; Ti-5; Ni-10, Co<10. The concen- 
trations of Cr(+3) and Mn(+2) were found by reso- 
nance absorption to be nearly equal in A and also in B. 
The linewidths of the Fe(+3), Mn(+2), and V(+2) 
lines with H along [100] are closely the same as that 
for the Cr(+3) line. Fe(+2) was not observed in these 
samples, even though the apparent Fe(+3) concen- 
trations are far below that indicated for Fe by spec- 
trographic analysis. 

It is interesting to note that the recovery from in- 
version observed for the cubic Cr(+3) line in many 
other crystals is nonexponential and more rapid. The 
asymptotic time constant‘ is observed to be as short as 
300 microseconds at 2°K in crystals containing up to 
500 ppm chromium and about the same concentration 
of other transition elements as is present in A and B. 
The line is broader and even homogeneous in the crys- 
tals showing the faster recoveries. Further study is in 
progress, but significant results are likely to require 
much better crystals. 

2 J. E. Wertz, P. Auzins, R. Weeks, and R. H. Silsbee, Phys. 
Rev. 107, 1535 (1957). 
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d Bands in Cubic Lattices. III 


JosepH CALLAWAY 
Westinghouse Research Laboratories, Pittsburgh, Pennsylvania and 
Division of Physical Sciences, University of California, Riverside, California 
(Received October 17, 1960) 


A simple model of an ionic crystal is considered, consisting of a lattice of point changes (Z,e) and (Z2¢) 
arranged in the rocksalt structure, and screened by a uniform distribution of negative charge. This lattice 
defines a periodic potential in which electron energy levels are calculated. The energies of five states per- 
taining to the d band are calculated, by expansion in symmetrized combinations of plane waves, as functions 


of the average binding and relative ionicity. 





INTRODUCTION 


HIS work is a continuation of studies of energy 
levels of d electrons in the periodic potential of a 
model crystal.'? The previous work has been concerned 
with monatomic structures only, with particular atten- 
tion to the body-centered cubic lattice. A lattice of 
point charges (atomic number Z, lattice parameter a), 
screened by a uniform distribution of negative charge 
has been considered. The energy of an electron state E; 
in this potential may be expressed in atomic units as a 
function of a single variable, the binding parameter Za: 


ak,/Z=f;(Za). (1) 


The object of the calculations has been to determine, 
for a few states at symmetry points of the Brillouin 
zone, the function /(Za). 

The work reported here was suggested by the follow- 
ing considerations: Compounds of the type RX, where 
R is a transition metal and X is a nonmetal are of con- 
siderable interest, both practically and theoretically, 
with respect to their eleciric and magnetic properties. 
The most common crystal structures are of the rocksalt 
and nickel arsenide types. On the basis of simple band 
theory, such materials should have unfilled d shells, 
and thus should exhibit metallic conductivity. In fact, 
many of them do appear to behave as poor metals, a 
few apparently have a transition between metallic and 
semiconducting states at the Néel temperature,’ but 
some are good insulators, particularly if X represents 
oxygen and R lies beyond chromium in the periodic 
table. The behavior of materials of the latter sort, such 
as MnO and NiO has not been adequately explained, 
but probably indicates a failure of the band approxima- 
tion. It is, however, of considerable interest to examine 
the predictions of conventional band theory for the 
entire class of materials. A self-consistent calculation 
for any one would be extremely laborious with present 
techniques, but it would seem to be possible to study 
some very general features of the band structure on the 
basis of a simple model. 

In this calculation, a model crystal consisting of two 

1 J. Callaway, Phys. Rev. 115, 346 (1959). 


2 J. Callaway, Phys. Rev. 120, 731 (1960). 
3. J. Morin, Phys. Rev. Letters 3, 34 (1959). 


kinds of point charges, with atomic numbers Z; and Z2 
(we shall always take Z,;2 Z,), arranged in the rocksalt 
lattice, and screened by a uniform distribution of nega- 
tive charge is considered. In the Wigner-Seitz cell con- 
taining a charge Z;, there is a net negative charge 
(Z:+Z2)/2: so that this cell is positively charged. The 
cell containing Z, is negatively charged. We thus have 
a very simple, although quite unrealistic, model of an 
ionic crystal. If for fixed Z;, we imagine Z, to vary be- 
tween 0 and Z;, we pass from the ordinary monatomic 
face-centered cubic lattice through a range of ionic 
structures to the simple cubic lattice. The lattice 
parameter, a, employed is the shortest distance be- 
tween two like atoms. In the limit Z,:=Z, this pa- 
rameter has twice the usual value. 

The simplicity of this model with respect to the 
energy band calculation comes from the Fourier co- 
efficients of potential. Note that in a face-centered 
cubic structure, if we write a reciprocal lattice vector 
K,, as (22/a)(mi,n2,n3) where m1, 22,3 are integers 
(positive or negative); either the m1, m2, ms are all odd 
or all even. The Fourier coefficients have the following 
values : 


—8n —8 
V(K,)=- = ~(Z:+2Z2)=- -(Z: +22) 


ran- 


ee n 


if 4, M2, M3 are even, 


(2) 


us 
ee ee en 


Vo Ky, ran 
if m,, M2, m3 are odd. 


Here W=n?-+n2+n;?, and we do not include n=0. 
Qo is the volume of the (fcc) unit cell. 

This ionic crystal model may be described in terms of 
two parameters: a generalized binding parameter 
(Z:+Zz2)a, and the relative ionicity (Z1—Z2)/(Zi+Z2). 
The energies of the states, Ej, in this model may be ex- 
pressed as functions of these two variables: 


ak; 


(3) 


Z:—Z2 
‘4 =e rtd —_— ‘| 


(Z: +22) Zi +Z2 
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Fic. 1. The energies of five 
states at and X are shown as 
functions of the binding parameter 
(Z,:+Z2)a for the case Z2/Z,:=% 


(Z,+2Z,)a 
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The objective of the present work is to investigate the 
general dependence of the energies of d-like states of 
high symmetry on the binding and the ionicity, with 
the hope that some of the qualitative features observed 
may apply to real systems. 

A calculation somewhat similar to this was previously 
performed by Behringer, who attempted to calculate 
the dependence on lattice parameter of the energy gap 
between the last filled and the first empty energy band 
in LiH.‘ 


PROCEDURE 


Since it is the Fourier coefficients of the crystal 
potential, rather than the potential itself, which have a 
simple form, the natural approach to the energy band 
problem is in terms of expansion in plane waves. This 
method can be usefully applied, however, only to states 
at points of high symmetry in the Brillouin zone. Since 
our interest in this work is in d-band levels, in order to 


‘R. H. Behringer, Phys. Rev. 113, 787 (1959). 


60 180 


obtain results valid for reasonably large values of the 
binding parameter it is necessary to choose states which 
are orthogonal by reasons of symmetry to all s- and 
p-like “‘core”’ states. 

The rocksalt lattice is face-centered cubic. The points 
of highest symmetry in the Brillouin zone are I’, the 
zone center, and X, the center of a square face. A typical 
point X has coordinates (27/a)(1,0,0). A complication 
in band calculation typical of crystals with more than 
one atom per unit cell is that the wave function may 
have different symmetries about the different atoms. 
For instance, a wave function d-like about an atom of 
type 1 may be p-like about an atom of type 2.° For- 
tunately, this complication is not present for states at 
the two symmetry points considered here. 

At the center of the zone, the states considered are 
Iss’ and I's, which are triply degenerate and doubly 
degenerate, respectively.* At the point X, the important 

5D. H. Ewing and F. Seitz, Phys. Rev. 50, 760 (1936). 


§ Notation according to L. P. Bouckaert, R. Smoluchowski, and 
E. Wigner, Phys. Rev. 50, 58 (1936). 
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Fic. 2. Energy bands along 
the [100] axis are shown for 
the case (Z,+Z2)a=80, Z2/Z, 
= 4. The energies of the states 
Tas, Ti2, Xs, X2, and X3 were 
determined from the numerical 
calculation described in the 
text. The energies of states at 
intermediate points along the 
axis, and of the state X; were 
inferred from a tight-binding 
interpolation scheme. 





levels are X5 (doubly degenerate); X3, and X_2 (non- 
degenerate). The symmetries of the levels are: Iss’ 


(xy,ys,2x); Ti2(a*—y?, 302-2"); Xa(ys); NXs(xz,ry); 
and X2(y’—2*). The state X; also belongs to the d 
band; but also contains an s-like part. The energy of 
this state cannot be obtained by the present technique. 
Although knowledge of the energy of these five states 
is, of course, insufficient to characterize the d band in 
detail, it is possible to make reasonable estimates of 
bandwidth and band splittings. For example, for not 
too large values of the binding parameter, the d band- 
width is approximately the difference of the energies of 
the states X, and X;. For large values of the binding 
parameter, crystal field effects may be expected to 
split the d band into sub-bands based on functions of 
fog and ¢, symmetries. The sub-band widths may, in 
principle, be roughly estimated from the energies of 
these states. 

Symmetrized plane wave combinations were con- 


CUSTE «ff 


/AT TIE ES. IT) 


X3 





structed for the states of interest, including all plane 
waves with [(a/2r)k |?S32 for the states at the zone 
center and waves with [(a/2x)k ?<30 for states at X. 
The matrix elements of the Hamiltonian on the basis 
of these functions were constructed as described in 
reference 1. If, in accord with Eq. (3) we consider 
[a/(Zi+Z,2) ]H, where H is the Hamiltonian for one 
electron in the periodic potential, the matrix elements 
have a very simple dependence on the binding pa- 
rameter and relative ionicity. For states at T and X, 
the diagonal terms are of the form A/(Z:+Z2)a+B. The 
first term represents the kinetic energy. B (which is 
independent of the variables) comes from the expecta- 
tion value of the potential obtained with a symmetrized 
combination of plane waves. A is of order of magnitude 
100, while B is of order of magnitude 1. There are two 
types of off-diagonal matrix elements according as they 
are formed as linear combinations of Fourier coefficients 
of the potential with even or odd wave vectors. Those 
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Fic. 3. Variation of d-band 
width with binding parameter. 
Each curve is labeled accord- 
ing to the appropriate value of 
the relative ionicity (Z:—Z2) 
(2, + Z> Bp 





60 80 
(Z,+Z,)a 


based on even wave vectors do not depend on either 
basic parameter; those based on odd wave vectors are 
of the form C (Z,;—Z2)/(Z:+Z,). 

It is possible to obtain perturbation series solutions 
for the energy of the states, treating the crystal potential 
as a perturbation, in analogy with the results of refer- 
ences 1 and 2. These will be discussed in the next sec- 
tion. Since it was desired to have results valid beyond 
the region of relatively small binding parameters for 
which the perturbation series applies, the lowest eigen- 
value of the appropriate Hamiltonian matrix was de- 
termined numerically for each of the states considered. 
Calculations were made for fifteen different values of 
the binding parameter lying between ten and two 
hundred: (Z:+Z2)a=10, 20, 30, 40, 50, 60, 70, 80, 90, 
100, 120, 140, 160, 180, 200. For each value of the 
binding parameter, six values of the relative ionicity 
(Z1:—Z2)/ (Zi: +Z2)=0, 1/9, 1/4, 3/7, 2/3, 1 were con- 
sidered. These values were chosen to correspond to 


120 


values of the ratio of the charge on the different atoms 
Z2/Z,=1, 4/5, 3/5, 2/5, 1/5, 0. In all, the energy of 
each of the five basic states was determined for ninety 
different values of the parameters. 

The calculation was performed on an IBM-—704 com- 
puting machine at the Westinghouse Laboratories in 
East Pittsburgh. The expressions for the matrix ele- 
ments as functions of the binding parameter and relative 
ionicity were given to the machine, which evaluated the 
matrix elements as required and calculated the lowest 
eigenvalue and eigenvector by a standard process. The 
computation required about twenty minutes of machine 
time in all. 

In the limit Z,.=Z,; for which the lattice becomes 
simple cubic, the solutions may still be obtained from 
the same expansions. However, the labelling of some of 
the states changes: The level previously referred to as 
I'25’ becomes Res’ and X; becomes M3. The other states 
retain their original designation. 
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40° 


Fic. 4. Comparison of the per 
turbation series and numerical 
solutions forfthe case Z2/Z,=}. 
The perturbation solutions are 
represented as dashed lines. 
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RESULTS 


The results of the perturbation series are presented 
for the states 3’ and T's, including the second-order 
perturbation. The computation was carried out in the 
manner described in reference 1.7 The results for the 
other states are similar to those given here. The relative 


aE(T 25’) 118.43 
(Z1+Z2) (Z:+Z2)a 


Z:—Z2\? 
| 1+5.28( ) fe (4) 
Zi+2, 





— 0.3045 —0.00113(Z1+Z2)a 


7 An average crystal potential was computed for a simple cubic 
lattice of charge $(Z:+Z:2) per cubic unit cell. The result, V (0) 
= (—0.5236/a.)(Z:+Z2), where a, is the lattice parameter of the 
cubic lattice, was employed in this calculation. There is, however, 
some ambiguity in the determination of V (0): See J. L. Birman, 
J. Phys. Chem. Solids 6, 65 (1958). The assumed V (0) does not 
affect, in any way, the relative position of the bands. 


aE (T 12) 157.91 
—____ = ——_——— 05697 — 0.00205 (Z,+Z:)a 
Zi+Z2 (Z:1+Z:2)a 


Z1—Z2\? 
x| 1+5.66( — —*) |+- -+ (5) 
Zi+Z2 
ionicity appears in the second-order term® and there 
enters quadratically and in conjunction with the bind- 
ing parameter. The bandwidth decreases with increas- 
ing ionicity: this decrease becomes more important as 
the binding parameter increases. These results, sug- 
gested by perturbation theory, are confirmed by the 
more accurate calculation. 
In Fig. 1, the dependence of the energies of the five 
states considered on the binding parameter (Z;+2Z2)a 
is shown for the case Z,/Z,;=4/5. The general form of 


8 This result is in agreement with a suggestion made by Herman 
in’a different connection: F. Herman, J. Electronics 1, 103 (1955). 
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the curves is typical also of the other ionicities con- 
sidered. It will be observed that the band structure 
must be qualitatively quite different in the limit of 
tight binding from what it is for small binding param- 
eters. In the latter case, the ordering of levels conforms 
to that of d levels in an empty face-centered cubic 
lattice. This structure is believed to be characteristic 
of face-centered cubic metals (see, for instance, the 
tight-binding calculation of energy bands in nickel by 
Fletcher® and the cellular-method calculation of energy 
bands in copper by Howarth)." 

The qualitative similarity between these results and 
those of Fletcher in the limit of small binding param- 
eters suggests that the tight-binding interpolation 
scheme of Slater and Koster" could be used to sketch 
the form of the bands. The energies of five states give 
just enough information to determine the five param- 
eters required for the tight-binding approximation in- 
cluding first neighbor interactions between like atoms 
(crystal field effects are included by allowing different 
k independent terms for the €, and fg, states in the 
diagonal matrix elements of the effective Hamiltonian). 
As an illustration of this procedure, the energy bands 
along the [100] axis are shown in Fig. 2 for the case 
Ze Z2:=2, 4 (Z:+Z2)a= 80. 

For fixed binding parameter, the bandwidth de- 
creases with increasing values of the relative ionicity. 
In Fig. 3, the bandwidth is shown as a function of bind- 
ing parameter for each of the values of the relative 
ionicity considered in this calculation, in the region in 
which the bandwidth may be approximately defined as 
the difference between the energies of the states X; 
and X3. 

In the limit of large binding parameter, it will be 
observed from Fig. 1 that the band is split into sub- 
bands, with ¢e, states lying below the /., ones. This 
effect is presumably due to the cubic components of the 
crystal field. Following the calculation of Callaway and 
Edwards,” the crystal field splitting can be estimated 
for this model: Define 


AE=E(t2,)— E(e,) = —10D,, (6) 


where D, is the conventional crystal field parameter, 
and assume that the d electrons have hydrogenic radial 
wave functions (centered on an atom of type 1). 


Ra= (a7/6!)'re- 42", (7) 
It is found in the limit of large aa that 


1—1.152———— 
Zi: +22 





adE 2.39 X 10° Z1—Z2 
2m Aw 


(Zi+Z:) — (aa)* 


The crystal field splitting is positive; the ft, states lie 
above the e, ones for (Z:—Zs)/(Z:1+Z:2)<0.87. It 


®G. C. Fletcher, Proc. Phys. Soc. (London) A65, 192 (1952). 
10D. J. Howarth, Proc. Roy. Soc. (London) A220, 513 (1953). 
"J. C. Slater and G. F. Koster, Phys. Rev. 94, 1498 (1954). 
12 J. Callaway and D. M. Edwards, Phys. Rev. 118, 923 (1960). 
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should be observed that the splitting here is opposite in 
sign here to that usually observed in real crystals and 
also opposite to the more usual point-charge model, 
which has Z,.=—Z,. [That case may, however, be 
studied as a limiting case of Eq. (8). | The convergence 
of the band calculations does not seem to be good 
enough in this region to make reasonable estimates of 
the sub-band widths. 

In Fig. 4, the perturbation expansions for the states 
I'12, 25’ are compared with the numerical solutions for 
the case Z,/Z,;=3/5. The perturbation series is quite 
accurate for small binding parameters, and _ holds 
reasonably well out to about (Z;+Z.)a=90 according 
to the criterion of 20% difference between the energies 
as determined by the different methods. The point of 
crossover of the I'i2 and I2;’ levels is given reasonably 
well from the perturbation theory. Comparison of the 
series and the numerical solutions as functions of the 
relative ionicity yields curves of qualitatively similar 
form, except that for fixed binding parameter, the 
relative accuracy of the perturbation expressions de- 
creases with increasing values of the relative ionicity. 
For instance, for Z2/Z.=1/5, the point of 20% dif- 
ference between the perturbation and the numerical 
results occurs for (Z:+Z,2)a=60. This result 
quite reasonable qualitatively since increasing the 
charge on one atom hastens the formation of a ‘bound 
state.” It is quite likely that a similar result holds for 
the convergence of the truncated plane wave expan- 
sions: that the convergence becomes poorer as Z2/Z, 
decreases. It does not, however, appear to be possible 
to make precise statements about the convergence of 
the expansions. 


seems 


CONCLUSIONS 


The model crystal considered here is so simple in 
comparison with actuality that quantitative predictions 
about the band structure of real materials cannot be 
made on this basis. Qualitative features which may be 
valid in the more complicated cases of the sort dis- 
cussed briefly in the introduction are the following: 


(1) The d-band structure in the limit of fairly weak 
binding should be similar to that of a face-centered 
cubic metal. 

(2) Effects of the relative ionicity enter quadratically 
for small ionicities. 

(3) The bandwidth decreases with increasing dif- 
ference between the atomic numbers, other parameters 
being fixed. 

(4) In the tight-binding limit, the d band is split 
into separate sub-bands by the crystal field. 
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Knight shift measurements have recently been made on a series of compounds having the 8-wolfram struc- 
ture V;X, namely V;As, V3Au, V3;Ga, V3Ge, V;Pt, VsSb, VsSi, and V3Sn. More recently susceptibilities have 
been measured on some of these compounds. It is observed that (a) materials with a high superconducting 
transition temperature show temperature-dependent Knight shifts and"susceptibilities, (b) the vanadium 
shifts Ky are positive and decrease with decreasing temperature, and (c) the X-site shifts Kx are negative 
and increase in magnitude with de. ceasing temperature. A simple model is offered which uses the exchange 
polarization mechanism to relate the sign and temperature dependence of Ky and K x to the temperature- 


dependent susceptibility. 





INTRODUCTION 


ECENTLY an extensive experimental investiga- 
tion of nuclear magnetic resonance (NMR) prop- 
erties of intermetallic compounds has been made.’ 
From certain of these experiments, correlations have 
been found between the NMR properties and super- 
conductivity in binary vanadium compounds having the 
8-wolfram structure (see Fig. 1) V;X, where X = As, Au, 
Co, Ga, Ge, Si, Sb, Sn, and Pt. Measurements were made 
of the Knight shift Ky at the V site and, where possible, 
of the shift Kx at the X site. In the usual way K was 
obtained by comparing the change in the field for 
resonance in the metal relative to a diamagnetic insu- 
lating solid or liquid. On some of these compounds 
measurements have more recently been made of the 
temperature dependence of the susceptibility.* The 
latter results are presented in Fig. 2. 

There are a number of striking features of the 
measurements presented in reference 1 and in Fig. 2 
which we list below: 

(a) Only those materials that have a high super- 
conducting transistion temperature T, show strongly 
temperature-dependent Knight shifts and suscepti- 
bilities. 

(b) Ky is positive and, in the superconductors, de- 
creases with decreasing temperature. 

(c) Kx is negative and, in the superconductors, its 
magnitude increases with decreasing temperature.‘ 

(d) The susceptibility increases with decreasing tem- 
perature in the superconductors. 

We offer below a simple theory which gives a con- 
sistent account of these observations. 

1 W. E. Blumberg, J. Eisinger, V. Jaccarino, and B. T. Matthias, 
Phys. Rev. Letters 5, 149 (1960). It is the interpretation of these 
results which concerns us in the present paper. [Previous measure- 
ments of the Ga and Sn Knight shifts in V;Ga, Nb;Ga, V;Sn, 
and Nb;Sn have been reported; see R. G. Shulman, B. f Wylnda, 
and B. T. Matthias, Phys. Rev. Letters 1, 278 (1958). 

2V. Jaccarino, B. T. Matthias, M. Peter, H. Suhl, and J. H. 
Wernick, Phys. Rev. Letters 5, 251 (1960). The magnitude and 
sign of the Knight shifts observed in these rare earth metals is of 
different origin from that which concerns us in the V;X metals. 

3H. J. Williams and R. C. Sherwood, Bull. Am. Phys. Soc. 
Ser. IT 5, 430 (1960). 

* Kco is positive in V;Co and forms an exception to this rule. As 


will be seen later, this behavior can be understood within the 
framework of the theory. 
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THEORY 


According to the usual picture, the Knight shift in 
metals arises from the contact hyperfine interactions 
between the nuclear magnetic moment and the field 
arising from the net spin moment of the conduction 
electrons. The theory of Townes, Herring, and Knight 
predicts that 

(1) 


where X, is the spin susceptibility per unit volume, 0 is 
the volume of the unit cell, and (|¥,(0)|*) is the aver- 
age value of s conduction electron probability density at 
the nucleus for electrons near the Fermi surface. The 
Pauli spin susceptibility X, is positive and essentially 
temperature independent. It is expected therefore that 
K should be positive and independent of temperature. 
For the great majority of primary metals and binary 
alloys for which NMR studies have been made, this is 
the case. Equation (1) is often alternatively expressed 
in terms of the free-atom hyperfine field Hy per spin by 
the relation 

(2) 


where Mo is the mass of an atom of unit atomic weight, 
up is the Bohr magneton, X is the susceptibility per 
gram, A is the atomic weight, and ¢ is the ratio of 
|y(O) |? in the metal to its value in the free atom. 

To account for the observations listed above we must 
modify the simple theory. We shall assume that in the 
V;X compounds, there is a conduction band formed 
principally from vanadium 4s and 4p wave functions 
which overlaps a narrower band formed mainly from the 
vanadium 3d wave functions. We suppose that both 
these bands are cut by the Fermi surface. We also as- 
sume that the ms wave functions belonging to the X site 
form a very narrow band lying far below the Fermi 
surface. This assumption reflects the fact that the X 
atoms are distant from one another so that their levels 
will be broadened only to the extent that they mix with 
the intervening vanadium wave functions. Finally, we 
assume that the np wave functions belonging to the X 
site lie sufficiently close to the Fermi surface so that 


K = (8r/3)X,%|p.(0) |2)r, 


2 


- 


K=(M, 2up)Ay:XAé, 


5 C. H. Townes, C. Herring, and W. D. Knight, Phys. Rev. 77, 
852 (1950). 
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CLOGSTON AND V. 


Fic. 1. The 8-wolfram structure: space group Pm3n. In the 
compound V;X the X atoms, at body-centered cubic positions, 
have 12 V nearest neighbors at a distance }4/5Say and 8 X next 
nearest neighbors at $v3do. The nearest neighbors to a V atoms are 
two other V atoms only $a» distant. 


they are strongly admixed with the vanadium bands. 
This band structure is shown very schematically in 
Fig. 3. 

This model of the band structure accounts for the 
NMR properties of the vanadium nucleus in V3X as 
follows: The susceptibility of the conduction band may 
be expressed as the sum of s- and d-band susceptibilities ; 
X=X,+X4. The temperature-independent susceptibility 
X, will produce a contribution to Ky that is positive and 
constant in accordance with Eq. (2). Since no contact 
hyperfine interaction is expected for d electrons, a 
contribution to Ky from X,4 may arise only from ex- 
change polarization of inner s-shell electrons by the d 
electrons as has been shown by Heine and Wood and 
Pratt.® The contribution from this mechanism to Ky is 
negative. Since Ky decreases, with decreasing tempera- 
ture, while the susceptibility increases, we must assume 
that the increase in x is caused by an increase in xa. 

A similar explanation accounts for the NMR prop- 
erties of the X nucleus. We have assumed that the ns 
electrons belonging to this site are in a narrow band far 
below the Fermi surface. This band will therefore be 
filled and cannot contribute to the observed shifts. We 
have assumed, however, that the X — mp electrons are in 
a band strongly admixed with the vanadium bands. Any 
polarization of the compound will consequently repre- 
sent a partial polarization of these electrons. However, 
just as for d electrons, the p electrons have no contact 
hyperfine interaction. Although no exchange polariza- 
tion calculations have been made for the present case, 
we shall introduce experimental evidence below to show 
that this interaction exists and is such as to explain the 
negative Knight shifts for the atoms occupying X 


*V. Heine, Phys. Rev. 107, 1002 (1957); J. H. Wood and G. 
W. Pratt, Jr., Phys. Rev. 107, 995 (1957). 
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sites in the V;X compounds. A similar situation has been 
discussed by Cohen, Goodings, and Heine.” We expect 
therefore, a negative contribution to the Knight shift 
from both the s and d Fermi surfaces accounting for the 
fact that the shift at the X site is uniformly negative. In 
those compounds where X increases with decreasing 
temperature, the shift will become more negative at 
lower temperatures. 

In the special case of V;Co, the similarity of the 
energy levels of V and Co will evidently lead to a 4s 
electron spin density at the Co nucleus. It is not sur- 
prising that Ke. is positive in V;Co in contrast to all 
other V;X compounds studied. 

Based on the above model of the band structure of the 
V3;X compounds, we shall write for the Knight shifts 
Ky and Ky at the two sites 


Ky=£vax,—nv8Xa, (3) 
Kx=—&xyXs—nxyXa, (4) 


where x, and x4 are the susceptibilities per gram for the 
s and d Fermi surfaces; (¢y+éx) and (ny+nx) are 
numbers of order unity; and a, 8, and y are given in 
accordance with Eq. (2) by the relations 


Mo 
a=—(My+4$Mx)Hy:(vanadium s electron), (5) 
MB 


9 ° 
V3Se 


V3 


SUSCEPTIBILITY PER GRAM xX 10® 
a 


100 150 200 250 
TEMPERATURE IN DEGREES KELVIN 


Fic. 2. Measurements made by Williams and Sherwood of the 
temperature dependence of the susceptibility of some of the V;X 
compounds. The superconducting transition temperatures are for 
V;Si—17.1; VsGa—16.5; V3.sGa—13.4; V;Ge—6.0, V;Pt—2.8; 
V3Sn— <1; V;Au— <1; and V;Sb<1 (all in °K). 


7M. H. Cohen, D. A. Goodings, and V. Heine, Proc. Phys. Soc. 
(London) A73, 811 (1959). 
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My 
B=—(My+4Mx)Hi;(vanadium d electron), (6) 
MB 
Mo 
y=—(Mxt+3My)Hu(X p electron). 
2up 


Here My and M x are the atomic weights of the vanadium 
and X atom, respectively, and Mo/2u¢,=0.895 x 10~ 
cgs units. [A derivation of Eqs. (5), (6), and (7) is given 
in the Appendix. ] These coefficients are evaluated in 
Table I. The hyperfine fields used in this table are taken 
from various sources. Hy; (vanadium s electron) is ob- 
tained from the Fermi-Segré formula® using the term 
values for the V configuration 3d‘4s'. Hy-(vanadium d 
electron) is calculated from experimental values of A®™ 
obtained from electron paramagnetic resonance experi- 
ments on the V** ion. Hys(X p electron) comes from 
atomic beam and other measurements of the hyperfine 
structure of P, As, and Sb atoms.’ These atoms have in 
common a half-filled » shell and a ground state ‘5. 
Because the p electrons couple to give L=0, the orbital 
and dipolar contributions to the hfs interactions vanish. 
Since no contact hfs is to be expected for p electrons, it 
was originally believed that no hfs would be observed 
for these atoms. In actual fact, there is considerable hfs 
present in each case, presumably due to the exchange 
polarization effect. We have assumed in these calcula- 
tions that the hyperfine field per spin is the same for P 
and Si; for As, Ge, and Ga; and for Sb and Sn, re- 
spectively. 

It is clear from Eqs. (3) and (4) that an important 
consequence of the hypothesis offered above is that Ky 
and Kx should be linear functions of the total suscepti- 
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Fic. 3. A schematic diagram indicating the density of states 
vs energy for V;Ga illustrating the band structure assumed in the 
text. 

8 E. Fermi and E. Segré, Z. Physik 82, 729 (1933). 


* These results are given by R. L. Christensen, thesis, Princeton 
University, 1957 (unpublished). 
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‘1c. 4. The Knight shift of V" and Si*t in V;S vs susceptibility. 
Kg; has been measured at but one temperature. 


bility. In Figs. 4 and 5 we have plotted Knight shifts 
against susceptibility for the superconductors V;Si, 
V;Ge, and V;Ga. A linear relation is followed closely in 
all cases for the shifts at both sites, confirming the ex- 
pected relation. It is particularly interesting that the 
data for V;Ge lie closely along the same line defined by 
V;Ga, even though the superconducting transition tem- 
peratures vary widely. It appears therefore that the 
important difference between these compounds is their 
susceptibility, and that the other constants entering 
Eqs. (3) and (4) are nearly equal as predicted in Table I. 

The slopes of the straight lines in Figs. 4 and 5 de- 
termine the quantities ny8 and yxy. Using data from 
Table I we can calculate ny and nx with results shown 
in Table II. The fact that the value obtained for 
(nv+nx) is of order unity supports our assumption 
about the origin of the negative contributions to the 
Knight shift. 

Since Ky and Ky are both linear functions of the 
susceptibility, they must also be linearly related to each 
other. In Fig. 6 we have plotted Kx against Ky for 
V;Ga and V;As. The points for different temperatures 
and different compounds are seen to cluster closely 
around a common straight line. An equation for this 
line can be obtained by eliminating Xz between Eqs. (3) 


and (4), 

Ky Kx Eva &x 

Be {gt 
nvB nxy \nv8B nx 


As we pass from the As group of compounds to the P 
and Sb groups, the ratio a/8 does not change. If we 
assume as a rough approximation that ty, &x, nv, nx 
and 8X, do not change appreciably, we can use Eq. (8) 
and the values of y given in Table I to predict straight 
lines for the P and Sb groups. These lines are drawn in 
Fig. 7 together with the available data, which are clearly 
consistent with the predictions. 
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Taste I. Hyperfine interaction coefficients for certain V;X compounds. 
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DISCUSSION 


The most important implication we draw from the 
considerations outlined above is that the NMR prop- 
erties of the V;X compounds are essentially a conse- 
quence of the dependence of the susceptibility upon 
temperature. The correlations that have been observed! 
between the NMR properties and the superconducting 
transition temperature 7, reflect the fact that super- 
conductivity in the V;X compounds is correlated with a 
temperature-dependent susceptibility. Since the NMR 
results indicate that the temperature-dependent com- 
ponent of the susceptibility is due to vanadium d elec- 
trons, the correlation appears to exist chiefly between 
superconductivity and temperature dependence of the 
d-band susceptibility. 

One possible interpretation of the temperature de- 
pendence of the susceptibilities plotted in Fig. 2 is that 
a sharp peak exists in the density-of-states curve for the 
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Fic. 5. The Knight shift of V* and Ga®7 in V;Ga and V* in 
V;Ge vs susceptibility. 


d band, and that the Fermi level intersects this peak in 
the superconductors. Let us suppose that there is a 
contribution to the density of states in the d band which 
has the form 


n(E)=n(E»)| 1 


(E—E,)? 
=| (0) 


e 


if Eyte<E<E;—e, and elsewhere zero. Then the 
contribution to the susceptibility is given by 


, € 
pAx= duatn(Ex) [ y tanh (— yay, (10) 
0 2kT 


where AX is susceptibility per gram, and p is the density. 
Using Eq. (10), a very good fit can be made to the 
susceptibility curves of V;Si and V;Ga in Fig. 2 with 
the constants given in Table III. In Table III, pX¢ 
=2us’n(Er) and X,, is the constant component of the 
susceptibility. It is interesting to notice how extremely 
narrow a peak is required in the density of states to 
account for the temperature dependence of X in this 
way. A width of 500°K corresponds to about 0.04 ev 
which is much finer structure than is normally expected 
to occur in a density of states distribution. We may 
speculate that such a peak in density of states, if it 
actually exists, could be associated with the particular 
crystal structure of the V;X compounds which tends to 
isolate the X-site atoms from each other. 

In connection with the occurrence of superconduc- 
tivity in the V;X compounds, the following calculation 
may be significant. If X,, is the maximum susceptibility 
of a particular compound at 7=0, and »,, is the corre- 
sponding density of states, then we have the relation 
pXm= 2uB"Nm, Where p is the density. If 2¢ is the width of 
the peak in density of states, we may easily calculate the 
number of electrons per unit volume required to fill all 
states in the peak to be 


An= (pXm ‘up’)2e. 
This result may also be expressed as the number of 
electrons per unit cell AN=QAn, 
AN= (Mo/us*) (6A y+2A x)Xm2e. 


We have Mo/us*?=1.93X10'*. For V3;Ga, (64y+2Aa,) 
= 445, Xmn=8.0X10~*, and 2e=400°K=5.5X10-" erg. 
We obtain therefore AN=3.78 per unit cell or 1.9 per 
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Fic. 6. The Knight shift Ky vs the Knight shift Kx in two V3X 
compounds: V;Ga and V;As. The different points for a given 
compound correspond to measurements made at different tem- 
peratures. 


Ga site. If Ga is presumed to be near the peak of the 
density of states curve, then about one extra electron 
per Ga site should fill the states to beyond the peak. 
This is not inconsistent with the fact that a sharp drop 
in transition temperature is observed in going from 
V;Ga to V3Ge. 

We have interpreted the origin of the negative Knight 
shift at the Ga site, say, in VsGa to be a consequence of 
the fact that the Ga 3p band is strongly mixed with the 
V conduction band while the Ga 3s band is not. One 
could equally well expect a situation in which the p as 
well as the s band lies far below the Fermi surface, in 
which case zero Knight shift would be expected. This 


TABLE II. Values of ny and nx for certain V3X compounds. 





Com- 
pound AKy/Ax AKx/Ax nv 


Ga 600 1600. 0.39 
0.38 





is indeed the case in NbsGa which is isostructural with 
the V;X compounds and is, by the way, a super- 
conductor.’ 

That physical isolation of the atoms may not be a 
prerequisite for observing a negative Knight shift in an 
intermetallic compound is suggested by the unusual 
properties of NaT1 in which a large, negative K-17 was 
observed.” (This was the first negative Knight shift 
observed.) In this peculiar structure the eight nearest 
neighbors of a Tl atom are four Na and four Tl atoms 
each of which separately form a diamond-like lattice. 
Now the atomic configuration for Tl] is 6s°6p and for 
bismuth, the corresponding half-filled p shell atom, 
(6s°6p*) we have, again, a large negative hyperfine field.’ 


1 N, Bloembergen and T. J. Rowland, Acta Met. 1, 73 (1953). 
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TABLE III. Constants determined by using Eq. (10) to fit the 
susceptibility data. 


Com- 
pound Xe Xeo 


V:Si 4.3x10-* 
V;Ga 3.7 10-8 


2e/k (°K) 


T, (°K) 


17.1 
16.5 


4.410 
4.4% 10-¢ 





We presume then that the band structure of this 
intermetallic compound is such that the s electrons do 
not contribute to the conductivity while the p electrons 
do, resulting in a negative K7. 
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APPENDIX 


We suppose that the unit cell of a crystal contains 
atoms located at points 1, 2, 3, ---. A wave function 
centered at point 1 in the mth cell will be written 
¥i(r—r,). The tight-binding wave function constructed 
from these individual functions may then be written as 


2 


I 
oes: DL ef tL ai (r— ra) +aae(r—ta) +--+], (Al) 
/N * 
where JN is the number of cells and a;’+-a,’+----=1. In 
an obvious extension of Eq. (2), the Knight shift at site 
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Fic. 7. The Knight shift Ky vs the Knight shift Ky in three V;X 
compounds; V;Sb, V3Sn, and V;Si. The straight lines are those 
predicted from the theory given in the text. 
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X is given by 


My 
Kxy= —(Hnys)xX(A 1tAot::: )Exax?, 


2us 


(A2) 


where A,, A», --: are the atomic weights of the atoms 
at the respective sites, and £x is the ratio of the hyperfine 
field at site X in the metal to its value in the free atom. 
The sum >> x &xax* should be a number of order unity. 

For V;X, the unit cell contains six V atoms and two X 
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atoms. From Eq. (A2) we have 


My 
(Ans) vX(A vt+ 4A x) (6a vty), (A3) 

MB 

Mo 
Kxy=—(Hur)xX(3Av+A x)(2ax*Ex), 

MB 


Ky= 


(A4) 


with (6ay’ty)+(2ax*tx)~1. With some changes in 
notation this is the result used in the text. 
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The secondary emission ratio of single crystals of titanium has been measured as a function of the angle of 
incidence of the primary electron beam. The curves show a general increase of the secondary emission ratio 
with increasing angle between the electron beam and the normal to the crystal face. Superimposed upon this 
general increase are a number of small relative maxima. The larger and broader of these maxima occur when 
ever the primary beam is incident along one of the major zone axes of the crystal. The magnitudes of these 
bands vary with the energy of the incident electrons, but their angular position is independent of energy. The 
smaller, extremely narrow bands do not correspond to major zone axes of the crystal. Both the magnitude 
and angular position of these latter peaks vary with the primary energy. The origin of these bands is ex- 
plained in terms of diffraction of the incident electrons by the crystal lattice. 


INTRODUCTION 


HE curves of the secondary emission ratio, 6, of 
titanium crystals vs the angle, 0, between the 
primary beam and the normal to the crystal surface 
show fine structure superimposed on a smooth variation. 
This fine structure appears when the primary beam is 
directed approximately along a principal zone axis, and 
its angular position is independent of the energy of the 
primary electrons. This type of effect was first dis- 
covered on MgO crystals by Laponsky and Whetten.! 
The data on titanium also show smaller, narrower 
peaks, called ultrafine structure, whose angular position 
varies with primary energy. The structure in the curves 
was studied for angles of incidence up to +60° and for 
primary energies from 120 ev to 10 kev. It appears that 
both the “normal” fine structure and the ultrafine 


* Based on a thesis submitted in partial fulfillment of the re- 
quirements for the degree of Doctor of§Philosophy to the Uni- 
versity of Minnesota in December 1959. Supported by the 
Electronics Components Laboratory of the Wright Air Develop- 
ment Center. 

t Now at Rheem Semiconductor Corporation, Mountain View, 
California. 

t Now at Institute for Crystal Physics, Melkweg 1, Groningen, 
the Netherlands. 

1 A. B. Laponsky and N. R. Whetten, Phys. Rev. Letters 3, 510 
(1959). 


structure can be explained in terms of diffraction of the 
primary electrons in the surface layers of the crystal.? 


I. EXPERIMENTAL PROCEDURE 


The magnitudes of the peaks in the curves of 6 vs 6 
range from the order of 1% to 20% of the total second- 
ary yield. Thus, in order to obtain precise quantitative 
data on the magnitude, width, and position of these 
peaks it is necessary to measure the total yield with 
considerable accuracy. The basic electron circuit which 
is employed in these measurements is shown in Fig. 1. 
The primary beam, /,, leaving the electron gun passes 
through a small hole in the collector and strikes the 
target, producing secondary electrons. The secondaries 
are emitted at all angles and have energies ranging from 
zero to that of the primary electrons. When the collector 
is at a positive potential with respect to the target, all 
of the secondaries are collected and the ratio of J. to J, 
is the total secondary emission ratio which we represent 
by “6”. When the bridge circuit in Fig. 1 is balanced, the 
ratio of I, to I, is proportional to the value of the 
setting on the ten-turn potentiometer (for values of 6 
not exceeding 2), and thus can be determined quite 
accurately. 


2A. J. Dekker, Phys. Rev. Letters 4, 55 (1960). 
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Fic. 1. Circuit for measuring 5. 
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The vacuum tube which was used in these measure- 
ments is sketched in Fig. 2. The envelope of the tube is 
made of Pyrex and is sealed to a Pyrex-enclosed titanium 
sputter pump, similar to Varian’s Vac-Ion Pump. The 
principal parts of the tube are the electron gun, the 
collector, and the trolley. The electron gun is mounted 
on the bottom press and consists of 3 beam-forming 
electrodes and a tungsten filament. The collector sphere 
is supported by the bottom press through insulating 
rods, and is electrically connected to a press near the top 
of the tube. This allows the gun and collector to be 
accurately aligned and yet operate at large differences of 
potential without introducing electrical leakage. The 
collector has a small hole in the bottom for the electron 
beam, two holes in the sides for the trolley and crystal, 
and a hole in the top, covered with wire mesh, for 
observation. The observation hole is used to align the 
crystals with the beam and, in conjunction with a 
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fluorescent target, to examine the focusing charac- 
teristics of the gun. 

The trolley is made of stiff tungsten rods; it can be 
translated so that each crystal can be placed over the 
beam, and rotated through 360°. The center portion of 
the trolley is offset so that the front faces of the crystals 
lie in the axis of rotation. Also welded to the trolley are 
a nickel rotating lever and a mirror. This mirror is part 
of the system for measuring the angle of incidence of the 
primary beam. A fine line parallel to the trolley is 
inscribed on the face, and the plane of the mirror is 
parallel to the faces of the crystals. A cylindrical scale 
of 12-inch diameter is placed around the sidearm of the 
tube containing the mirror and is centered on the 
trolley. A point source of light is fastened to the cylinder 
directly above the mirror and illuminates the mirror. 
Thus, when the system is adjusted, an image of the 
scribed line falls on the cylindrical scale, which is 


ELECTRICAL CONNECTION 
TO COLLECTOR 














C 























Fic. 2. The vacuum tube. 
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Fic. 3. The hexagonal close-packed structure of titanium. 


marked off in degrees corresponding to the angle be- 
tween the vertical and the normal to the mirror. The 
angle of incidence can be measured between +60° 
and —60°. 

The titanium crystals were purchased from the Chi- 
cago Development Corporation (Riverdale, Maryland). 
They were grown electrolytically and are said to be 
spectroscopically pure. The two single crystals which 
were selected each had a large (about 1 cm?) flat face. 
The principal hexagonal directions were evident from 
the growth pattern of the crystals, and the flat faces 
were perpendicular to the ¢ axis. The crystals were 
cleaned ultrasonically in a detergent-water solution, 
rinsed in hot 50% H.SO,, and cleaned ultrasonically in 
methanol before being put into the vacuum tube. 

The variation of 6 with @ was examined on the first 
crystal using a primary energy of 1020 ev. The curve 
showed negligible fine structure, about 10% of what 
was later found. Then this crystal was heated by rf 
induction to 750°C, brightness temperature, for one 
hour. The curve of 6 vs @ was remeasured at 1020 ev and 
was found to exhibit quite prominent fine structure. All 
of the data on crystal No. 1 which are presented here 
were taken after this heating. Later crystal No. 1 was 
given a second, identical heating and the curve of 6 vs 6 
was measured again. The second heating had no effect 
on the curves. Crystal No. 2 was given an identical 
heating before the data presented here were gathered. 

Titanium crystals have the hexagonal, nearly close- 


47.3° 35,8° 198° 


36.3° 28.4° \I6.1° 





SOSHEA AND A. J. 


DEKKER 


o 


17,3° 


» O/o 





OO00000 


Fic. 4. The (1100) plane of the hcp Ti-crystal. 


packed structure shown in Fig. 3. Both of the crystals 
are bombarded upon the (0001) plane (the flat faces of 
the crystals) and the beam is parallel to the ¢ axis when 
6=0°. As the crystal is rotated, the primary beam lies 
always in the plane which is perpendicular to the axis 
of rotation. Crystal No. 1 was oriented so that this is the 
(1100) plane shown in Fig. 3. In the case of crystal 
No. 2 the beam lies always in the (1210) plane shown in 
Fig. 3. The arrangement of the atoms in each of these 
planes is shown in Figs. 4 and 5 corresponding to 
crystals 1 and 2, respectively. Some of the principal zone 
axes are drawn in these figures and the angles they make 
with the ¢ axis are indicated. The atoms in the (1100) 
plane are arranged symmetrically about the ¢ axis. 
However, the atoms are not all symmetrically arrayed 
about the ¢ axis in the (1210) plane. 


II. RESULTS 
A. Crystal No. 1 


The curves of the angular variation of 6 are shown in 
Fig. 6 for primary energies of 120, 220, 520, and 1020 ev. 
The data points are shown for 120 ev because there is 
significant scatter in the data at this low primary energy. 
The data points are omitted from the other curves in 
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Fic. 5. The (1210) plane of the 
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order to simplify them; in every case the curve is drawn 
through each datum point. For 220 and 520 ev the 
points were taken every 2° over straight portions and 
every 1° over curved portions. For curves at energies of 
1020 ev and higher the measurements were made ap- 
proximately every 0.5°. The curves for crystal No. 1 are 
symmetrical about the 0° line within the limits of the 
errors in the measurements. 

It is apparent from a comparison of Figs. 4 and 6 that 
only the 0° peak is present when Eo, the primary energy, 
is 120 or 220 ev, but that the 31.9° and 51.2° peaks also 
appear at higher values of Z». These fine-structure peaks 
will be designated by the angles which their correspond- 
ing zone axes make with the ¢ axis even though the 
peaks are not always centered exactly on that angle. A 
striking feature of these curves is that the 0° peak has 
its largest value at a primary energy of 220 ev in spite 
of the fact that the other peaks have not yet developed. 
Note also that the width of the peaks is generally de- 
creasing with increasing primary energy. 

Measurements of 6 vs @ were made for many values of 
E> in the range from 1120 ev to 12 kev. These curves are 
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Fic. 7. Variation of 6 with angle of incidence for values of Eo 


between 1120 ev and 2020 ev. 


shown in Figs. 7, 8, and 9. It appears that the 17.3° peak 
(see Fig. 4) may also be present in these curves. As Eo 
increases beyond 4 kev all the fine-structure peaks be- 
come narrower and smaller, and finally when Eo is 12 
kev the 0° and 51.2° peaks have vanished. 

In addition to the “normal,” fine-structure peaks, the 
curves in Figs. 7, 8, and 9 also show a large number of 
small, very narrow peaks whose angular position varies 
with Eo. For convenience, these latter peaks will be 
called ultrafine structure (ufs). It appears that the ufs 
peaks even occur superimposed upon the normal peaks. 
(Note, for example, the shape of the 0° peak for 
Eo=1520 ev and the shape of the 31.9° peak for 
E,=4000 ev.) 

The data were taken at such energy intervals that the 
variation with energy of the magnitude and position of 
specific ufs peaks could be followed easily. The following 
examples illustrate the way in which the development 
of the ufs peaks may be traced: 

(1) A ufs peak exists near 2.5° for Ep>=1120 ev and 
shifts to about 3° for Ep= 1520 ev (Fig. 7). 

(2) A ufs peak begins at about 23.5° for Eo= 1520 ev, 
shifts to 21.5° at 2500 ev and to 21° at 3500 ev, and then 
disappears (Figs. 7 and 8). 

(3) A ufs peak begins at 24° for E)>= 3000 ev, reaches 
maximum height at 23.5° and 3750 ev, and is dimin- 
ishing at 23° and 5000 ev (Figs. 8 and 9). 
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(4) A ufs peak is present near 11.5° when Ey is 3250, 
3500, 3700, 3750, and 4000 ev (Fig. 8). 

(5) The structure in the neighborhood of 8° for high 
Ey might be considered to consist of 3 peaks, the first 
around 6.5° when Ep is 3000, 3250, 3500, and 3750 ev, 
the second around 8° when Ep is 3750, 4500, and 5000 
ev, and the third around 9° when Ep is 4500, 5000, 6000, 
and 7000 ev (Figs. 8 and 9). 

A study was also made of the energy distribution of 
the secondary electrons which comprise the fine-struc- 
ture peaks. This distribution was the same as that of the 
normal secondaries, except for the presence of a rela- 
tively large number of nearly elastically backscattered 
primaries. For the 0° peak when Ey=520 ev, for ex- 
ample, about 3% of all primary electrons are reflected ; 
this comprises about 36% of the magnitude of this 
peak. 

The variation with primary energy of the magnitude 
of the 0° peak is shown in Fig. 10. The data are presented 
in the form of a ratio of the magnitude of the peak to 
that of the corresponding gross effect. This gross effect 
is determined by estimating a smooth base curve; the 
magnitude of the fine-structure peak is measured from 
this base curve. Although this method is somewhat 
ambiguous, it is certainly adequate to illustrate the 
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Fic. 8. Variation of 6 with angle of incidence for values of Eo 
between 2500 ev and 4000 ev. 


SOSHEA AND A. J. 


DEKKER 





~ 


| 





2 ——}— 





| 
| 
oo —| 
































10 


ANGLE OF INCIDENCE, 98 


Fic. 9. Variation of 6 with angle of incidence for values of Eo 
between 4000 and 12 000 ev. 


trends. The prominent features of this curve is the 
large, narrow maximum near 200 ev and the gradual 
decrease at high values of Ep. 


B. Crystal No. 2 


Crystal No. 2 was oriented on the trolley so that the 
primary beam would always lie in the (1210) plane (see 
Fig. 3). The possible alignments of the beam with 
prominent zone axes are shown in Fig. 5. These zone 
axes are not symmetrical about the ¢ axis and this basic 
asymmetry appears to be the source of asymmetry in 
the data. The curves of 6 vs 6 for crystal No. 2 are shown 
in Fig. 11 when £, is 520, 1000, and 2000 ev. Note that 
the asymmetry occurs only at the higher energies; the 
curve for Ey)= 520 ev is quite symmetrical. It is probably 
best to emphasize here that measurements were made on 
crystal No. 1 at both high and low energies for @ be- 
tween +60° and —60° and that the curves are sym- 
metrical. 

Although this asymmetry is not fully understood, it 
is felt that it is a consequence of the asymmetrical ar- 
rangement of the atoms about the ¢ axis. Such an ex- 
planation requires a rather unusual assumption, how- 
ever, because the asymmetry shown in Fig. 5 would 
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Fic. 10. Dependence of the magnitude of the fine structure on 
primary energy. 

appear in the reverse fashion if the top atom layer of the 
hep structure were removed. Thus in order for the 
asymmetrical arrangement of the atoms to cause the 
asymmetrical data it would be necessary for one of the 
two types of layers to predominate on the surface of the 
crystal. Since the atom layers in the titanium structure 
are perfectly equivalent, this seems like a rather unlikely 
situation. It is possible, of course, that there is some- 
thing in the mechanism of growth of these crystals (or 
in their vacuum annealing) which promotes this situa- 
tion. (This unusual assumption continues to be neces- 
sary even if the crystal is considered to be misaligned on 
the trolley, because any asymmetry resulting from 
misalignment would appear in the reverse fashion upon 
removal of one atom layer.) This aspect of the exper'- 
ment should be explored further. 


III. INTERPRETATION 
A. The “‘Normal’”’ Fine Structure 


Both the “normal” fine structure and the ultrafine 
structure are thought to be caused by coherent elastic 
scattering, i.e., electron diffraction, of the primary elec- 
trons. This model has been described previously? in 
some detail by one of the authors, and consists essen- 
tially of the following: The primary electrons will move 
into the crystal a distance which is of the order of the 
mean free path for inelastic scattering before their 
wavelengths have been changed sufficiently to make 
them unable to cooperate in coherent elastic scattering. 
This distance will be very much less than the total 
penetration depth. Thus, in this model the primary 
beam is first diffracted by a crystal which is only a few 
atoms thick, and then the diffracted beams and the 
remainder of the undeflected beam enter the macro- 
scopic crystal and produce secondary electrons. Trans- 
mission electron diffraction patterns of extremely thin 
crystals were first observed by Kikuchi,’ and consist of 
an array of small spots clustered about the central spot 
which is formed by the undiffracted beam. A pattern of 
this type appeared whenever the primary beam was 
incident along one of the principal zone axes of the thin 
crystal. So in the present case, whenever the primary 


3S. Kikuchi, Physik. Z. 31, 777 (1930), Plate No. 24. 
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beam is incident along one of the principal zone axes a 
large number of diffracted beams will be formed which 
will make larger angles with the normal to the surface, 
and will therefore increase the 6. 

In the previous paper,’ an expression was derived for 
the fraction of the primary beam which is diffracted into 
a given direction. This was done by means of the first- 
order kinematic theory in which it is assumed that the 
decrease in intensity of the incident beam due to 
diffraction is negligible, and that any further scattering 
of a diffracted beam is also negligible. These assump- 
tions would be justified if elastic scattering of electrons 
by atoms were a slight effect, but this is not the case. In 
fact, using reasonable numerical values in this expres- 
sion, one finds that a large fraction of the incident 
electrons are diffracted. The dynamical theory of elec- 
tron diffraction‘ might be fruitfully applied toe this 
problem, since it does take into account the effects of 
multiple scattering. 

Although the simple kinematic theory is inadequate 
for a detailed comparison of the results with the data, it 
does show that the diffraction effect is very significant, 
and it explains qualitatively many characteristics of the 
fine structure. It predicts the existence of fine-structure 
peaks whose positions correspond to the zone axes and 
are independent of Eo. The magnitude of the calculated 
peaks are of the same order as those observed, and vary 
in the same way with Ep. 

The simple theory also predicts the presence of a 
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Fic. 11. Secondary yield of crystal No. 2 versus angle 
of incidence. 


4 J. J. Thomson, Phil. Mag. 8, 1073 (1929); P. M. Morse, Phys. 
Rev. 35, 1310 (1930); S. Kikuchi, Sci. Papers Inst. Phys. Chem. 
Research (Tokyo) 26, 225 (1935); H. A. Bethe, Ann. Physik 87, 55 
(1928). 
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Fic. 12. (a) The or- 
thohexagonal unit cell; 
(b) and (c) Ewald’s con- 
struction for the ultra- 
fine structure. 



































measurable number of primaries scattered out of the 
crystal with essentially no energy loss. A lattice of 
scattering points would scatter in an identical manner in 
both the forward and backward directions; however, a 
real crystal scatters more weakly in the backward 
direction because the atomic scattering factor decreases 
with increasing values of the scattering angle. The sum 
of all back-diffracted electrons has been computed for 
E=500 ev and is about 1%, in approximate agreement 
with the measured value. 

The fact that the 0° fine-structure band is larger than 
the others can also be understood on the basis of the 
simple theory. When the primary beam is normally 
incident on the crystal, every diffracted beam neces- 
sarily increases 6; whereas for fine-structure peaks at 
larger angles of incidence a few of the diffracted beams 
will lower 6 and decrease the magnitude of the peak. The 
decreasing width of the fine-structure peaks with in- 


creasing Ep is also in agreement with the theory, because 
as Ep increases, the extensions of the reciprocal lattice 
points decrease, and the range of primary angles for 
which the reflection sphere cuts the extended points in 
a given plane decreases. 


B. The Ultrafine Structure 


It appears that the ufs peaks are also caused by 
diffraction of the primary electrons, although in this 
case multiple diffraction is involved. Applying the Laue 
equations to the titanium lattice we can calculate the 
location, in energy and angle, of some of the ufs peaks, 
but not their magnitude. 

In this work only the ufs of crystal No. 1 will be 
considered. The orthohexagonal unit cell, shown in 
Fig. 12(A), will be employed. For crystal No. 1 the 
incident beam, 8, always lies in the plane of a and c, 
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and only diffracted beams, s, which also lie in this plane 
will be considered. (This restriction automatically limits 
this consideration to a small fraction of the possible ufs 
peaks.) Thus the Laue equation which describes phase 
relations along the b direction is always satisfied. Since 
6=~yo and a@ and y are related (either a+y=90° or 
a—y=90°), the remaining two Laue equations are 


a(+siny—sin@)= hd, 
b(cosy—cos#) =X, 


where the (+) holds if a is less than 90° and the (—) if 
a is greater than 90°. These equations specify the rela- 
tions between y, @, and \ when all the atoms in the 
crystal scatter exactly in phase. The presence of atoms 
within the unit cell imposes the condition that 4 and / be 
even. 

In this model some of the ufs peaks are thought to 
develop when Eqs. (1) are satisfied for diffraction into 
one of the “‘normal” fine-structure directions, i.e., when 
y is 0°, 31.9° or 51.2°. Table I shows some of the sets of 
values of y, # and /, 6, and Ey which satisfy Eqs. (1). 
Note that these sets of values of @max and Eo max are 
almost identical to those of some of the principal ufs 
peaks described above. From the Bragg condition for 
diffraction 


(1) 


2d ri sin8 g =¥V 


we see that as Eo increases, the Bragg angle always de- 
creases. If s and 8S» are on the same side of the ¢ axis, 
then the measured @ decreases as @z decreases, but if s 
and So are on opposite sides then @ increases as @z 
decreases. The predictions of this argument for the 
direction of shift of @ with increasing Ep are also given in 
Table I. These directions agree with the data in every 
case, except for the fourth entry where the direction of 
shift is not evident from the data. 

The reason why diffraction into the directions corre- 
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sponding to the normal fine-structure peaks results in 
especially prominent ufs peaks can be seen most clearly 
by employing Ewald’s construction® in the reciprocal 
lattice. This construction is shown in Fig. 12, B and C, 
for the first two ufs peaks listed in Table I. Figure 12 
shows that, when the conditions are satisfied for diffrac- 
tion into the direction of a zone axis, they will be nearly 
satisfied for diffraction into the directions which make 
small angles with that zone axis. Thus the ufs peaks 
might be thought of as being the superposition of four 
or more smaller peaks upon the larger peak which 
exactly satisfies the Laue equations. 

It is possible to show by means of Ewald’s construc- 
tion that this model does produce extremely narrow 
bands. Figure 12(B) shows the complete construction, 
labeled ‘‘2” and ‘‘3’’, for the same Ep but for 6 values of 
24.5° and 22.5°, respectively. Since at this energy the 
reciprocal lattice points are extended only 1/19 of the 
way to the next point (assuming N;=)/200), the 
spheres 2 and 3 will not cut any of the extensions near 
the zone axis. So this ufs peak should be significantly 
narrower than 2°, and any ufs peaks occurring at a 
higher energy should be narrower still. However, the 
data do not show any ufs peaks of width less than about 
2°. This minimum width exhibited by the data is 
probably a consequence of the divergence of the primary 
beam. The ufs peaks do appear to be much wider at low 
primary energies, as is required by this model. 

There are a great many small peaks and dips in the 
curves which have not been associated here with specific 
reflecting planes and diffracted directions. However, 
considering the large number of possible intersections of 
the reflection sphere with the extended lattice points, it 
seems possible that all of the ufs in the data might be 
caused by this effect. 

Fine-structure and ufs peaks would never appear in 
data taken on a material consisting of randomly oriented 
crystallites. However, the diffraction phenomena would 
still occur, and would contribute significantly to the 
spreading out of the primary beam in the initial part of 
its path. It may well be necessary to take into account 
this additional spreading due to diffraction in future 
theories of secondary emission from polycrystalline 
solids. 

- §P, P. Ewald, Z. Krist. 56, 129 (1921); Physik. Z. 14, 465, 1038 
ot M. von Laue, Jahrb. Radioakt. u. Elektronik 11, 308 
/). 
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The space group of the double nitrate crystals M2’M3" (NOs):2 
-24H,0, where M’ is a trivalent cation and M” is a divalent 
cation, has been determined from x-ray data to be R3m. The 
rhombohedral unit cell has sides of 13.1 A, interaxial angles of 
49° and contains one molecule. The cerium ions have the locations 
+ (4,3,4). The line shapes of the derivative with respect to 
magnetic field of the paramagnetic resonance absorption of small 
concentrations of cobaltous ions substituted in CesZn3(NOs)12 
-24H,0 are described and used to determine the spatial relations 


of the cerium ions and cobalt ions, as well as to justify the assump- 
tion of a dipolar interaction between them described by the spin 
Hamiltonian parameters of the cerium and cobalt ions. It is 
concluded that the more isotropic of the two paramagnetic spectra 
of cobalt ions observed in this salt is due to ions in either the 
special sites + (0.399,0.399,0.399) or, rather less likely, in the 
special sites + (0.101,0.101,0.101) and that the highly anisotropic 
spectrum of cobalt ions is due to ions in the body-centered site. 





I. INTRODUCTION 


HE double nitrate crystal CezMg3(NOs)12-24H,O 
(Ce— Mg) has been a very useful paramagnetic 
cooling agent' and is particularly suitable for orientation 
of the nuclei of divalent ions of the Fe group.? The 
interpretation of many of the nuclear orientation 
experiments has been hampered by a lack of knowledge 
of the nature of the spin-spin interactions between the 
divalent ions and the cerium ions* which function as 
the paramagnetic cooling agent. Recent work has 
shown that this effect is very important for the orien- 
tation of small concentrations of cobalt nuclei in 
Ce—Zn.° 
The lattice of the cerium ions was established at the 
time of the earliest work on the paramagnetic reso- 
nance®: Nuclear magnetic resonance measurements of 
the proton spectra due to the water molecules’ and 
paramagnetic resonance studies of radiation damage 
effects* have been advanced as evidence for the position 
of the water molecules and nitrate ions relative to the 
cerium or more generally the trivalent positions. To 
our knowledge, the only speculation also concerned 
with the divalent positions is that of Hellwege and 
Hellwege® who were concerned with the explanation of 
optical absorption in the isomorphous crystal Pr—Zn. 
The primary purpose of this paper is to establish the 
nature of the spin-spin interaction between cerium ions 
and cobalt ions placed in the trivalent and divalent 
sites of this salt. One may view this problem as having 
* This work was supported in part by the National Science 
Foundation and the Office of Naval Research. 
t Socony-Mobil Fellow for 1959-60. 
'J. M. Daniels and F. N. H. Robinson, Phil. Mag. 44, 630 
(1953). 
2C.S. Wu et al., Phys. Rev. 105, 1413 (1957). 
3 J. C. Wheatley et al., Physica 21, 841 (1955). 
*P. S. Jastram, R. C. Sapp, and J. G. Daunt, Phys. Rev. 101, 
1381 (1956). 
5M. W. Levi, R. C. Sapp, and J. W. Culvahouse, Phys. Rev. 
121, 538 (1961). 
* A. H. Cooke, H. J. Duffus, and W. P. Wolf, Phil. Mag. 44, 
623 (1953). 
7T. L. Estle, H. R. Hart, and J. C. Wheatley, Phys. Rev. 112, 
1576 (1958). 
*B. Bleaney, W. Hayes, and P. M. Llewellyn, Nature 179, 


140 (1957). 
* A. M. Hellwege and K. H. Hellwege, Z. Physik 135, 92 (1953). 


two distinct aspects: the spatial relations of the cerium 
and cobalt ions and the Hamiltonian which describes 
the interactions. It is assumed from the outset that this 
Hamiltonian is just the interaction energy between two 
magnetic dipoles which are related to the effective spin 
of the ions by the spin Hamiltonian parameters deduced 
from the Zeeman energy levels. This assumption is 
plausible for dissimilar ions but, to our knowledge, has 
not been demonstrated quantitatively. 

The problem has been approached as follows: x-ray 
powder diffraction data were analyzed to obtain the 
size of the unit cell and the space group of the double 
nitrate crystals. These data limit the possible divalent 
positions in the unit cell to a very few choices. With 
these limitations in view, the divalent sites could be 
identified by the shape of the paramagnetic absorption 
spectra in Ce—Zn crystals containing about 1% of 
cobalt substituted for zinc. This identification is 
dependent upon the assumption of dipole-dipole inter- 
action discussed above but the detailed agreement of 
experiment and theory strongly supports this assump- 
tion. 

In Sec. II, the paramagnetic spectrometer is de- 
scribed and the general features of the paramagnetic 
resonance spectra of cobalt ions in (La+Ce)—Zn are 
discussed for various ratios of lanthanum and cerium. 
Finally the curves obtained for the derivative with 
respect to magnetic field of the paramagnetic absorption 
—in the future these will be referred to as line shapes— 
are discussed and interpreted in terms of the cerium 
environment. Section III contains a quantitative 
comparison of the observed line shapes with those 
expected for the possible divalent sites. A unique 
solution is found and a more detailed comparison is 
presented to strengthen the assumption of dipolar 
interaction. 


Il. ELECTRON PARAMAGNETIC RESONANCE 
MEASUREMENTS 


Paramagnetic Spectrometer 


The spectrometer used for these measurements 
operates in the 12.4 to 18.0 kMc/sec frequency band. 
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It utilizes a reflection-type sample cavity which can be 
immersed in a liquid helium bath. The helium bath can 
be pumped to produce temperatures between 4.2° and 
1.1°K. A balanced mixer is used for superheterodyne 
detection with a 30-Mc/sec i.f. In one mode of oper- 
ation, the transmitter klystron is locked to an auxiliary 
cavity and the local oscillator frequency is locked 30 
Mc/sec away from the transmitter frequency. The 
sample cavity is placed in one arm of a magic tee bridge 
which can be adjusted to measure either paramagnetic 
dispersion or absorption. In another mode of operation, 
the transmitter klystron is locked to the center of the 
sample cavity mode and only paramagnetic absorption 
is measured. 

The static magnetic field Ho is supplied by a 12-in. 
Varian electromagnet with a rotating yoke. The field 
is modulated at a frequency of 31 cps by auxiliary 
coils wound on the pole tips. The modulated signal 
from the i.f. strip is fed to a conventional lock-in-mixer 
and the dc output is recorded on a Varian strip-chart 
recorder. Field sweeps are generated by applying the 
output of a motor-driven Helipot voltage divider to 
the sweep input of the Varian magnet power supply. 
Field markers are inserted manually by observing an 
oscilloscope display of the proton magnetic resonance. 


General Features of the Spectra of Cobalt 
Ions in the Double Nitrates 


The paramagnetic resonance spectra of cobalt ions 
substituted for approximately 1% of the zinc ions in 
La—Zn are very similar to those which have been 
obtained in La— Mg and Bi— Mg.” Spectra due to two 
types of cobalt sites are observed which have been 
designated the X and Y ions." Both ions have effective 
spin 3 and axial symmetry about the trigonal axis of 
the crystal and are described by the spin Hamiltonian 


I= gBS.H.+g.8(HS.+H Sy) 
+AI,S,+BS:t1,S;). 


The spin Hamiltonian parameters obtained for this 
compound at a temperature of 4.2°K are listed in 
Table I. These results show that the X ion is more 
nearly isotropic than has been found in other salts of 
this series. The X-ion spectrum consists of eight 
hyperfine lines that are very nearly equally spaced 
with a separation of about 48 gauss. The Y-ion spectrum 
is highly anisotropic, and the hyperfine structure ranges 
from eight lines spaced at 85-gauss intervals when the 
field is applied along the symmetry axis to four un- 
equally spaced lines when the field is perpendicular to 
this axis. This behavior of the Y-ion spectra complicates 
the analysis of line shapes for crystals containing 
cerium. The individual hyperfine components of both 
the X and Y ion have full widths at half maximum of 
about 15 gauss. 


OW, B. Gager, P. S. Jastram, and J. G. Daunt, Phys. Rev. 
111, 803 (1958). 
1 R. S. Trenam, Proc. Phys. Soc. (London) A66, 118 (1953). 
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Tasce I. Spin Hamiltonian parameters for cobalt ions in 
(La +-Ce)2Zn3(NO3)i2°24H20. 


% Ce £1 AX104 cm BX104 cm 





(a) Cobalt ions in the X-ion site 
4.37+0.01 4.31 +0.01 98.9+0.5 
.36+0.01 4.30 +0.01 98.6+0.5 
.35+0.02 4.30 +0.02 95.0+2.0 
4.34+0.04 4.28 +0.04 95.0+2.0 


(b) Cobalt ions in the Y-ion site 
36+0.01 2.337+0.005 292+ 1 
35+0.01 34 +0.01 291+ 1 
21+0.06 37 +0.03 280+ 9 
18+0.10 38 +0.08 291+15 


94.5+0.5 
94.8+0.5 
95.0+2.0 
95.0+2.0 
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Bowers and Owen" report that the ratio of the 
number of X ions to the number of Y ions is 1.6:1. 
We have obtained (1.8+0.2):1 for this ratio in the 
one sample for which careful intensity measurements 
were made. 

The spin Hamiltonian parameters are listed in Table 
I for double nitrate salts in which an increasing fraction 
of the lanthanum was replaced by cerium. A small but 
systematic change with cerium concentration appears 
to be present, although the error increases considerably 
at the high cerium concentrations due to the compli- 
cated line shapes. 

The resonance spectrum of the cerium ion in these 
compounds is described by an effective spin 3 and, like 
the cobalt ions, has axial symmetry about the trigonal 
axis of the crystal. Our measurements of the cerium 
resonance in Ce—Zn have yielded the spin Hamiltonian 
parameters g:=1.82+0.01 and g,,<0.25 which is in 
agreement with paramagnetic resonance measurements 
on Ce—Mg.* There is no hyperfine structure because 
the cerium nucleus has zero spin. We have not attempted 
to understand the linewidth of the cerium resonance 
in Ce—Zn which is wider than that previously reported 
for Ce—Mg.® When the field is applied perpendicular 
to the symmetry axis, the separation of the points of 
maximum slope is 125 gauss. If, as appears, the line 
shape is Gaussian, this would correspond to an rms 
width of 62.5 gauss. For field directions away from the 
symmetry axis, the line broadens in a magnetic field 
display almost inversely with the effective g value. 
One may infer that the spin-spin relaxation time is no 
shorter than 1.5X10~° sec for any field direction more 
than 30° away from the symmetry axis. This will be a 
lower limit for the correlation time of the magnetic 
fields produced by the component of the cerium spin 
along the precession axis of the cerium. These fields 
will be essentially static for the cobalt ions. 


Observed Line Shapes for the X Ion 


The derivative with respect to magnetic field of the 
paramagnetic resonance absorption of cobalt ions of 


2K. D. Bowers and J. D. Owen, Reports on Progress in Physics 
(The Physical Society, London, 1955), Vol. 18, p. 304. 
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Fic. 1. The derivative with respect to magnetic field of the paramagnetic absorption for the X ion for five different directions 
of the applied field. @ and ¢ are the polar and azimuthal angles for the field direction which are defined at the beginning of Sec. 


II, f is the klystron frequency, and Hy is the applied field. 


low concentration in Ce—Zn has been recorded for a 
large number of directions of the applied magnetic 
field. The magnetic field direction is specified by the 
polar angle @ measured away from the trigonal axis of 
the crystals, which is perpendicular to the plane of the 
flat hexagonal plates in which these crystals grow, and 
an azimuthal angle @ measured away from an axis 


perpendicular to one of the six sides of the hexagonal 
plates. The error in these angles due to misorientation 
of the crystal is less than +2.5°. 

A few of the observed line shapes are presented in 
Figs. 1 and 2. These curves are tracings of recorder 
charts. Although the time constant used for these 
measurements was less than 1 sec, almost no noise was 
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Fic. 2. The derivative with 
respect to magnetic field of the 
paramagnetic absorption for the 
Y ion for two different directions 
of the applied field. The symbols 
are the same as those in Fig. 1. 
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present. The major error in these curves arises from 
recorder deadband which sometimes was 1% of the 
total extent of the curves. Some of the shapes may be 
distorted slightly by the presence of paramagnetic 
dispersion. Care was taken to eliminate distortion due 
to excessive modulation amplitude and saturation 
effects. The magnetic field sweep was slightly nonlinear 
but this has not been taken into account in the abscissa 
scale of the figures, as it seldom amounts to more than 
a 5% change in the sweep rate over a 500-gauss range 
and is usually less. In the analysis of the data, correc- 
tions were made for sweep nonlinearity. 

Figure 1(a) is the line shape obtained for the X ion 
for 6=90°, ¢=0°. To analyze the implications of this 
shape one must refer to the curves presented in Fig. 3. 
The curves presented there are obtained by adding 
together the derivatives of eight equally spaced 
Gaussian curves, for several values of the rms width of 
the Gaussian components relative to the spacing. The 
use of these curves in deducing hyperfine spacings and 
rms widths of the components is discussed in Appendix 
I. Comparison of the curves in Fig. 3 and Fig. 1(a) 
suggests that the latter is a superposition of three of 
the calculated curves, a central one and two others, 
one-half as intense, which are shifted up and down in 
field by 13543 gauss. This situation will arise if two 
of the cerium neighbors are exceptionally effective in 
producing a component of field in the direction of the 
applied field at the position of the X ion. Two such 
cerium neighbors will have a total of four spin states. 
From the relative intensities it-appears that two of 
these states correspond to a very small field at the X- 
ion site and the other two states correspond to fields of 
+135 gauss. As a further check on this interpretation, 
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Y-ion 
f=16.67 kMc/sec 
6=0° 


$= 0° 


the derivative of absorption was obtained for the X 
ion in a crystal containing 50% Ce and 50% La. In 
this case one observes a large central component, 
somewhat weaker components at +68 gauss and very 
weak components at +135 gauss. The lines at +68 
gauss arise from sites where one of the important 
trivalent positions is occupied by a cerium ion and the 
other by a lanthanum ion. The relative intensities of 
the components were very nearly 1:4:6:4:1, as would 
be expected on the basis of the multiplicity of spin 
states and an occupation probability of } for cerium 
ions in a trivalent site. The two nearest neighbors do 
not need to be equivalent but the fields which they 
produce at the X-ion site in the direction of the applied 
field must be the same within about 20%; otherwise, 
more structure would be observed. 


Fic. 3. Curves for the 
derivative of eight equally 
spaced Gaussian lines. The 
ratio of the rms width of the 
Gaussian components to the 
spacing is 0.438 for (a), 
0.585 for (b), and 0.875 for 
(c). The paramagnetic ab- 
sorption is proportional to 
the imaginary part of the 
susceptibility x”, the de- 
rivative of which is used as 
the ordinate in this figure. 
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Fic. 4. The splitting of the components of the X-ion resonance 
as a function of @ for ¢=0. See the beginning of Sec. II for a 
definition of @ and ¢. The curves are the theoretical results 
assuming that the cobalt ion is in the special site shown in Fig. 
7(c), and assuming the two values indicated for gy of the cerium 
ion. The errors in AH are less significant than a possible error 
of +2.5° in the angles. 


The line shape has been investigated by varying ¢ 
through 90° in steps of 5° while @ was held at 90°. 
The well defined components observed at ¢=0° rapidly 
become obscured until, at ¢=30°, one observes the 
curve reproduced in Fig. 1(b). There is structure in 
this curve, although it is due to a larger number of 
neighbors which produce comparable fields at the X 
ion. The line shape has a 60° periodicity in the angle ¢, 
and Fig. 1(a) is reproduced for ¢=60°. This is the 
minimum periodicity expected because of the threefold 
symmetry of the crystal. 

With ¢ held at zero, @ has been varied by 120° in 
5° steps. The results at 40°, 10° and 0° are reproduced 
in Fig. 1(c), (d), and (e). The most striking feature is 
the decrease of the distance from the central peak to 
the side peaks as well as a general narrowing of the 
structure. The splitting AH measured from the central 
peaks to the side peaks has been plotted in Fig. 4 over 
the range of angles for which it could be accurately 
measured. The curves drawn in Fig. 4 are according 
to the theory presented in Sec. III. 

We have also calculated o7, the mean square mag- 
netic field width due to interactions for these curves, 
by calculating the second moment of the observed line 
relative to the average value of the magnetic field and 
subtracting the second moment about the average field 
due to the hyperfine structure. The correctness of this 
procedure can be demonstrated if the interactions 
produce a symmetrical broadening, which is expected 
if the cerium ions are not significantly polarized. Under 
the conditions of this measurement, the polarization of 
the cerium ions was about 5%. Values of the oz, the 
rms magnetic field width, thus obtained are plotted in 
Fig. 5 as a function of ¢ when @=90°, and in Fig. 6 as 
a function of sind when @¢=0. The curves in these 
figures are the theoretical results discussed in Sec. III. 
It is interesting to note that the rms width changes 
very little with @ despite the drastic change in the line 


shape. The errors in og are difficult to estimate. From 
the scatter of the experimental points in Fig. 5, one 
may estimate the probable error in cg to be six gauss 
for @=0°. The magnitude of the error should remain 
nearly constant at all values of @. The error bars in 
Fig. 6 are based on this assumption. 

One might expect 4 to decrease with decreasing @ in 
the way that it does because the g factor which gives 
the Zeeman splitting is practically proportional to siné. 
When gz is calculated by either the method of Pryce™ 
or the method described in Sec. III, it is found to be 
almost exactly proportional to the above g factor. This 
result is not general as it depends upon the distribution 
of neighbors. 

The second moments of the X-ion resonance have 
not been calculated for @ less than 30° because of the 
great complications of the line shapes at smaller angles. 
This complication arises because the g factor for the 
cerium ions becomes so small that the satellite lines 
due to simultaneous transitions of the cerium and 
cobalt spins are not clearly separated from the main 
resonance. These satellite lines are apparent in Fig. 
1(d) where a bump is observed on the low and high 
sides of the main structure. Each of these bumps may 
be interpreted as the outer peak of a set of overlapping 
hyperfine lines similar to the main set of lines. The 
second peak of each set is obscured by the main line. 

For ordinary dipolar interactions, without the compli- 
cation of anisotropic g factors, one expects satellite lines 
corresponding to the g factors g’+g” and g’+2g”, 
where g’ is the cobalt g factor and g” is that for the 
cerium ion.’ In this case, the satellite will have the 
same hyperfine structure—measured in units of fre- 
quency—as the main line and will have the cerium 
linewidth folded in. The intensity of the satellites is 
inversely proportional to the square of the distance 
that they are away from the main line (again measured 
in frequency units). From perturbation calculations, 
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Fic. 5. The rms magnetic field width due to interactions of the 
X ion as a function of the azimuthal angle ¢. The line is the 
theoretical result obtained in Sec. III. It is believed that this 
curve defines the precisiorf of the second moment calculations. 


13M. H. L. Pryce and K. W. H. Stevens, Proc. Phys. Soc. 
(London) A63, 36 (1950). 
%R. Kubo and K. Tomita, J. Phys. Soc. Japan 9, 888 (1954). 
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the X ion as a function of sin@. The curve is the theoretical result 
obtained in Sec. III by assuming gi, =0. 


valid when gH) is large compared with the strength 
of the interactions, it is apparent that the same effects 
occur for anisotropic g factors but the detailed evalu- 
ation of the relative amplitude of the satellites is more 
involved. 

The satellite lines in Fig. 1(d) were first observed at 
@= 20° and were observed to move in closer to the main 
line and grow stronger. The low-field satellite is closer 
in field than the high-field line as is in accord with the 
above discussion. Also the closer one of the satellites is 
stronger. If a frequency sweep rather than a magnetic 
field sweep could be made, the satellites would be 
symmetrically located and equally strong. The g factors 
obtained for the satellites and main component in 
Fig. 1(d) are 4.03, 4.33, 4.66. This corresponds to a g 
factor of 0.32+-0.06 for the cerium ion at = 10° which 
is in accord with the limit g,,<0.25 deduced from 
direct measurement of the cerium resonance. 

We were not able to resolve the more distant satellite, 
which in an isotropic powder would be about one-fourth 
as strong as the closer one. It is no doubt included in 
Fig. 1(e). 

The presence of satellites at 6=0 complicates any 


attempt to determine the relative number of X and VY 


ions in a crystal containing cerium, a measurement 
that would be of some help in the interpretation of 
nuclear orientation experiments. If one attempts to 
determine the X to Y ratio at large values of 6, the 
highly anisotropic g value of the Y ion requires that 
one know very accurately the direction of the rf 
magnetic field in the crystal in order to evaluate the 
transition matrix elements. 


Observed Line Shapes for the Y Ion 


Investigation of the Y ion is more difficult than for 
the X ion for the following reasons: For @ between 90° 
and 75°, the Y-ion spectrum is well separated from 
that of the X ion but there is a very prominent second- 
order effect so that the lines are not equally spaced. 
Between 75° and 50°, the much weaker Y-ion resonance 
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overlaps that of the X ion and, while it is not difficult 
to correct the X-ion data for this effect, very little can 
be learned from the Y-ion spectra in this range of 
angles. For angles smaller than 45°, the lines shapes are 
already complicated by the overlap with satellite lines 
because of the large g value and hyperfine splitting. 

In Fig. 2(a) the nature of the hyperfine structure is 
apparent. The large second order effect leads to a 
rapidly increasing spacing at the low-field end. It is 
apparent from this curve that there are no prominent 
nearest neighbor effects. At @=0°, the satellites are less 
resolved than for the X ion, as is expected. The extra 
width of the high-field peak in Fig. 2(b) is probably 
due to the larger separation of the satellites at higher 
fields. 

The extraction of the mean square magnetic field 
width due to interactions for these curves is complicated 
by the fact that the hyperfine contribution varies 
rapidly with angle and is usually large. At @=90°, the 
hyperfine contribution is fairly small and the uncer- 
tainty in the exact position of the trigonal axis is not 
so important. The value of og in gauss for 6=90° is 
found to be 85 with an upper limit of 98 and a lower 
limit of 64. 


III. DETERMINATION OF THE DIVALENT SITES 


From the x-ray data discussed in Appendix II, the 
unit cell for the double nitrates is found to be a rhombo- 
hedron with sides of 13.1 A and interaxial angle of 49°. 
The long diagonal of the rhombohedron is along the 
trigonal axis of the crystal and is 34.18 A long. There 
are two trivalent ions along this diagonal and 8.54 A 
to either side of the center of the cell. Only two arrange- 
ments of the three divalent ions are consistent with the 
space group (R3m)'"*: (a) three divalent ions on the 
face centers of the rhombohedron, and (b) one divalent 
ion at the body center and two at special positions 
+(x,x,x) which are along the long diagonal of the 
rhombohedron and 34.18x A to either side of the center 
of the cell. 

The nearest cerium neighbors of the three possible 
cobalt sites are shown in Fig. 7(a), (b), and (c). The 
field produced by these neighbors in the direction of an 
applied field may be calculated assuming that the 
component of the cerium spin along its precession axis 
is essentially static for the production of fields seen by 
cobalt ions. The precession axis for the cerium ions is 
the same as the applied field direction only for 6=0° 
and @=90°. The observed splittings AH for the X ion 
are assumed to represent the component of this field 
that is in the direction of the applied field. It will also 
be assumed that the two cerium spin states are equally 
occupied, which, as pointed out previously, is a good 
approximation at 4.2°K. Some data taken at 1.1°K 
will be discussed later where this assumption is modified. 


18 International Tables for X-Ray Crystallography (Kynoch Press, 
Birmingham, 1952), p. 273. 
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Fic. 7. The trivalent ion 
environment for the three 
possible divalent sites. The 
open circles are trivalent ions 
and the shaded circles are 
divalent ions. The vertical 
axis in all cases in the trigonal 
axis and all trivalent ions 
shown lie in the planes defined 
by the trigonal axis and one 
of the rhombohedral axes. 
(a) Face-centered site; (b) 
body-centered site; (c) special 
site: +(x,x,x) with +=0.399 
or x=0.101. 


Face-Centered Site 

Despite the fact that occupation of the face-centered 
sites excludes any other type of site whereas two cobalt 
spectra are observed, we shall show that there are other 
grounds for rejecting it as a site for either the X or 
Y ion. 

As shown in Fig. 7(a), the face-centered site has two 
nearest neighbors. The three ions shown there are in a 
plane defined by the trigonal axis and one of the three 
rhombohedral axes. There are six such sites, two in 
any one plane related by inversion through the center 
of the cell. Thus the observed line shape will show 
sixfold symmetry about the trigonal axis, although the 
individual sites have lower symmetry. When the 
magnetic field is applied perpendicular to the plane 
represented in Fig. 7(a), the two cerium spins shown 
there will produce a AH of +235 gauss for the two 
sites in that plane when both spins are parallel or 
antiparallel to the field. The splittings at the other four 
sites and those due to next nearest neighbors are much 
smaller. Thus at @=90° and ¢= 30°, one would expect 
to observe a strong central component and components 
one tenth of the amplitude of the central component 
shifted by +235 gauss. Such an effect is in disagreement 
with the observations for both the X and Y ions. 


Body-Centered Site 


The trivalent ion environment of the body-centered 
site is shown in Fig. 7(b). The vertices of the triangles 
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at which the trivalent ions are located are in the 
planes defined by the trigonal axis and the rhombo- 
hedral axes. The maximum splitting AH from a single 
pair of ions is realized when the field direction bisects 
the vertices of one of the triangles. This direction 
corresponds to 6=90°, ¢=0. However, each of these 
two spins can contribute only 40 gauss to AH, so that 
the maximum value of AH due to these two neighbors 
is 80 gauss. Further, the other four ions each contribute 
+16 gauss so that the “two neighbor effect” would be 
suppressed. This site cannot be that of the X ion but 
it is compatible with the observations for the Y ion. 


The Special Site 


The special site can produce the line shape observed 
for the X ion, if the parameter x is given a suitable 
value. If the distance of the site from the center of the 
cell is assumed to be either 13.64A or 3.444, the 
trivalent environment is that shown in Fig. 7(c). The 
small value of x seems less plausible when considered 
in terms of the over-all crystal structure because it 
would lead to a much closer packing of the divalent 
ions than would the larger value of x. There are two 
sites related to each other by inversion with respect to 
the centroid of the triangle. 

When the field direction bisects the interior angle at 
one of the vertices of the triangle (@=90,¢=0), the 
cerium ion at that vertex can contribute +69.5 gauss 
to AH. The cerium ion on the trigonal axis and 5.1 A 
away contributes +65 gauss to AH whereas the other 
two nearest neighbors contribute only +9.2 gauss. The 
values of the splitting due to the most effective neigh- 
bors will be +134.5 gauss and +4.5 gauss which is 
consistent with the observations. At @=90° and ¢=30°, 
the fields which the four ions can produce are +65, 
+35, +35 and +28. This will produce very little 
structure in the derivative of absorption, which is 
consistent with the observations recorded in Fig. 1(b). 
The distance of 5.1 A shown in Fig. 7(c) is determined 
to within about 0.05 A. 

This interpretation of the X-ion line shape implies 
that the outer components of the line correspond to 
states where the two cerium ions are antiparallel. Thus 
the relative intensity of the high- and low-field compo- 
nents will be independent of temperature, whereas if 
these two components required that both spins be 
either parallel or antiparallel to the field, a temperature 
dependence would be expected. If the latter were the 
case, the relative amplitudes of the two components 
would be 1:0.7 at a temperature of 1.1°K and in a 
field of 2500 gauss. Under these conditions, no change 
in the line shape was observed experimentally. 


Further Comparison of Experiment 
and Theory 


The mean square magnetic field width due to the 
secular part of the dipolar interaction between dis- 
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similar anisotropic ions of spin } has been calculated 
for an arbitrary field direction. The calculation is 
exactly that of Van Vieck'* except that the two types 
of spins must be quantized along their axes of preces- 
sion, which are in general not the same for anisotropic 
ions. The mean square width, in gauss squared, for 
the isotropic cobalt resonznces due to the interaction 
with Ce ions is ¥ 


o@=2.37X10-(g,,? cos*@-+g,? sin’). BY, 
? 


where 


» 1 ( 3F; ) 
a—f {— —<—$________.. }, 
; r}? r?(gi2 cos*?@+¢,? sin6) 


and 


F,=g.°27 cos*6+g,? sin*6(x, sinp+y; cos)? 
+ (gi?+g,") cosé sind(2,;x; sin6+2;y,; cos). 


The g factors are those of the cerium ions and r; is the 
distance in cm to the jth cerium neighbor. The z axis 
is the trigonal axis of the crystal and the x and y axes 
are two orthogonal axes in the plane perpendicular to 
the trigonal axis. The angle @ is that between the 
component of the applied field which is perpendicular 
to the trigonal axis and the direction of the y axis. 

The required dipole sums have been calculated for 
the body-centered and special sites by summing over all 
neighbors within a distance of 31 A. For the special 
site the result can be expressed very simply if we 
assume g,,=0. The result is 


o¢ = 1.07 X 10' sin’@(14-0.096 ctn’9 
— 0.100 ctné cos*¢+0.300 ctné sin*¢ cos@). 


The square root of this result is compared with 
experimental results for the X ion as a function of ¢ 
in Fig. 5 and as a function of 6 in Fig. 4. The theoretical 
variation with the angle @ is insensitive to the value of 
gu for @>30°. 

The theoretical expression for the splitting AH 
produced for ions in the special site is 


AH = 33.5{cos(@—y) —6 cosé cosy 
+3[cos(84°—8@) [cos(84°—y) }}, 


where tany= (g,/gi) tané. The above result is more 
sensitive to the value of g;, than is cg and the experi- 
mental values are easily within +5 gauss of the correct 
values. In Fig. 4, all the experimental points lie between 
the theoretical curves for g,,=0 and g,;,=0.25. Accepting 
the theory, the best value of g,, is 0.125. This value is 
certainly better than we were able to obtain by direct 
measurement of the cerium resonance, partly because 
of our limited magnetic field (<11000 gauss). Agree- 
ment with the curve for g,;,=0 would require a sys- 
tematic orientation error of about 5 degrees which is 
very unlikely. 


16 J. H. Van Vleck, Phys. Rev. 74, 1168 (1948). 
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The rms magnetic field width calculated from the 
dipole sums for the body-center site is 72 gauss for 
6=90°. This is within the experimental limits of 64 
and 98 gauss obtained for the Y ion. 


IV. CONCLUSIONS 


We conclude that if the interaction between the Ce 
and Co ions is properly described by that between 
magnetic dipoles, then the X-ion sites are either 
+ (0.399,0.399,0.399) or +(0.101,0.101,0.101). The 
extent of agreement between theory and experiment 
appears to justify the assumption concerning the 
interaction. 

The less extensive data for the Y ion agrees with the 
predictions for the body-centered site, but may not 
rule out the possibility of some interstitial site. If the 
special sites are occupied by cobalt ions, then the 
body-centered site must be occupied by some divalent 
ion and it seems unlikely that the cobalt ions would 
not occupy this site at all. The ratio for the 
number of X ions to the number of Y ions has been 
observed to be between 1.5:1 and 2:1. The ratio of 
special to body-centered sites is 2:1. There seems to be 
no reason that the ratio of available sites must be 
precisely the same as the ratio of ions when those ions 
are present in low concentration. 

The only ambiguity remaining in the divalent posi- 
tions is the two possible values of the parameter 2. 
The smaller value of x corresponds to a structure in 
which the divalent ions are much more crowded than 
would be the case for the larger value of x. 

The information on the Ce—Co interaction given in 
this paper lays the foundation for a quantitative 
understanding of the perturbation of the nuclear 
orientation of Co™ by spin-spin interaction with cerium 
ions.*-> 
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APPENDIX I. OVERLAPPING HYPERFINE LINES 


Dipolar interactions between an ion, the resonance of 
which is being observed, and neighboring dipoles will 
lead to a nearly Gaussian line shape if there are a 
relatively large number of nearest neighbors isotropi- 
cally distributed.'® Even in cases where this condition 
is not met, as encountered in this investigation, essenti- 
ally Gaussian broadening may be produced by more 
remote neighbors. In the following, the shape of the 
derivative of paramagnetic absorption for a series of 
eight equally spaced hyperfine lines is discussed, and 
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the methods are described for extracting information 
from the shape in a simple way. These methods were 
used to obtain the hyperfine interactions data for the 
Ce—Zn salt. 

The curves generated by the derivative of eight 
equally spaced Gaussian curves were calculated for a 
number of values of the ratio of the rms width of the 
individual Gaussian curves to their spacing. Three of 
these curves are reproduced in Fig. 3. From these 
curves one may conclude the following: In those cases 
where small inner peaks are present, the distance 
between the two central peaks is precisely the spacing 
of the individual lines. Further, the ratio of the inner 
peak heights to those for the outer peaks is a sensitive 
measure of the ratio of separation to individual line- 
width. As the width of the individual components 
increases their width and their spacing may be inferred 
from the widths of the outer peaks and the separation 
of the outer peaks, if the number of components is 
known. Sensitivity to the spacing is gradually lost as the 
flat region between the two peaks disappears with 
increasing component width. 


APPENDIX II. UNIT CELL AND SPACE GROUP 


X-ray powder diffraction data for Ce—Zn were 
indexed for a hexagonal unit cell with c= 34.18 A and 
a=10.84 A. The strong lines of the powder pattern 
correspond to the hexagonal parameters c=17.09A 


and a= 10.84, which are in satisfactory agreement with 
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the parameters reported for Ce—Mg by Powell'’ 
(c=17.22, a= 10.92). 

The extinctions characteristic of a rhombohedral 
unit cell are observed. The parameters of the rhombo- 
hedral unit cell are 13.1 A for the sides and 49° for the 
interaxial angle. The size of the unit cell and the 
observed density of the salt implies that there is one 
molecule per unit cell. The smaller unit cell defined by 
the strong lines implies that the Ce ions are in the 
general positions +(},},}). The unit cell which was 
deduced from these measurements has been verified 
for Ce— Mg by Swanson.'* 

The intensities obtained in the present investigation 
and those obtained by Swanson have been analyzed by 
a statistical method described by Lipson." This analysis 
is capable of distinguishing the presence or absence of 
a center of symmetry. Both sets of data require that 
the unit cell have a center of symmetry. In addition, 
a Laue pattern was obtained for the x-ray beam 
direction along the trigonal axis. This pattern showed 
that the Laue group is 3m which includes the rhombo- 
hedral space groups R3m, R3c, R32, R3m and R3c. 
Only the first two of these has an inversion center and 
R3c would have systematic extinctions which would 
have been detected in the powder pattern. From this 
it may be concluded that the space group is R3m 
(No. 166). 

17H. Powell (unpublished), quoted in reference 6. 


18H. E. Swanson (private communication). 
 H. Lipson and M. M. Woolfson, Acta. Cryst. 5, 680 (1952). 
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Free-precession signals were observed from fluids in samples 
containing randomly distributed ferromagnetic grains. The local 
free-precession phase shift was calculated by computing volumes 
of space for various ranges of perturbing field strength near 
individual grains. The frequency of occurrence of a given phase 
shift caused by individual grains is inversely proportional to the 
square of the phase shift, this distribution being a limiting case 
of the Cauchy form. The resultant distribution of phase shifts 
from effects of many grains is then still of the Cauchy form. This 
leads to an exponential signal decay, with the rate independent 
of diffusion. If M is the algebraic sum of the individual dipole 
moments of the individual magnetic grains per unit volume, and 


INTRODUCTION 


OR various reasons nuclear magnetic resonance 
(NMR) measurements have been made on fluids 
in porous solids or fluids containing suspended solids. 
It has long been known that both transverse and 
longitudinal relaxation times for protons in fluids in 
these systems are reduced by interaction with the 
solid.'~* Paramagnetic powders have been used for the 
purpose of reducing relaxation times,' and relaxation 
time measurements have been made to determine fluid 
accessibility to paramagnetic catalyst surfaces.?* Re- 
laxation times for fluids in contact with surfaces of 
solids nominally free of para- or ferromagnetic materials 
give information concerning the adsorption of the fluid 
on the surfaces.*~* In some measurements, an objective 
may be to obtain proton precession signals from a 
fluid in a porous material as an indication of the 
amount of fluid,’ where para- or ferromagnetic materials 
may merely interfere with the measurements. 

Most natural rocks have some ferromagnetic inclu- 
sions, and so do many artificial porous or granular 
materials such as glass beads or alumina sand. Even in 
some very clean quartz and limestone, permanent 
magnetization could be demonstrated. 

Nuclear magnetism measurements are now used in 
the logging of oil wells, where a proton precession 
instrument is run in a borehole to obtain signals from 
oil and water in the pores of the surrounding rock.’ 


'W. G. Proctor and F. C. Wu, Phys. Rev. 78, 471 (1950); 
F’. Bloch, Phys. Rev. 83, 1062 (1951). 

2 P. W. Selwood and F. K. Schroyer, Discussions Faraday Soc. 
8, 337 (1950) 

3’T. W. Hickmott and P. W. Selwood, J. Phys. Chem. 60, 452 
(1956). 

#R. J. S. Brown and I. Fatt, Petrol. Trans. Am. Inst. Mining 
Met. Engrs. 207, 262 (1956); R. J. S. Brown, Bull. Am. Phys. 
Soc. 3, 23 (1958). 

5J. R. Zimmerman and W. E. 
1328 (1957). 

6S. Broersma, J. Chem. Phys. 24, 153 (1956). 

7R. J. S. Brown and B. W. Gamson, Petrol. Trans. Am. Inst. 
Mining Met. Engrs. (to be published). 


Brittin, J. Chem. Phys. 61, 


y the magnetogryic ratio, 1/T:= (8x*/9v3) My if all grains are 
magnetized parallel to the precession field; 1/T.= (4/3)My if 
perpendicular. Within 10%, 1/T:=4.6My for any random or 
systematic orientation of the grains. Measurements on water 
containing magnetite powder stabilized by carboxymethylcellulose 
and on glycerine containing magnetite powder, as well as on 
sands containing magnetite powder and saturated with water or 
glycerine, verified the exponential decay, independence of decay 
rate on diffusion or viscosity, and the above numerical value of 
decay rate (with small geometrical correction applied to results 
for the:sand system). 


Here, ferromagnetic minerals in the rock usually 
shorten signal decay times considerably by means of 
the locally inhomogeneous fields produced. On the 
other hand, it is advantageous to introduce ferro- 
magnetic particles into the fluid within the borehole in 
order to provide so rapid a signal decay that signals 
from this fluid are not observed. 

Because of the occurrence of ferromagnetic materials 
in the many samples mentioned, it is desirable to know 
the effect of the magnetic particles on free-precession 
signal decay or the corresponding effect on NMR line 
shape. As will be shown for a large range of conditions, 
the signal decay is exponential and does not depend on 
the temperature or diffusion rate of the fluid. 

A previous calculation® for a crystal containing 
randomly distributed paramagnetic centers showed 
that the NMR line shape is approximately Lorentzian 
if only a small fraction of the sites are paramagnetic. 
This is a different problem from the present one in that 
the magnetic sites are limited to crystal lattice points 
and in that the problem is an essentially quantum 
mechanical one. 


THEORETICAL 


Definition of the System—Assumptions 
and Approximations 


The free-precession signal decay envelope will be 
calculated for a fluid containing magnetic particles 
dispersed in it. The following assumptions and simplifi- 
cations are made: 


(a) The fluid sample contains a large number of fixed 
macroscopic magnetic grains (dipoles), which need not 
be all of the same strength. 

(b) The sample is large enough that the region of 
significant influence of most of the grains is within the 
sample. 


§C. Kittel and E. Abrahams, Phys. Rev. 90, 238 (1953). 
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(c) Any magnetic grain is as likely to be in any 
volume element of the sample as in any other volume 
element of the same size. (As will be seen, the orientation 
of the grains may be either random or otherwise.) 

(d) The magnetic grains are sufficiently compact 
that they may be considered as point dipoles. 

(e) The approximation is made that only the compo- 
nent of the perturbing field parallel to the precession 
field Ho is considered. 

(f) Neither the magnetic grains nor the signal-giving 
nuclei move. This assumption will be lifted, however, 
in the discussion under Diffusion. 

(g) Relaxation from sources other than the magnetic 
grains is not considered, and the influence of inhomo- 
geneous fields from other sources is also not considered. 


The fulfillment of these assumptions for some real 
samples will be discussed in a later section. 


Distribution of Fields from a Single Dipole 

A signal is received from the free precession of nuclei 
in a precession field Hy. The field Ho is perturbed by 
the field from the magnetic grains embedded in the 
sample. Let H be the component of the perturbing field 
parallel to Hy. Where the field from the magnetic grain 
is much weaker than Ho, the resultant field strength 
determining precession frequency is Ho+H. The free 
precession signal decay is then. determined by the 
distribution of values of H over the sample. H is the 
sum of the contributions of the individual magnetic 
grains. The contribution to H of a single grain is 


AH = (m/r*)[(m- 1) —3(m-?) (Ao: #)], (1) 


where m is the dipole moment of an individual grain, 
a caret indicates a unit vector, and 7 is the distance 
from the grain to the precessing nucleus of concern. 
Let V(h) be the volume of space for which the absolute 
value of the grain’s contribution to H for the given 
field point is greater than a value A. If r(4,9,¢) is the 
radius for which |AH|=h, 


V(h)= if f r(h,d,¢) sindddd ¢, 
d=0 “ g=al 


r® (hd, ¢) = (m/h) | cosdo— 3 cosa cosd | , 
where the angles are as defined in Fig. 1. 


cosa= cos? cosdy-+sind sind» cos¢, 


V(h)= (m/3i) f f | cosdy sind — 3 cos’? cosdy sind 
0 0 


—3 cos# sin*d sindy cosy|dddy. (5) 
If we were to omit the absolute value sign in (5), the 
integral would be zero, indicating that for any orien- 
tation of the dipole moment of the grain with respect 
to the precession field there is as much volume for which 
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1G. 1. Relationship among angles used in computation. 


the perturbation to the precession field is positive as 
negative. For the dipole moment of the grain parallel 
to Ho, or do=0, 


Vius(h) = (169 /9V3) (m/h) ~3.22(m/h). (6) 


If the grain is perpendicular to Ho, or #9= 7/2, 


V (hk) = (8/3) (m/h) ~2.67(m/h). (7) 


Equation (5) is not easily integrated for other values 
of %. However, if one integrates the square of the 
integrand of (5) instead of the absolute value, the 
result is seen to be monotonic in %, suggesting that 
values of V(h) for intermediate values of 3 are inter- 
mediate between those given in (6) and (7). The 
numerical constants in (6) and (7) differ by only 20%, 
and the dependence on m and k does not vary with Jo, 
showing that the effect of the dipole is nearly inde- 
pendent of its orientation. 

In computing the effect of the dipole field of a 
magnetic grain on the signal decay envelope, one needs 
to know at any given time the distribution of phase 
shifts over the sample. The phase shift due to a field of 
strength h is ¢=hyt, where y is the nuclear magneto- 
gyric ratio. The volume of space in the vicinity of the 
magnetic grain for which the phase shift Sq for 
positive @ (or <¢ if ¢ is negative) is }V (h)=}V (o/y?). 
The element of volume for which the phase shift is 
between ¢@ and ¢+d¢ is 


dV = (kmyt/¢")d¢, (8) 


where k is a number between # and 87/(9v3), depending 
on the orientation of the magnetic grain, as shown in 
(6) and (7). The probability that some one of the many 
grains contributing to the perturbing field makes an 
individual contribution to the phase shift of a given 
nucleus between ¢ and ¢+d¢ is then (>-dV)/ (sample 
vol): 


P(¢)do= (K/¢")dd, (9) 


K=vyi(sample volume)~'> ky, (10) 


where the sum is over the contributions of the different 
grains. If all the magnetic grains are oriented in the 
same direction, 


Ky,= (8"/9V3)Myt; K,=(4/3)Myt, — (11) 


where M is the total dipole moment per unit volume. 





DISTRIBUTION OF FIELDS 


Resultant Field from Many Magnetic Grains 
The distribution P(@) is the limiting case of a 


Cauchy distribution? : 


K 
P(@)=lim —— 
ew ¢’+é 


(12) 


The phase shift for an element of the sample is the 
resultant of the contributions from all the individual 
magnetic grains. Since these grains are independently 
and randomly placed in the sample, the resultant phase 
shift at a given point in the sample is the sum of the 
independent contributions distributed according to the 
Cauchy distribution. The distribution of these result- 
ants over the sample is then simply another Cauchy 
distribution.® The correlation of contributions to 
neighboring sample points is neglected, because the 
sample is large compared to the average spacing 
between grains; that is, it may be assumed that the 
phase shifts of all volume elements of the sample are 
independent. 

The distribution of resultant phase shifts for the 
sample, W(@), is then still of the Cauchy form. For 
large @ the chance of having significant contributions 
from more than one magnetic grain is exceedingly 
small; so, for large ¢, W(@) must reduce to (9). The 
remaining parameter in the Cauchy form is easily 
determined by the required normalization (unit proba- 
bility that the phase shift for a given volume element 
of the sample has some value between — * and +), 


W (6) = K/(¢?+7°R?). (13) 


The Signal Decay 


The signal envelope is then 


(14) 


+00 
s=5f W(o) cospdd = Sye—**, 


—@ 


Since K is proportional to /, the signal decay is expo- 
nential in time, with transverse relaxation rates 


(1/T2) = (82°/9vV3) My, 
(1/T) = (4x/3)My, 
or, in the general case, 


1/T,~4.6My, (17) 
where M is generalized to represent the algebraic sum 
of the dipole moments of the individual magnetic 
grains per unit volume, however oriented. Equation 
(17) is within 10% of the correct value even for the 
extreme cases of all grains oriented parallel to or 
perpendicular to the prceession field. 


*H. Cramer, Mathematical Methods of Statistics (Hugo Grebers, 
Stockholm, 1946), p. 246. 
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Diffusion 


It was assumed in the above that local fields were 
constant in time. It might be expected that rapid 
diffusion would lead to an averaging of local fields with 
a corresponding reduction of the effect of the inhomo- 
geneous magnetic fields. In the Bloembergen” theory 
of relaxation in liquids, the relaxation is again due to 
local fields from magnetic dipoles. Here a correlation 
time for the change of these fields due to molecular 
motion is defined. The shorter this time, or the more 
rapid the averaging of local fields, the less the relaxation 
effect. However, in case of relaxation from the inter- 
action of individual magnetic nuclei, the distance of 
approach of nuclei to each other (i.e., the distance from 
the signal-producing nuclei to the dipoles producing 
the perturbing fields) is limited by atomic radii. In the 
present calculation, however, it was assumed that the 
macroscopic magnetic dipoles (magnetic grains) were 
essentially point sources, with no lower limit to the 
distance of approach, and correspondingly, no upper 
limit to the strength of the perturbing field. The field 
of a dipole becomes so strong at small distances that 
it is no longer possible to define a correlation time as 
Bloembergen” did. 

In the present problem it is still possible to define 
roughly a time for an element of the sample to become 
randomly relocated by diffusion, namely the time for 
diffusion over a distance comparable to the average 
distance between the magnetic grains. The effect on 
the signal decay would correspond to an averaging of a 
number of random choices from a Cauchy distribution 
of phase shifts. However, the distribution of averages 
of random choices from a Cauchy distribution is the 
same Cauchy distribution,’ not a narrower distribution 
as for the more familiar Gaussian distribution. Thus, 
diffusion should have no effect on the result given in 
Eqs. (15) through (17). Diffusion does provide the 
possibility that an element of the sample will have the 
effect of a time spent in a region of positive perturbing 
field cancelled by a time spent in a negative field. 
However, this cancellation is offset by the fact that a 
rapidly diffusing element of the sample has a greater 
chance of spending a little time in a region very close 
to one of the magnetic grains, where the field is exceed- 
ingly strong. The result is that diffusion has no effect 
in either direction. 


Fulfillment of the Assumptions 


The relationship derived above has been applied to 
several systems of practical interest: porous rock that 
contains magnetite grains, sand mixed with powdered 
magnetite, and fluids containing dispersed magnetite 
powder. The magnetite powder used has a grain size of 
the order of a micron and retains a magnetization of 
about 11 emu/gram after exposure to a strong field. 


10 N. Bloembergen, E. M. Purcell, and R. V. Pound, Phys. 
Rev. 73, 679 (1948). 
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Concentrations used were of the order of 10~-° by 
volume. This amounts to about 10’ particles/cc if there 
is no clumping. Even with considerable clumping, 
requirement (a) is well met. Assumption (b) requires 
only a sample size large compared to the spacing of the 
magnetic grains (ignoring some possible’ large-scale 
inhomogeneous fields), (c) is satisfied for the magnetite 
dispersed in fluids, but not entirely for the material in 
sand or rock, where the magnetite is on the rock or 
sand surfaces. However, the magnetite grain spacing is 
of the order of pore dimensions, making this constraint 
a minor one. (d) is subordinate to (e) so long as the 
field at the edge of a magnetite grain is much greater 
than the precession field, which it is for low-field work. 
(e) is justified by the fact that, even with a diffusion 
constant as high as 10~ cm? sec~ and a precession field 
as low as 0.5 gauss (earth’s field), the phases of the 
precessing nuclei are completely scrambled in a few 
cycles of precession. Thus, there would be no further 
effect of even more rapid changing of phase. The effects 
mentioned in (g) are independent effects, and correc- 
tions may be made for them. In particular, signals may 
be observed for a sample with and without the magnetic 
grains, with the ratio of the signals giving the signal 
decay form corresponding to the magnetic grains effect. 


EXPERIMENTAL 


A sample of water containing 5% by weight of 
carboxy-methylcellulose (CMC) and a small amount 
of magnetite powder was stable over long periods of 
time at temperatures from 0° to 100°C. It showed a 
permanent magnetization" of 8.310 emu/cc after 
being subjected to any magnetizing field of over one 
kilogauss. It is assumed that the grains were all magnet- 
ized in the same direction. They were subject to a 
7-kilogauss field, and furthermore, the particles were 
free to turn physically to line up with the field. Free 
precession signals were observed, with the magnetiza- 
tion at about 60° to the precession field (earth’s field 
in this case). The signal decay time was 10.8+0.5 msec 
at all temperatures between 0° and 100°C. The time 
computed from (17) is 9.8 msec, about 10% lower than 
observed. All thermal relaxation times at all field 
strengths over one gauss were over 1.0 sec. 

Magnetite powder was suspended also in glycerine, 
with a permanent magnetization of 5.6X10~ emu/cc. 
Free precession signals were observed for this sample 
and for a sample of pure glycerine, both at 46°C. The 
magnetite effect is given by the ratio of the signals, 
which ratio showed a decay time of 14.4 msec. The 
time computed from (17) is 14.5 msec. 

A small amount of powdered magnetite was added to 
some very clean quartz sand, and the sand was satu- 
rated with water. Thermal relaxation times were over 


4 The remanent magnetization was measured by means of an 
apparatus which simultaneously magnetizes the sample uniformly 
and polarizes a water sample. The inhomogeneous field from the 
magnetized sample causes the free precession signal from water to 
decay, the decay rate being a measure of the sample magnetization. 
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0.1 sec at all temperatures and fields. Signal decay 
times were 14.0+1.0 msec at temperatures from 0° to 
100°C. The measurement was repeated with glycerine 
instead of water in the pores. At 50°C the signal decay 
time, corrected for the bulk relaxation rate of the 
glycerine, was again 14 msec. The signal decay time 
computed from (17) is 19.0 msec. 

The magnetite grains are small compared to the 
quartz grains, and some are seen by the fluid as lying 
on convex or plane surfaces, making at least half the 
space in the immediate vicinity of these magnetite 
grains accessible to the fluid. Others are in crevices, 
where only little fluid is close to the grain. However, 
only about 40% of the space is filled with fluid, and all 
the magnetic grains are in this 40%, making the 
concentration in the fluid phase 2.5 times greater than 
in the sample as a whole. Thus, one might expect a 
slightly greater effect of the magnetite in the sand than 
would be obtained in a simple liquid suspension. 

A stringent test of the exponential character of the 
signal decay was made. Signals were observed for a 
water-magnetite-CMC suspension with a signal decay 
time of 62 msec and for a clean water sample of the 
same dimensions. The ratio of the signals was plotted 
and found to decay exponentially for decay by a factor 
of 100. The scatter of points was about 10% at the 
low end of the curve and negligible elsewhere. 

It may be noticed from (17) that the free-precession 
signal decay gives a measurement of the total magnetic 
moment content of a suitable sample even if the 
moments of the various grains are not aligned. 


THERMAL RELAXATION 

For magnetic grains of micron size or over, very 
little contribution to thermal relaxation is expected. 
Diffusion is slow enough and precession frequency high 
enough that changes of magnetic field under diffusion 
is substantially adiabatic. Little or no contribution to 
the thermal relaxation was observed for the liquid 
suspensions, but a moderate contribution was observed 
for the magnetite and water in clean quartz, the effect 
increasing with temperature. The effect may well be 
due to some smaller particles of magnetite produced by 
abrasion by the quartz. 


SUMMARY 

If a fluid from which free-precession signals are 
observed contains randomly distributed magnetic di- 
poles (such as ferromagnetic grains), the contribution 
of these dipoles to the signal decay is a factor which is 
simply exponential in time. The time constant is given 
by (17) and is almost independent of dipole orientation, 
random or systematic. The contribution to the signal 
decay rate is independent of the viscosity or diffusion 
rate of the fluid. 
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Born’s approximation is used to calculate,the cross sections for ionization of lithium by fast protons 
(<1 Mev) and electrons (<1 kev). The electron impact results are in good agreement with those obtained 
by Seaton’s method from experimental photoionization data. The maximum cross section for-proton impact 


is 1.17a,? at 20 kev. 


INTRODUCTION 


HE ionization of atomic systems by fast-proton 
impact is a subject of considerable interest in 
auroral studies and is relevant to the operation of cer- 
tain types of thermonuclear devices. While there have 
been extensive experimental and theoretical studies of 
ionization by electron impact! (the theoretical work 
normally being based on Born’s approximation), the 
agreement is poor until electron energies of the order of 
ten times ionization threshold are reached, even in the 
case of the monatomic noble gases. For these the dis- 
crepancy is almost certainly due to the failure of Born’s 
approximation at low energies. With other gases, analy- 
sis of the data is complicated by their polyatomic nature 
and the inability of the present theoretical formalism 
readily to take account of this. Recent studies by Fite 
and his colleagues on monatomic oxygen? and hydrogen® 
indicate a similar failure of Born’s approximation at low 
energies even for atomic hydrogen and suggest that it 
may persist even at moderately high energies. For 
atomic oxygen the comparison is made with Seaton’s 
semiempirical approximation,‘ based on Bethe’s ap- 
proximation, and while the agreement is satisfactory, 
it yields no information on the range of validity of 
Born’s approximation. The evidence on ionization by 
proton impact is less clear. Little experimental informa- 
tion is available at energies where Born’s approximation 
. ° ore . . ° 
might be expected to be valid. ‘Theoretical studies using 
the Born approximation have been made by Bates and 
Griffing® for H, while He has been studied by Erskine® 
* This research was supported in part by the U. S. Air Force 
through the Air Force Office of Scientific Research of The Air 
Research and Development Command. 
+ On leave of absence from Royal Holloway College, Englefield 
Green, Surrey, England, 1959-60. 
t Now at Physics Department, University College, London, 
England. 
1H. S. W. Massey and E. H. S. Burhop, Electronic and Tonic 
Impact Phenomena (Clarendon Press, Oxford, 1952). 
2 W. L. Fite and R. T. Brackmann, Phys. Rev. 113, 815 (1959). 
3W. L. Fite, R. F. Stebbings, D. G. Hummer, and R. T. Brack- 
mann, Phys. Rev. 119, 663 (1960); W. L. Fite and R. T. Brack- 
mann, Phys. Rev. 112, 1141 (1958). 
4M. J. Seaton, Phys. Rev. 113, 814 (1959). 
5D. R. Bates and G. W. Griffing, Proc. Phys. Soc. (London) 
A66, 961 (1953). 
6G. A. Erskine, Proc. Roy. Soc. (London) A224, 362 (1954). 


and Mapleton.’ Erskine’s work actually referred to 
ionization by alpha particles, but it can readily be 
converted to apply to electron impact and allows com- 
parison with the experimental data of Smith*: the 
agreement is remarkably good. The improvement over 
earlier calculations is apparently due to replacing the 
p-wave part of the ejected electron wave function by 
that of an electron in the static field of He(1?S;). The 
ionization of Ne by proton impact has been considered 
by Bates, McDowell and Ombholt,? but only the /=2 
part (d wave) of the ejected electron function was used, 
no comparison with experiment being made. An ex- 
tensive experimental program of measurements of pro- 
ton ionization cross sections is now in progress at the 
Georgia Institute of Technology at proton energies of 
0.15-1.1 Mev. Results on Hz show excellent agreement 
with the Born approximation calculation of Bates and 
Griffing,® provided a suitable adjustment is made to 
take account of the molecular structure." 

The present paper is intended as a beginning of a 
program to provide comparison data for the Georgia 
Tech experimental work. We are interested in the 
range of validity of Born’s approximation, in the sensi- 
tivity of the calculations to choice of wave function, 
and in developing higher approximations. It is already 
clear from a comparison of the work of Mapleton’ and 
of Dalgarno and McDowell" on simultaneous excitation 
and ionization of He by protons that such cross sections 
are extremely sensitive to choice of free-electron wave 
functions. Further difficulties arise in ensuring or- 
thogonalization of initial and final wave functions, since 
if one employs single-electron atomic orbitals, those of 
the target and those of the residual system belong to 
different complete sets. With atoms of higher atomic 
number than He, comparison of experimental and theo- 


7R. A. Mapleton, Phys. Rev. 109, 1166 (1958). 

§P. T. Smith, Phys. Rev. 36, 1293 (1930). 

*D. R. Bates, M. R. C. McDowell, and A. Omholt, J. Atmos- 
pheric and Terrest. Phys. 10, 51 (1957). 

0 J. W. Hooper, E. W. McDaniel, D. W. Martin, and D. S. 
Harmer, Phys. Rev. 121, 1123 (1961). For other experimental 
results at lower energies, see V. V. Afrosimov, R. N. Ilin, and 
N. V. Fedorenko, Soviet Phys.—JETP 34(7), 968 (1958). 

A. Dalgarno and M. R. C. McDowell in The Airglow and 
Aurora, edited by E. B. Armstrong and A. D. Dalgarno (Pergamon 
Press, New York, 1957), p. 340. 
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retical data must allow not only for the possibility of 
simultaneous excitation and ionization, but also for 
autoionization and inner-shell ionization.” In this paper 
we restrict ourselves to ionization of lithium, but con- 
sider both proton and electron impact. We employ 
Born’s approximation and represent the ejected electron 
by a Coulomb function, with effective nuclear charge z. 
For the bound electrons we use the atomic orbitals 
given by Wu and Yu." Since there does not appear to be 
any experimental data, we compare our results for 
electron impact with those obtained from Seaton’s 
semiempirical formulas, via the experimental values for 
He and for photoionization of He and Li at threshold. 
No more than moderate agreement is to be expected, 
since Bethe’s approximation, on which Seaton’s result 
is based, is only valid at high energies. 


THEORY 


We consider a structureless particle of momentum 
k;=yv;/h (in the center-of-mass system) incident on a 
lithium atom in its ground state. It is scattered through 
direction (6,0), ionizing the outer 2s electron of the 
target atom, this electron being ejected with momentum 
t into the solid angle dw about the directions (x,y), and 
the incident particle being left with momentum ky. 

The Born approximation to the cross section for this 
process may be expressed as" 


m 2 +1 (max 
0(E)=27(——) f f fisessor 
Th nal 0 w 


Xdwdid cosé, (1) 


where y is the reduced mass of the colliding systems, and 
§(2s — c) is the relevant matrix element. Transforming 
to momentum space, and defining 


K=k;—k,, 


we can write this as 


8 Kmax tmax 
O(E)=- J f izes or 
$? Kmin 0 w 
Xdwdt K-*dK (ray?), (3) 


in which 


$7= dmv? ly (4) 


is the energy (in rydbergs) the incident particle would 
have if its mass were that of an electron, and 


L(2s > c)= fosrremver (naar (5) 


2A. M. Arthurs and B. L. 
(London) A247, 550 (1958). 
T. Y. Wu and F. C. Yu, Chinese J. Phys. 5, 162 (1944). 
4 N. F. Mott and H. S. W. Massey, The Theory of Atomic Colli- 
ay (Oxford University Press, New York, 1949), 2nd ed. Chap. 
XI. 
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Here r is the position vector of the ejected electron, 
$(2s,r) is a 2s-orbital of lithium, and ¥;"(r,2) is a 
Coulomb wave function describing an outgoing electron 
in the field of a positive charge ze. We have assumed in 
obtaining (5) that (i) the 1s orbital of Li* is orthogonal 
to that of Li, and (ii) ¥;~(8,z) is orthogonal to the 1s 
and 2s orbitals of lithium. Following Wu and Yu," we 
adopt the trial functions 


ai 
v(1s,r) = ‘el 


T 


a=2.694, (6) 


(2s,r) = N(2s){1—}(at+6)r}e-*", B=0.764, (7) 
for the ground state of lithium, a and 8 being varia- 
tionally determined parameters, and y and @ being 
orthogonal. An examination of the cross sections for the 
processes 


Li(1s*2s)+-e — Li(is2s2p, or 1s°2p, or 152p?)+e (8) 


by one of us (G.P.) with various forms of variational 
functions for the orbitals reveals that these cross sec- 
tions are not very sensitive to slight improvements in 
the wave functions." 

Our choice of orthogonalization requires y;~ to be 
orthogonal to ¥(1s) and $(2s). By taking s=a, we can 
satisfy the first requirement but not the second. Physi- 
cally, the ejected electron will be well screened by the 
inner electrons, and it might be supposed that s=8 or 
z=1.0 would be a better choice. However, with these 
values of z neither orthogonalization condition is satis- 
fied. It should in principle be possible to form a linear 
combination of ¥;~(8,r), ¥(1s,a), and $(2s,8) which 
satisfies both conditions and retains the correct asymp- 
totic properties, but the algebra would be so complex 
that it would be just as simple to perform a Hartree- 
Fock solution for the ejected electron. We hope to do 
this at a later date. For the present we adopt z=a to 
obtain the greatest simplification of the analysis. The 
resultant wave function at least has the correct prop- 
erties for small 7, from which the dominant contribution 
to the matrix element arises.“"'® Writing then 


iz 
evr (1— ) 
i t 


ig 
xexp(it-)F(~, iM ~itr—it-r), (9) 
l 


vr ( 2) = 
oe 


where we have normalized so that 


to [ vi*verar=a(e 8), 


16 G. Peach, Ph.D. thesis, London, 1960 (unpublished). 
16 E. H. S. Burhop, Proc. Cambridge Phil. Soc. 36, 43 (1940). 
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straightforward analysis*” yields 


ida 
ea ae 
K 


{ 22 281 
exp} —— arc tan-————— -| 
li +k 


«(1 —¢ 22/t) \(2+d*)-*(a@—B*)- 
Xt*K-*didK (xa;*), 


where 


a=6+K°+?, b=2Kl, c=+K°—-P, 


d=28l, e=a’+a6+ 7, (11) 


and F(/,K) is a complicated polynomial in 8, /, K given 
in the Appendix. r 

The most important contribution to the cross section, 
at energies much above threshold, should be the con- 
tribution from transitions to the p wave of the con- 
tinuum. To obtain this we replace (9) by its p wave, 


¥i- (2; p wave) 


_ # cosé ta(P +27) 
E er pitr J r(2+ , 4, air), (12) 
ye 1—e-tealt 


retaining the normalization (9a) and putting ?-#=cosé. 
Evaluating (5) using (12), we adopt an analysis de- 
veloped by Bates ef al. and obtain 


186% Kmax tmax (? ~~), 
C(E)=— gs <4 f (1K? ( 


min 


2z 2p! 
xexp| —— arc tan- 
t 


B+ K?— 
X { (dite) cos@+ (d.—y1) sinO}*dKadl(wa,?), 


in which 


(13) 


Zz p—t—iK| 
@=- log, |_|, 
t \B+it—iK | 


(14) 
and 


$= 8K (2+2)71 (2€+@)“[ (6—s)c+26(F +62) ], 
Wi=4? (P+22)-{a(e+a)“ 
X[c(P+62z) — 28 (B—z) ]—Bs"(F+2)}, 
2= 28'(8(2+d2)-2(@—d?+-4cl*) (a2 + B*) 

—2a(? +2?) (2+?) (2Bcl?+-scl? + 2B2?c4+- 26270") 

+271(382+2/)}, 
'(e+d)*{a(e—&— 46") 
1(a—B*) (22ce—Aa— 


Yo=8F Kb 
— (t+2)- 
15’= 4 (a+ 6). 


17H. S. W. Massey and C. 
A140, 613 (1933). 


26cf—482%)}, (15) 
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Considerable cancellation occurs for small K; a power 
series expansion of {(¢:+YW2) cosO+ (¢2—y) sin@} was 
therefore developed, the leading term being K**. This 
implies that at large /; the p-wave contribution to the 
cross section decreases as /;“' log,#;, as it should. 

As a further check on the accuracy of the two formu- 
lations we made use of Seaton’s method‘ of deriving the 
cross section for ionization by electron impact Qx of a 
species X from known results for a species Y together 
with a knowledge of the photoionization cross section 
at threshold for both X and Y. This has been applied 
successfully to electrons on N and O (using results on 

) by Seaton.‘ It is essential® to choose as comparison 
species one whose outer electrons have the same orbital 
angular momentum. We used Smith, Erskine,® and 
Massey’s'’ results on ionization of helium together with 
the values'*-*° (which are further discussed elsewhere’), 


a1i(0)=3.70X 10-'8 cm?, aye(0)=7.80K 10-8 cm? (16) 


for the relevant photoionization cross sections. Then 


TaQaUlae) aa(O)= BO p(T ze) ‘ap(0), (17) 


where J, is the ionization potential of species A, and 
the cross sections are compared at ¢€ units above 
threshold. 


DISCUSSION 


Ionization cross sections were readily computed from 
the above results. We have 


K nin= =k, —k,;, ax =k ct ky, (18) 


and fmax is given by 


(19) 


2m, 


For electron impact we use Eq. (18) but note that for 
proton impact Kmax and fmax may be taken as infinite; 
and 


P+e; 
+ 
28; 7M,8 


2m, 


K min ~(e+F)+: (20) 


where ¢; is the (positive) binding energy of the initial 
state. 

The electron impact results are shown in Fig. 1 as 
computed from Eqs. (13) and (17). The p-wave results 
are well approximated by Eq. (17) except near thresh- 
old, where (17), based as it is on an expansion in powers 
of K, is not expected to be reliable, and where the con- 
tribution from the s wave might be expected to be 
most important. It is unlikely that higher partial waves 
make a significant contribution in this case. The value 
of az;(0) chosen is open to some criticism. More recent 


18D. R. Bates, Monthly 
432 (1946). 

19 J. A. Wheeler, Phys. Rev. 43, 258 (1933). 

2” R. W. Ditchburn, Proc. Roy. Soc. (London) A236, 216 (1956). 


Notices Roy. Astron. Soc. 106, 423, 
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ic. 1. Ionization of lithium by electron impact. Seaton’s approxi- 
mation and Born approximation (p wave, a=2). 


experimental work by Tunstead*' suggests a1;(0)=2.5 
X10-'S cm?, while a calculation by Stewart” using a 
Hartree-Fock p wave yields a1;(0)=1.210— cm’. 
Adoption of Tunstead’s value would reduce the value 
given by about 50%. Nevertheless an examination of 
Vioniz (P wave) as a function of z makes it clear that 
z=a still gives the best agreement. We have used the 
wave function ¥;~ (zs, p wave) given by Eq. (12) to 
calculate a,;(0) (making use of the formulas presented 
by Bates'*), as a function of z. We find that it varies 
as 3’ exp(—bz), where 6 is a constant. It is then pos- 
sible to pick z so that az;(0,z) is equal to the experi- 
mental value. This yields z= 1.29, and gives an ioniza- 
tion cross section about a factor of ten larger than that 
predicted by the Seaton method for the same value of 
a1;(0). However, when we examine the proton-impact 
cross sections (Fig. 2), while it is gratifying to have 
close agreement between results calculated from (10) 
and (13) below and close to the maximum, Born’s 
approximation cannot be regarded as satisfactory at 
these energies. The p-wave cross sections show the ex- 
pected dependence on impact energy and should be 
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Fic. 2. Ionization of lithium by proton impact. Lower curve, p- 
wave Born approximation, a=2; upper curve, Eq. (10), a=z. 


*1 J. Tunstead, Proc. Phys. Soc. (London) A66, 304 (1953). 
2 A. L. Stewart, Proc. Phys. Soc. (London) A67, 917 (1954). 
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reliable at high energies. The reason for the failure of 
Eq. (10) at high energies is of course the lack of or 
thogonality of (2s) and ¥,-(a,r). An expansion of e'**' 
in powers of K, for small K, shows that | L(2s—> c)|* 
is not vanishing at high energies. It is not quite inde- 
pendent of energy since it remains a function of /. The 
p-wave (lower) curve in Fig. 2 is probably the better 
estimate of the cross section. 

If complete screening is assumed we may take z=1 
and readily compute the p-wave cross section, since the 
p-wave part of ¥; 
the bound-state orbitals employed, and Eq. (13) is valid 
for all z. For proton impact the maximum cross section 
occurs at the same energy but its absolute value is 
increased by a factor of three while at 1 Mev, it is 
larger by a factor of seven. The change in the electron 
impact cross sections is very similar: at 100 ev the p- 
wave cross section for s=1 exceeds that for z=a by a 
factor of 6.4. 
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Fic. 3. Ionization of lithium by proton 
electrons ejected with energy greater thar 
curves give value of K?). 


We have repeated the calculations of Wu and Yu" 
on double excitation and are in substantial agreement 
with them." For electron impact the most important of 
these processes is 


Li(1s?2s)+e— Li(1s2s2p°P)+e, (21) 


which has a maximum cross section of 2 10-*ra¢? at 
150 ev and falls off rapidly with increasing impact 
energy. It is clear that autoionization cannot play a 
significant role in impact ionization of lithium. The 
contributions from simultaneous excitation and ioniza- 
tion have been computed by Wu and Yu." However, 
their use of a plane wave to represent the ejected elec 

tron is unsatisfactory and their results are of uncertain 
accuracy. Even if they were larger by an order of mag- 
nitude they would nowhere exceed 20% of our p-wave 
contribution. Studies of this process in helium" :” show 
that cross sections for simultaneous excitation and 
ionization never exceed 10% of those for simple outer- 
electron ionization, whatever assumptions as to or- 
thogonality are adopted. Inner shell ionization will also 





IONIZATION OF Li BY FAST 
contribute; from the data presented by Arthurs and 
Moisiewitsch,” who show that at a given ratio of FE; to 
ionization potential the K-shell ionization cross section 
is proportional to z*, we estimate that the cross section 
for this process will not exceed 4.5 10~ cm? in lithium. 

For the sake of its interest in studies of secondary 
ionization and auroral processes we display in Fig. 3 
the fraction of the number of ejected electrons (p wave) 
having energy in excess of K*/y, as a function of impact 
energy. At high energies more than 30% of these elec- 
trons have energy greater than /y, in close agreement 
with the results of Bates and Griffing® for 1s electrons, 
but only about half as many as for 2 electrons.° 
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APPENDIX 
The function F (/,K) introduced in Eq. (10) is given by 
F (t,K)=3(Sa*+ 10a*?+5*) (f+?) 
+ 12ab(5a?+36*) (fifotfafs) 
+ (Sa*+ 38a*b?+ 5b*) (fer+2fifst2fafet fs’) 
+ 12ab(5b°+-3a*) (fofst+Ssfe) 


+3(5b'+ 1006+") (2+ fe), (A-I) 


PROTONS AND ELECTRONS 


in which 


al(c?+d*)g,—dgs,  fo=l(age—by,)(c?+d*) —dge, 


= —(b(c?+-d*)go.—dg7, fx=al(c?+d*)g;—dgs, 


= t(ags—bgs) — dg0, fe= —tb(c?+d?)g,4—8g10, (A-IT) 


re 


=za(lc—Bd)+Bt(ce?+d?), £2=2b(Bd—tc), 
= ga (Bc+id)—28(ce+d?), gs= —2b(Bc+id), 
= ay; + ay2+ 26" (c?+-d*)?(2P—2*), 
£6= —2aby,— bys, g= by, 
£s= a"? y3+ays— 62lP? (C?+d")*, 


g9= —2aby;—by,, £10= b*ys, 


and 


yi=42l{ Bl(e?—d*) —cd(P’—F)} 

— 22*{ (@—P) (Ce —d)+4Bicd}+2d(P+ea), 
yo= 428 (c?+-d*){2(8c+ld) —t(Bd—tc)} —PF(e+d*)?, 
y3= 42°{B1(Ce—d*) —cd (VP —P)} 

+ 2st{ (@—f) (Ce —d)+-48icd} —2tc(P +a), 
y= 428 (C+?) {1(Bc+td)+2(Bd—tc)} 


+ts(e+d?)?. (A-IV) 
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Influence of Ergodic Behavior on the Scattering of Slow Neutrons 
by a Harmonic Oscillator* 


THEODORE J. Krrecert 
Brookhaven National Laboratory, Upton, New York 
(Received October 18, 1960) 


Random quantum jumps of a harmonic oscillator in contact with a temperature bath are shown to give 
rise to a general broadening of the slow neutron scattering peaks. An exception occurs in the case of the 
elastic scattering peak, a major component of which remains unbroadened. In general, the broadening in- 
creases with the number of quanta transferred. The analysis is based on the “damped” oscillator model of 


Senitzky. 





I. INTRODUCTION 


HE effects of random movements of scatterers on 
the incoherent scattering of slow neutrons by 

disordered systems have recently been discussed by 
Vineyard! and by Singwi and Sjélander.? Both these in- 
vestigators deduce a broadening of the slow-neutron 
elastic scattering peak as a consequence of the random 
motion. In the present work, the influence of another 
type of stochastic process on the scattering of slow 
neutrons is considered, namely, the ergodic behavior of 
a spatially localized scattering system in thermal equi- 
librium with a surrounding temperature bath. In this 
case, the random processes are jumps of the system 
from one quantum state to another owing to the 
coupling with the temperature bath. In order to gain 
insight into the influence of such random quantum 
jumps on slow neutron scattering, a relatively simple 
scattering system, the harmonic oscillator, is investi- 
gated. The analysis is facilitated by the appearance of 
the recent work of Senitzky* on the quantum-mechanical 
behavior of a harmonic oscillator with dissipation. 
Senitzky, in contrast to several previous investigators, 
has viewed the oscillator and the lossmechanism to which 
it is coupled as a single quantum system. The coupling 
is assumed linear, and the effect of the oscillator on the 
loss mechanism is treated as a perturbation, though not 
vice versa. Third- and higher-order quantum effects in 
the loss mechanism are neglected. The formalism then 
yields the quantum analog of the damped oscillator 
differential equation of classical mechanics but with an 
inhomogeneous forcing term which arises from sta- 
tistical fluctuations in the loss mechanism. The solution 
of the differential equation appears as the sum of a term 
referring to the uncoupled oscillator which is expo- 
nentially damped in time, and another which builds up 
asymptotically to a value corresponding to a thermal 
distribution of states. A characteristic of Senitzky’s 
model is that the oscillator retains its quantum character 
throughout the coupling process, as is manifested in the 
validity, at all times, of the usual commutation relation 

* Work supported by the U. S. Atomic Energy Commission. 

+ Permanent address: Republic Aviation Corporation, Farming- 
dale, Long Island, New York. 

1G. H. Vineyard, Phys. Rev. 110, 999 (1958). 


2K. S. Singwi and A. Sjélander, Phys. Rev. 119, 863 (1960). 
31. R. Senitzky, Phys. Rev. 119, 670 (1960). 


between oscillator coordinate and momentum. This re- 
sult helps justify the application of techniques in scat- 
tering theory which were originally intended for un- 
coupled systems. From the point of view of the 
development presented here, the analogy with a classi- 
cally damped harmonic oscillator need not be empha- 
sized. Instead, the Senitzky analysis will be regarded as 
a description of the transition of the oscillator from an 
initial stationary state to one corresponding to a 
thermal distribution over stationary states. The dissi- 
pation constant @ is then interpreted as the reciprocal 
of the time constant 7 associated with the thermaliza- 
tion process. 


Il. THE SCATTERING LAW 


The pertinent results of Senitzky’s analysis will be 
summarized first. The oscillator coordinate g is given by 
g=e F294 R(t), (¢20), (1) 


where @ is the dissipation constant, g 
harmonic oscillator coordinate, and 


is the uncoupled 


t 


R()=a f re (tie BC tt 2 cosw(t—t,)dty, (2) 
Q 


in which a is the coupling constant, w is the angular 
frequency of the oscillator, and I is the coordinate of 
the uncoupled loss mechanism. It is assumed that 
B/w<1, i.e., that the coupling is ‘‘weak.” Expressions 
analogous to (1) and (2) also apply to the oscillator 
momentum #. The usual commutation relation‘ 


Lo), p() J=i 
is then obeyed, which is not the case in earlier models of 


the dissipative harmonic oscillator in quantum me- 
chanics. For the expectation value of g’, one finds 


(1—e-**), (3) 


seb +1 
(FP) = (qe Mal(s—1) 


where M is the oscillator mass and z=e*/*7, From (1) 


‘ Units in which #=1 are used throughout. 
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and (3), we find 


s+1 
(R{))=——__— 
2Mw(z—1) 


Since [g (4), (¢’) J=0, it follows that 
Lo (2), RY) ]=0. (5) 


The scattering is treated by the method of Zemach 
and Glauber,’ which is based on the use of the Fermi 
pseudopotential approximation and the introduction of 
Heisenberg time-dependent operators in lieu of an ex- 
plicit summation over final scatterer states. The differ- 
ential cross section o(6,e) for scattering by a single 
spinless scatterer through an angle @ with energy gain « 
is given by Z.G. as 


(1—e-*"). (4) 


o(0,e)=a? 


+0 
f e-iXty (u,f)dl, (6) 


2a 0 -2 


where a is the bound scattering length, ko and & are 
initial and final neutron momenta, and « is the mo- 
mentum gain of the neutron. The dynamics of the 
scatterer are contained in the function x, which satisfies 
the basic relation 


x*(«,t)=x(x, —t), (7) 


thereby ensuring the reality of o(0,e). 
When the scatterer is bound to a fixed center by a 
harmonic oscillator potential, x assumes the form® 


x= IKexp{ iLk. (q(t) —¢a(0)) ]} 
Xexp{d«r*Lga(4),qr.(0) }}), (8) 


where the x, (A=1, 2, 3) are the Cartesian components 
of the momentum gain of the neutron, g)(¢) is the com- 
ponent of the Heisenberg coordinate operator of the 
scatterer, and (---) indicates expectation value in the 
initial scatterer state. For the problem at hand, (8) 
still holds and becomes, by (1) and (5), 


x= [exp{ilen (e-F!7g,. —g 0) + RO) }} 
Kexp{ $x 2eF “Lg, (2),g. (0) }}). (9) 
Taking thermal averages in (9), we find 


(x)r=TexpLinR())r exp| — ePHL gitar} 


4Mw 
X (exp {ixale "gq, ()— gx (0) }})r 


[qn (t),gx (0) J= (e iat giwt)/2Mw. 


In (10), (---)r indicates an average over a thermal 
distribution of initial states of the complete system of 
scatterer plus loss mechanism (or temperature bath). 


(10) 


since 


5 A. C. Zemach and R. J. Glauber, Phys. Rev. 101, 118 (1956). 
This paper will be referred to as Z.G. 


BEHAVIOR 


ON SLOW NEUTRONS 


Now, by a theorem of Bloch,® 


(exp{ix[e~F 42g (t)—g (0) ]})r 
= exp[ — xe B tg @ 2(4)+9° 2(0) 

—€- #4424 (Ng (0)+L4 0). Dr}, (11) 
where the subscript A is omitted for the sake of brevity. 
Now 

ze~ #t-+eivt 
(g ()qg (0))2=——__——_ 


’ 12 
2Mw(z—1) = 


where 


g= ew kT, 


(13) 
and 
+1 
(g?(t)) r= (gq? (0)) 2 =. 


14 
2Mw(z—1) uf) 


Also, since third- and higher-order quantum effects in 
the loss mechanism are neglected, we have,’ by (4), 


(expLi«R(¥) ])r=expl—30(R*(0))r ] 


Kn 2+1 
= exp| (a-er9]. (15) 
4Mwz—1 


Combining (10), (11), (12), (14), and (15) yields finally 


2 ~ op—rwt rsiwt 
te ere, ae 
(x)r= exp € ; 
| 2Mwls—1 s—1 


(420), (16) 


To obtain (x)r for ‘<0, we invoke (7), obtaining for 
all ¢ 


Ke z+1 ze t+ -givt 
(x)r= exp) _-__—_ |- en — cnan]| (17) 
| 2Mwls-1 = 2-1 


where «= >>) x’. 


To facilitate the calculation of the Fourier transform 
of (17), as required by (6), we expand the time-de- 
pendent factor in (17) in a series of modified Bessel 
functions /,, following Z.G. The result is 


=] einetg—ny, (ye), (18) 


n=O 


K? =] 1 


(x)r= exp| - —— 
' 2Mw z—1 


where y=«?/[2Mw sinh(w/2T) ]. For 8=0, this yields 
the expected delta function contributions to the cross 
section ; the mth term in (18), which corresponds to the 
transfer of m quanta w, gives a term proportional to 
5(e—nw). For 8>0, a general broadening of the delta- 

® See, for example, reference 5. 

7 A discussion of the first equality in (15) will be published by 
I. R. Senitzky. 
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function peaks occurs, which can be seen in the following 
way. We consider first the case y<1, which holds in 
many cases of practical interest. If 7,(ye~®!'!”) be ex- 
panded in a power series and only the leading term 


= — 


ee 
2inl| n| ! 


(19) 


retained, we find from (6), (18), and (19) 


o(0,<.)=5 on (0,6), 


 2s+1 
exp| ——— — ] In| 

a’k 2Mw z—1 
o(0,¢)~—— — 


2rko 


B|n| 
x— 
(8| n| /2)?+ (e—nw)? 





(20) 


Thus, in the approximation represented by (19), the 
width of the line corresponding to the transfer of n 
quanta is 8| | ; in particular, for elastic scattering, i.e., 
n=O, there is no broadening at all, oo(0,e) remaining 
proportional to 6(e) and with an integrated value equal 
to that obtained with B=0. 

For the case of arbitrary , the use of the complete 
expansion of 7, results in power series representation of 
7,(0,e) whose leading term is proportional to y'"!, as 
shown in (20). Each term of the expansion contributes, 
in the case 8=0, a delta function, which becomes 
broadened when 8>0, except in the case n=0. For n=0, 
the leading term is unbroadened when 8>0, but all 
higher order terms are broadened. The complete ex- 


KREIGER 


pression for the differential cross section is 


a*k ne st+l1 a. yi nit2p 
o(0,€)= exp| — — — | > >d- -— 
2rko 2Mw z—1] n=» p= 2!"! 


B(|n| +29) 


[B(|n| +2p)/2 ?+(e— nw)? 
Ill. DISCUSSION 


Both Vineyard! and Singwi and Sjélander® have con- 
sidered dynamical models in which the random forces 
result in the ever increasing separation of the scattering 
system from its initial position. As Vineyard has noted, 
by inference from a number of specific models, a non- 
localized scattering system will not possess infinitely 
sharp neutron elastic peaks, whereas a well-localized 
system will. The present work has been concerned with 
the effects of interactions of the scattering system with a 
surrounding temperature bath which cause fluctuations 
in its energy state but not in its spatial position. Thus, a 
broadening of the elastic neutron peak is not to be ex- 
pected. The results of the present investigation with the 
Senitzky oscillator model bear out this prediction. 

The formalism presented here may be applied to the 
scattering of slow neutrons by a crystal lattice. The 
mass-point harmonic oscillator is replaced by a lattice 
oscillator, while the coupling to a temperature bath 
corresponds to the coupling of a lattice oscillator to 
other lattice oscillators via anharmonic terms in the 
lattice potential energy. 
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Electron Temperature Dependence of the Recombination Coefficient 
in Pure Helium*t 


C. L. Cuen,{ C. C. Lerpy, anp L. GoLpsTEIN 
Department of Electrical Engineering, University of Illinois, Urbana, Illinois 
(Received May 20, 1960; revised manuscript received November 21, 1960) 


The phenomenon of “afterglow quenching” is employed to determine the electron temperature dependence 
of the electron-ion recombination coefficient in plasmas produced in purified helium (estimated impurity 
1:10°). The total visible light intensity was studied as a function of electron temperature. By means of 1.5% 
bandwidth filters, the light intensity of two helium spectral lines (5876 A and 3888 A) were also investigated. 
It is found that the recombination coefficient for highly purified helium varies as the minus three-halves 
power of the electron temperature from 300° to ~1500°K at electron densities of ~10"/cc, and gas pressures 
from 12.6 to 30.3 mm Hg. At 300°K (temperature determined from collision frequency measurements), the 
recombination coefficient in purified helium is found to be (8.90.5) X 10 cm*/ion sec. It is found that both 
the recombination coefficient and its electron temperature dependence were strongly influenced by the 
addition of controlled amounts (2X10~ to 1300 10~* %) of neon impurities. 


INTRODUCTION 


HE electron-ion recombination processes in ionized 

gases have been studied both theoretically and 
experimentally in the past. In order to account for these 
phenomena, different mechanisms have been proposed 
which depend upon the nature of the ions involved. 
Electron recombination with atomic ions may be either 
radiative,' dielectronic,? or involve a third body. In 
addition, if the recombining ions are molecular, the re- 
combination process may also be dissociative.* In all 
cases, the recombination coefficient (a,) which char- 
acterizes this process in plasmas depends upon the 
electron and ion temperatures of the plasma. 

In general, previous experimental determination of 
recombination coefficients have been made at fixed 
electron temperatures. Sayers,‘ using probe techniques 
in argon arc discharges, found a value of 1.12 10~* 
cc/ion sec for a, at an electron temperature (T,) of 
600°K and a value of 4.2X10-" cc/ion sec for T, 
=1250°K, at pressures from 0.1 to 1.0 mm Hg. As- 
suming a monotonic variation of a, with T,, these values 
indicate roughly a minus three-halves power electron 
temperature dependence. Biondi and Brown’ have also 
studied the dependence of a, upon electron temperature 
(presumed to be isothermal with the neutral gas tem- 


* This research was sponsored by the Air Force Cambridge Re 
search Center. 

t The principal results of this work were previously reported at 
the 12th Annual Gaseous Electronic Conference at the National 
Bureau of Standards, Washington, D. C., October 14-16, 1959 
[Bull. Am. Phys. Soc. 5, 122 (1960) ]. 

t Present Address: Coordinated Science Laboratory, University 
of Illinois, Urbana, Illinois. 

1D. R. Bates, R. A. Buckingham, H. S. W. Massey, and J. J. 
Unwin, Proc. Roy. Soc. (London) A170, 322 (1939). 

2H. S. W. Massey and D. R. Bates, Repts. Progr. Phys. 9, 62 
(1943). 

3D. R. Bates, Phys. Rev. Letters 78, 492 (1950). 

4]. Sayers, Conference on the Physics of Ionized Gases, Uni 
versity College of London, Auspices Warren Research Foundation 
Royal Society, April, 1953 (unpublished). 

5M. A. Biondi and S. C. Brown, Phys. Rev. 76, 1697 (1949). 


peratures) in hydrogen® and neon. They found a T,-°8 
to T° dependence in hydrogen over several tempera- 
tures from 303° to 413°K, while no temperature de- 
pendence was found in neon for 195° and 300°K but an 
increase in a, with increasing pressure was observed at 
77°K. Anderson,’ studying the recombination processes 
in the negative glow region of helium dc discharges by 
means of light quenching measurements, reported a 
T=! dependence. 

In view of the sparsity of experimental results for the 
electron temperature dependence of the electron-posi- 
tive ion recombination coefficients, it was felt that a 
study of this dependence should be undertaken over a 
wider range of electron temperatures. The present paper 
reports the results of such a study made in the afterglow 
of purified helium discharges. 

The phenomenon of “afterglow quenching’’’:* has 
been employed in determining the electron temperature 
dependence of the electron-positive ion recombination 
coefficient. At early times in a decaying (afterglow) 
plasma, a 20-ysec low-level microwave pulse was propa- 
gated through the ionized medium. As a result of the 
selective heating of the electron gas by this pulsed 
microwave, the electron-ion recombination probability 
is decreased. If the afterglow light intensity were the 
result of electron-ion recombination processes within the 
plasma, it should be “quenched” during microwave 
heating. Such is observed to be the case.* A photo- 
multiplier was employed to study the variation of visible 
light intensity emitted from the plasma while the elec- 
tron gas is heated. The correlation of the electron tem- 
perature and the electron-ion recombination rate (pro- 
portional to the afterglow light intensity) yields a 


®K. B. Person and S. C. Brown, Phys. Rev. 100, 729 (1955) 
concluded from their study of the afterglow of very pure hydrogen 
that the electron loss in such an afterglow is mainly due to diffu- 
sion. They also estimated that the recombination coefficient in the 
hydrogen afterglow is less than 3X 10~-* cm*/ion sec at 300°K. 

7 J. M. Anderson, Phys. Rev. 108, 898 (1958). 

§ L. Goldstein, J. M. Anderson, and G. L. Clark, Phys. Rev. 90, 
486 (1952); C. Kenty, Phys. Rev. 32, 624 (1928). 
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Fic. 1. Schematic diagram of the vacuum system and helium gas 
purification device. The ‘“‘bakeable” portion of the system is 
enclosed in the dashed line. 


measure of the electron temperature dependence of the 
recombination coefficient. 


EXPERIMENTAL SETUP AND PROCEDURE 


Since the nature of each recombination process taking 
place in a plasma depends upon the species of ion in- 
volved, it is necessary to know the types of ions present 
in the recombining plasma. Thus—in view of the fact 
that the ionization potential of helium is the highest of 
all gases—it is imperative that the helium used be of the 
highest possible purity. 

To this end an ultrahigh vacuum system (Fig. 1), 
consisting of two sections separated by a Vycor glass 
membrane, was employed.’ The system was baked out 
at 400°C for a period of twelve hours or more prior to 
each sequence of experiments. The residual gas pressure 
of the experimental region was of the order of 10-” 
mm Hg and the rate of pressure rise in the system (when 
closed from the pumps) was about 2.2X10-* mm Hg/ 
hour at room temperature. This is approximately the 
rate at which atmospheric helium permeates through 
the pyrex walls of the system." The Vycor glass mem- 
brane, which was enclosed in a separate oven, was then 
slowly raised to 400°C and “spectroscopic pure” helium 
gas (estimated impurity content approximately 1: 10®— 
mostly neon) was admitted to the Vycor glass filter. The 
impurity content of this helium gas, after diffusing 
through the filter, was reduced by about two orders of 
magnitude.’ In addition a cataphoresis pump" was em- 

*C. C. Leiby and C. L. Chen, J. Appl. Phys. 31, 268 (1960). 

0 W. A. Rogers, R. S. Buritz, and D. Alpert, J. Appl. Phys. 25, 


868 (1954). 
4 R, Riesz and G, H. Dieke, J. Appl. Phys. 25, 196 (1954). 


AND GOLDS 


TEIN 


ployed for further continuous separation of any re- 
maining impurities. Through this scheme, the impurity 
content of the helium gas in the discharge tube was 
estimated to be less than 1: 10°. 

The electrodes (Fig. 2) of the discharge tube are made 
of high-purity titanium sheet which continuously 
“getter” hydrogen, carbon dioxide, oxygen, and nitro- 
gen impurity gases." A simple keep-alive device was 
employed to provide a localized discharge behind the 
electrode so that electrons are available in abundance 
when the breakdown voltage is applied to the main 
discharge tube. 

The gas pressure in the discharge tube was measured 
by means of a modified all glass Bourdon gauge." A 
null-reading technique was used. This was achieved by 
introducing helium gas on the other (nonpurified) side 
of the Bourdon gauge until its pointer has returned to 
its zero-point, as viewed by a microscope. This balanced 
pressure, as read from an Octoil—S manometer, equalled 
the purified gas pressure in the discharge tube. 

In addition, the effects of known impurities were in- 
vestigated. Neon gas was used for’ this purpose. Small 
ampules of neon gas, equipped with break-seals, were 
attached to the system, permitting admission of known 
quantities of “spectroscopic pure” neon into the purified 
helium gas. 

The gaseous discharge plasma was confined in a 52-cm 
over-all length, thin-wall (0.85 mm) Pyrex glass tube 
with inside diameter of 1.64 cm. The tube was housed 
coaxially in a 2.07 cmX 2.07 cm waveguide in which a 
low-level pulsed TEjo 9500-Mc electromagnetic wave 
was propagated (Fig. 3). 

The inner surface of the square waveguide was gold 
plated to reduce light reflection and to provide good 
electrical conductivity. The square waveguide was 
coupled to standard X-band rectangular wave-guide 
through two 6-in. tapered sections. A slot, 34-in. by 
1 in., located near the front end of the discharge tube, 
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Fic. 2. Structure of the electrodes. 


2V. L. Stout and M. 
(1955). 

13 W. E. Barr and V. J. Anhorn, Scientific and Industrial Glass 
Blowing and Laboratory Techniques (Instruments Publishing Com 
pany, Pittsburgh, Pennsylvania, 1949). 
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Fic. 3. A cross sectional view of 
the square waveguide, the dis- 
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tubing, and the photomultiplier. 


PHOTO- CATHODE 


was cut on the maximum £ field side of the square 
waveguide to provide a port for observation of the 
variation of the luminous intensity of the afterglow. 
RCA6217 and 1P28 photomultipliers, appropriate to 
the spectral ranges studied, were pulsed on for 100 usec 
approximately 30 usec prior to the propagation of the 
microwave pulse. The photomultiplier output was termi- 
nated by a 560-ohm resistor, and coupled to a Tektronix 
type 121 preamplifier by means of a three-foot length of 
RA-62/U cable. Because of the low distributed capaci- 
tance (28.5 wuf per ft) of the cable, the time constant 
associated with this photoelectric detecting circuit is 
less than 0.05 wsec. Coupled with these photomultipliers, 
Baird-Atomic model B1, multilayer dielectric type 
interference filters of 1.5% bandwidth, centered at 
wavelengths 5890 A (74% transmission) and 3892 A 
(i4% transmission) were employed to study the inten- 
sity variations of two helium lines, 5876 A (3 *D—2 *P) 
and 3888 A (3*P—2%S) as a function of the electron 
temperature in the decaying plasma. The total light 
intensity in the visible range of the spectrum was ex- 
amined by means of the 6217 photomultiplier, with a 
viewing angle of 3.0 degrees (see Fig. 3), whereas the 
spectral lines (in view of their low intensities) had to be 
observed with a much larger viewing angle of 30°. 

The plasmas were produced in helium (12.6 to 30.3 
mm Hg) by an ~14-usec (maximum) duration high- 
voltage dc pulse at a repetition frequency of 50 per 
second. This short-duration dc pulse was employed in an 
attempt to minimize the production of metastable 
atoms which are believed to contribute significantly to 
the behavior of the plasma, especially in the late 
afterglow." It is not unlikely that the results of helium 
afterglow studies are conditioned by the method used to 
create the plasma. 

At appropriate times in the afterglow the pulsed low- 
level (maximum 440 mw) microwave heating signal was 
propagated through the plasma medium. The resulting 
variations in the afterglow light intensity (owing to 
microwave heating of the electron gas) were detected by 
the photomultiplier and displayed on an oscilloscope 
(Tektronix 531). Figure 4 is a block diagram of the 
microwave circuitry employed. 


THEORY OF THE EXPERIMENT 


As is known, both atomic and molecular helium ions 
are present in an active electrical discharge in helium. 


MDE. Kerr, Johns Hopkins University Report, Department of 
Physics, July 31, 1960 (unpublished). 
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After termination of the active discharge, the plasmas 
disintegrate through electron-ion recombination and 
diffusion. In the course of this disintegration, atomic 
helium ions are continuously converted to molecular 
helium ions through triple collisions with two normal 
helium atoms (He++2 He — He.*++He). Phelps and 
Brown" have found the conversion frequency for this 
reaction to be veony=65f at 300°K gas temperature 
(where p is the helium gas pressure in millimeters of 
mercury). In such a decaying plasma, the loss of 
electrons due to volume recombination alone is de- 
scribed by the relation 


—dn/di=>. ; ar nijn, 


where n=)_ ; Zjni; is the electron density. The symbols 
Z; and ni; are the charge and number density of the jth 
species of ions, respectively. ar; is the recombination 
coefficient of electrons with jth species of ions. In our 
experiments, however, the gas pressures (12.6-30.3 
mm Hg) and the times in the afterglow (~500 usec) 
were chosen so that the number density of molecular 
helium ions was essentially equal to that of the electrons. 
Thus, the loss of charged particles due to volume 
recombination alone is given by 


(1) 


The recombination process of the molecular helium 
ions with slow electrons most probably is dissociative,* 
either directly or indirectly through the intermediary of 
a neutral electronically excited helium molecule (He2*). 
If these excited molecules do not radiate in the spectral 
region of excited helium atomic lines (He’) which are 
observed here, the recombination may be ascribed to the 
reaction 

(2) 


where He’ is a helium atom in one of its higher excited 
states. These excited atoms, in cascading to the ground 
state, emit photons in the visible spectrum. In any case, 
the light intensity of the afterglow, if arising from 
electron-ion recombinations, is expected to be pro- 
portional to the rate of loss of electrons. 


—dn,/dt= —dn/dit=anwun. 


He,++e— He+He’, 


I= —tdn/dt=ta,nn, (3) 


where é is a proportionality constant. In the plasmas of 
interest here, 2,c~n, so that 


I= ta,n’. (3a) 
15 A. V. Phelps and S. C. Brown, Phys. Rev. 86, 102 (1952). 
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d |InI d |nn 


esa st 9 
dinT, dinT, dlnT, 


d |Ina, 


(4) 


where 7, is the electron-gas temperature. 

We shall consider the case where the range of varia- 
tion of electron temperatures is limited. In our experi- 
ment, temperatures ranged from approximately 300° 
to 1500°K, for which excitation and ionization of helium 
atoms by electron impacts, as well as enhancement of 
diffusion may be neglected. Therefore, 


dinI’ dina, 
—_ = ——, (5) 
dinT, dinT, 


If a, varies as T;-‘, the slope of InJ versus In7, plot 
should give the value of —¢. 

The rate of energy absorption by the electron gas of 
the plasma per unit volume per unit time is o,| E|?, 
where | £| is the root mean square value of the electric 
field intensity. The symbol ¢, represents the real part 
of the complex conductivity of the ionized medium, and 
has the form 


ne Vetf— ] 
o-=0,+jo,=—| ——— }, 
m \ vet? +w 


where ¢ is the electron charge, m is the electron mass, w 
is the radian frequency of the microwave, and v4; is the 
effective electrgn collision frequency for momentum 
transfer. In the pase of the helium discharge plasmas of 
low degree of ionization (<10~*) in the range of gas 
pressures used in our experiments, electron-molecule 
collisions predominate, and the momentum transfer 
cross section for electrons (),, is practically constant for 


(6) 
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Itc. 4. Schematic diagram of the 
microwave instrumentation used 
in these experiments. 


UNILINE no. i[¢] 


TUNER| 





9500Mc 
X13 


KLYSTRON 


electrons with energies below 2 electron volts.'® Thus 


Veff= 40.0 m0) av; (7) 
for Maxwellian velocity distribution of the electron gas, 
which, in view of the high charge density and weak rf 
fields, is a good approximation. Here J ,, is the number 
density of the gas molecules and (v),y is the average 
velocity of the electrons. 

As a result of momentum transfer collisions with gas 
molecules and ions, the electrons gain thermal energy 
from the rf field. A fraction of this energy, however, is 
transferred to the gas molecules and ions in these 
collisions. The energy balance equation for the electron 
gas is 


d 
—(3nkT.) =0,| E|?@—Gemvem| 3nk(T.—T,)], (8) 
di 


where k is Boltzmann’s constant; 7, is the temperature 
of the background gas; G,m is the excess energy loss 
factor for the electrons colliding elastically with normal 
molecules and can be approximated by 2m/M, where m 
is the mass of the electron and M that of the molecule. 
Vem is the effective electron-molecule collision frequency. 
In Eq. (8), the effect of inelastic electron collisions with 
atoms has been neglected since the electron tempera- 
tures with which we are dealing are low (from 300° to 
~ 1500°K). The effects of electron-ion interactions also 
have been neglected inasmuch as y,>>v,; in our experi- 
ments. It is noted that the change of the electron 
density during the short period (20 usec) of microwave 
heating is only a few percent at the most and therefore 
can be considered to be constant. The solution of Eq. (8) 


16S. C. Brown and W. P. Allis, Massachusetts Institute of 
Technology Technical Report MIT-283, Research Laboratory of 
Electronics, 1958 (unpublished); and J. M. Anderson and L. 
Goldstein, Phys. Rev. 102, 933 (1956). 
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Fic. 5. The upper trace of 
(1) illustrates the phenomenon of 
afterglow light quenching which is 
produced by a pulsed microwave 
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can be shown to be A=[(s—r)'—T,? |/[(s—r)'+T,*], (10c) 


1+A exp(—t ‘T1) 


1—A exp(—t/7;) ri=[1+6(s—r) |/[2bes(s—r)'] se (10d) 
T =(s-] “), or ¢>0, (9) 


b=1280n2N n2k/(9rw?m) °K, (10e) 


. . ° . LOG b4/T 3 a] °K—-} cece! 
where /=0 is when the microwave heating pulse begins, C=8V2GemOmN mk'/[3(rm)'] °K~* sec (108) 
an 
and 4 


b 
r+-(7.+*)] = (10a) 2 = 16V2e°OmN m| E|*/[9u* (ark) mt] Kt sec. (10g) 
b C 


In the steady state, 
T.=s—r. (11) 
(10b) “ ; ‘ 
rhe energy balance equation governing the relaxation 
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phenomenon occuring immediately after removal of the 
microwave heating pulse is 


d 
ene = — GemVem[ §nk(T.— T,)], (12) 


whose solution is 





1+A exp(—t/r2) 
T= rf 
1—A exp(—i/r2) 


F for 120, (13) 


where 
3(xm)! 


F = 
* 8V2(kT,)'Gen Om Nm 





(14) 


sec, 


It can be shown that 7; < r2. The equal sign applies only 
when E=0. 

The preceding analysis is suitable where the electric 
field intensity is uniform throughout the plasma. In the 
present experiments where the electric field intensity is 
not uniform over the cross section of the waveguide, a 
slight temperature gradient exists in a plasma of these 
dimensions and heat transport occurs owing to the 
thermal conductivity of the plasma. Furthermore, if 
density gradients are present, the effect of diffusion 
cooling should also be taken into account. 

Taking these effects into consideration, the energy 
balance equation has the following form: 


d 
Q §nkT .) =0,| E|?—Gemv em 3nk(T.— T,) |—V-H, (15) 
al 
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Fic. 6. Relative intensity of the afterglow light versus nor- 
malized electron temperature at gasfpressure of 17.7 mm Hg and 
electron density of 1.6210" cm-. 
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Fic. 7. Relative intensities of the 3888 A and 5876 A lines in 
helium afterglow versus normalized electron temperature at gas 
pressure of 17.7 mm Hg and electron density of 1.6210" cm=. 


where H is the heat flux. It can be shown," in the case of 
helium in the electron temperature range of interest, 


H= —vyetVn—KenVT., (16) 


where ‘ert is the effective diffusion (ambipolar) cooling 
coefficient and Ks; is the effective thermal conductivity 
coefficient taking into account thermoelectric and 
gradient electric effects. 


Yett=2kT Da, 


16 nk*T, bs 
on 5%) 
3r my Me 
where D, is the ambipolar diffusion coefficient for the 
electrons and yu; and yp, are the mobilities of the positive 
ions and electrons in helium gas, respectively.'® 
From Eqs. (17) and (18), one can immediately 


that 
NYVett Bi T; 
ase el 
T Ket Me T. 
where 7; is the ion temperature. Therefore, in cases 
where |Vn/n| and |V7./T.| are of the same order 


(17) 
and 


(18) 


show 


(19) 


17C, L. Chen, Research Report, Coordinated Science Labora- 
tory, University of Illinois (unpublished). 

18In order to include the effect of electron-ion scattering, we 
generalize the effective electron collision frequencies to be v= Vem 
+v.i, where 





Vei 


6V2rimte?hiT ,! 


the expression of electron-ion collision frequency derived by 
Ginsburg [V. L. Ginsburg, J. Phys. USSR. §, 253 (1944) ]. It is 
interesting to note that, in the limit of y=y»,;, Eq. (18) gives the 
same expression as derived by Spitzer [L. Spitzer, Jr., Physics of 
Fully Ionized Gases (Interscience Publishers, Inc., New York, 
1956) ], except for a factor of approximately two. 
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Fic. 8. (a) Transient response of the luminous intensity of the 
afterglow (at the time of initiation of the microwave pulse) versus 
time. The gas is purified helium of 17.7 mm Hg pressure and the 
electron density is 1.6210" cm7; (b) relaxation of the luminous 
intensity of the plasma (after termination of the microwave pulse) 
versus time. The gas is purified helium of 17.7 mm Hg and the 
electron density is 1.6210" cm~*. 


(valid approximately in the present experiments), the 
effect of diffusion cooling can be neglected. 

An exact analytic solution of Eq. (15) is not available. 
However, in the present experiments, the third term on 
the right-hand side of Eq. (15) is about two orders of 
magnitude less than the first two terms, therefore one 
can treat the heat flow as a perturbation term. For the 
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steady state, 
2e?| Eo? 
T.=T,+— A 


—— (20) 
3kmuG em 


at x=0 (see Fig. 13), w>>v.»? and assuming Kott/Gem¥em 
to be constant (this last assumption will be relaxed later 
by an iteration technique), 


"fn? SRNG emV em 
“[OMseY 
a 4K ots 


- fa\? 3knGemvem 
Ce} 
4 a 4K ots 


Upon comparing Eq. (20) with Eq. (11), it is easily 
seen that, if a parameter s’ is defined as 


1 d ; 
= [r+ (74+ ac) : 
b Cc 


the corrected electron temperature (at steady state) 
will be 


(22) 


(23) 


rather than T,=s—r which was obtained without con- 
sidering thermal conduction effects. Therefore, in order 
to compute electron temperatures, including the effects 
of thermal conduction processes arising from nonuniform 
electric fields within the plasma, it is necessary to 
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Fic. 9. Luminous intensity of the afterglow versus electron 
density at helium gas pressure of 17.7 mm Hg. The slopes of these 
curves are two. 
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Fic. 10. Reciprocal of electron density versus time after termi- 
nation of the discharge pulse. The helium gas at pressure 30.3 
mm Hg. 


substitute s’ 
formulas. 

The electric field intensity Z, in the plasma region 
where light intensity observations are made, is calcu- 
lated in the following way. Let s=0 be the interface 
between plasma and free space in the square waveguide. 
Then at the interface, 


for s in all of the previously derived 


P;=P,+P,, (24) 
where P; is the incident microwave power, P, is the 
reflected power, and P, is the transmitted power. In the 
present experiment, P,/P; was always less than 4X 10~*, 
Hence P, can be neglected, and Eq. (24) gives 
(E,/ Eo)? =Bo/B p=Xo/Xgo, (25) 
for a TE\ mode electromagnetic wave propagating in a 
homogeneous plasma medium. Ey and Ey, Bo and B », Avo 
and X,, are the electric field intensities, the phase con- 
stants and guide wavelengths in the air-filled and 
plasma-filled sections of the square waveguide, re- 
spectively. Assuming that the variation of the field in 
the direction of propagation is of the form e~% in the 
plasma section (where y=a+ j6,), the magnitude of the 
electric field intensity at a distance p from the interface 
is 
E,=E we’. (26) 
Since the attenuation constant a& vem and vem T,', the 
attenuation constant a«T7J,). The value of a@ for 
T.=300°K (designated by ao) is deduced from absorp- 
tion loss measurements using very low microwave power 
probing signals (<44 uw or E~0.033 volt/cm maxi- 
mum). For higher electron temperatures 
a=ao(T./300)! nepers/cm, (27) 
and the decibel power loss in the plasma section of 
length p is Ag=8.7pao(T./300)! db. The square of the 
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rms value of the electric field intensity at s=p cm is then 


E=P 10-44 (aod ,/41ra”). (28) 


(In the present experiment, p=3 cm.) 

Equation (28) may be substituted into Eqs. (9) and 
(13) in order to compute the electron temperature by 
means of an iteration technique. This electron tempera- 
ture may be then correlated with the corresponding light 
quenching measurements [via Eq. (5)] to yield the 
variation of the recombination coefficient as a function 
of electron temperature. 


EXPERIMENTAL RESULTS AND DISCUSSIONS 


The phenomena of reduction of the recombination 
probability as a result of microwave heating of the 
electrons is demonstrated by a typical series of photo- 
graphs of oscilloscope traces of the phototube current 
output (see Fig. 5). Each photograph in this figure 
shows the luminous intensity of the plasma at a temper- 
ature of 300°K as detected by the photomultiplier 
(trace 1) 600 usec after termination of the gas discharge 
pulse. This 7, is determined from the measured electron- 
molecule collision frequency for momentum transfer. As 
a result of the introduction of the microwave pulse (not 
shown) at time /;, the electrons are gradually heated. 
The transient response of the phototube current is 
shown by trace 2. Within a very short time interval 
(which, as has been shown, depends upon the gas pres- 
sure and the microwave power level), a steady state is 
reached at a somewhat elevated electron temperature 
(i.e., T.>T,). At time fz, the microwave pulse is termi- 
nated and electrons, through collisions with neutral 
atoms and ions, gradually lose their excess energy and 
return to the neutral gas temperature. This relaxation is 
seen on the afterglow light intensity (trace 3). Electron 
temperatures are calculated from the incident microwave 
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Fic. 11. Reciprocal of the square root of the phototube current 
versus time after termination of the discharge pulse. The helium 
gas pressure is 30.3 mm Hg. 
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power [using Eq. (23) ] and normalized to the neutral 
gas temperature. A log-log plot of the measured lumi- 
nous intensity J of the afterglow as a function of these 
normalized electron temperatures is shown in Fig. 6. 
Similar plots for the 5876 A and 3888 A lines (under the 
same experimental conditions) are shown in Fig. 7. The 
slopes of these curves are — }. According to Eq. (5), this 
implies that 


a,<T. i 


If, at a given time / in the afterglow, it is assumed that 
I«T,!, Eqs. (9) and (13) will take the forms: 


, £20 (29) 


1—A\*f1+A exp(—t/r1) 
1()=110)(—) i: 2 et ae’ 
1+A 


f= 4 exp(—t/r1) 


and 


, #20 (30) 








1+A\*f1—A exp(—t/r2) ? 
1)=10(— ) aera 
L144 exp(—t/r:)] 


respectively, for the “leading” and the “trailing” tran- 
sients of the light quenching. 7,(0) and J2(0) are the 
initial values of the light intensity at the start of the 
transients. 

Measurements of the transients are made from en- 
larged photographs of the quenched light intensity as a 
function of time. Typical results are shown in Figs. 8(a) 
and 8(b). These experimental observations are compared 
with corresponding values predicted by Eqs. (29) and 
(30). The close agreement of the observed and theo- 
retically predicted quenched light intensities (as func- 
tions of time) further supports the a,« T-! relation 
governing the electron-ion recombination coefficient in a 
decaying pure helium plasma. 

Equation (3) assumes that the afterglow light in- 
tensity of a plasma is proportional to its electron-ion 
volume recombination rate. Plots of the logarithm of 
observed electron densities (as measured by pulsed 
microwave techniques) vs the logarithm of observed 
luminous intensities (as measured by pulsed photo- 
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Fic. 12. Measured values of the room temperature effective 
recombination coefficient for plasmas established in pure helium 
as a function of gas pressure. 
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Fic. 13. Effective electron-molecule collision frequency as a 


function of pure helium gas pressure. This value of ».» corresponds 
to a cross section of (5.6+5%) K 107!® cm?. 


multipliers) during helium afterglows have slopes of two 
over a range of electron densities from 20X10" to 
4X 10"° per cc (Fig. 9). Also measurements were made to 
determine the recombination coefficient in helium at 
T.=T,=300°K, both by microwave and optical means. 
Figure 10 is a plot of 1/m versus ¢ for helium at a pres- 
sure of 30.3 mm Hg, whose slope has a value of 8.9 10-* 
cm’/ion sec for the electron-ion volume recombination 
coefficient. Figure 11 is a plot of 1/,/J versus ¢ for the 
same experiment. The value of a, determined by these 
two methods differs by less than +6% and is inde- 
pendent of gas pressure in the pressure range studied 
(Fig. 12). The excellent agreement of the time behavior 
of the afterglow light intensity with that of m* seems to 
confirm our assumption that the light intensity is the 
result of an electron-ion volume recombination process.” 

Further, it has been assumed that the observed 
“quenching” of the afterglow light intensity by pulsed 
microwaves was largely the result of a reduced electron- 
ion volume recombination rate brought about by micro- 
wave heating of the electron gas. However, two other 
mechanisms may contribute to this phenomenon, 
namely, ambipolar diffusion of electrons and ions and 
dissociation of helium molecular ions by electron 
impacts. Since the ambipolar diffusion coefficient 
D,«(1+T./T;), increased electron temperature may 
result in enhanced diffusion of electrons and ions to the 

‘8 Donald E. Kerr and Claude S. Leffel, Jr., Bull. Am. Phys. Soc. 
4, 113 (1959); and R. A. Johnson et al., Phys. Rev. 80, 376 (1950) 
have reported the existence of band spectra in helium afterglow 
plasma. However, our experimental arrangement did not permit us 
to determine whether or not such band spectra were present in 
significant intensities. Hence, correlation of the band spectra 
= with electron density and temperature could not be 
made, 
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plasma boundaries. If such an enhanced diffusion were 
responsible for the observed “‘quenching,” the electron 
density at the conclusion of the microwave pulse should 
be appreciably reduced below its value at the beginning 
of the pulse. Since the light intensity is proportional to 
n?, the afterglow light intensity also should not return 
to its initial value at the conclusion of the microwave 
pulse. Such a loss of electrons (or light intensity) was 
not observed experimentally. 

“Quenching” can also be produced by the dissociation 
of molecular helium ions by electron impacts via the 
reaction 


He,*-+e — He+Het+e. 


The electron energy required for this reaction is of the 
order of two electron volts.” Since the maximum elec- 
tron temperature (generated by microwave heating of 
the electron gas) involved in these experiments was ap- 
proximately 1500°K, the fraction of the plasma elec- 
trons possessing sufficient energy to cause the above 
reaction is far too small to be responsible for the ob- 
served “quenching.” 

A similar argument can be made concerning the 
possibility of exciting metastable helium atoms by elec- 
tron impact (the nearest radiating state, the 2 *P, lies 
1.14 ev above the 2 *§ metastable state). The principal 
loss mechanism for both singlet and triplet metastable 
helium atoms (in our geometry) is a diffusion mech- 
anism,”! 


*L. Pauling, J. Chem. Phys. 1, 56 (1933); S. Weinbaum, J. 
Chem. Phys. 3, 547 (1935); W. Weizel, Bandenspektron (Akade- 
mische Verlagsgesellschaft, Leipzig, 1931), pp. 255-270; and G. 
Hersberg, Spectra of Diatonic Molecules (D. Van Nostrand Com- 
pany, Inc.,. Princeton, New Jersey, 1950). 

21 A. V. Phelps, Scientific paper 6-94439-6-Ps, Westinghouse 
Research Laboratories, Pittsburgh, Pennsylvania (unpublished). 


AND 


GOLDSTEIN 


The value of Q,, adopted in the present work was 
obtained from the microwave measurements of the 
effective electronatom collision frequency (Fig. 13). It 
gives a value of (5.64+5%)X10-" cm? for QO» (the 
corresponding value of P,,—the electron collision proba- 
bility for momentum transfer—is 2041 cm-!—mm 
Hg"), which is in agreement with other authors.!* 

Admission of small amount of neon (as an impurity) 
into the purified helium gas radically changes the ionic 
constituents in the decaying plasma. The effective 
recombination coefficient, as well as its temperature de- 
pendence studied by light quenching, is strongly depend- 
ent on the neon impurity concentration. The observed 
values of Q,, were essentially unchanged, however. 

In conclusion, the above-described afterglow light 
quenching experiments, as evidenced by both the per- 
centage of quenching and the quenching transients, 
demonstrate that the electron-ion volume recombination 
coefficient in pure helium depends upon the plasma 
electron temperature to the minus three-halves power. 
This result appears to agree with Bates’ theory* for a 
dissociative recombination process. 
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The final-state interaction of the two neutrons from the reaction *~+d — 2n+-y has a pronounced and 
distinctive effect on the momentum spectrum of the outgoing particles. In particular, the neutron spectrum 
is sharply peaked in the neighborhood of 2 Mev, with a shape that is quite sensitive to the strength of the nn 
interaction. In the region of this peak, the relative neutron-neutron momentum is so small that the nn 
interaction is completely characterized by its scattering length. Hence it is proposed that a measurement of 
the shape of the neutron spectrum from this reaction may provide a convenient means of measuring the 
neutron-neutron scattering length. Neutron spectra are calculated in an impulse approximation, for several 
assumed values of the scattering length. It appears from their shapes that, in this way, present neutron- 
detection techniques should be capable of determining the scattering length to within 25%. 


I. INTRODUCTION 


ECAUSE the force between two nucleons is nearly 

strong enough to produce a bound singlet state, the 
singlet nucleon-nucleon scattering lengths are abnor- 
mally large, and hence very sensitive to slight differ- 
ences between the pp, mp, and mn interactions. It has 
long been known, for instance, that the nuclear singlet 
scattering lengths for np and pp scattering differ by 25% 
or more. The singlet mp scattering length is about — 23.7 
fermis,' while the nuclear part of the pp scattering 
length is approximately —17f,? corresponding to a 
difference in well depth of about 2%. 

The cause of this distinct violation of charge inde- 
pendence has been the subject of considerable discus- 
sion. The simplest electromagnetic effects, such as the 
magnetic moment interaction,? seem to be too small to 
account for the discrepancy when handled realistically.’ 
This suggests that the answer must be sought in an 
understanding of the mesonic origin of the nuclear force, 
and there is some indication’ that the effect may be 
largely attributable to the 7°—z* mass difference. If 
this is indeed the case, then the nucleon-nucleon force is 
to this extent inherently charge-dependent, but one can 
still ask whether the coupling of pions to nucleons is 
charge-independent. If effects such as the pion mass 
difference can be calculated accurately, it may be pos- 
sible to employ the nucleon-nucleon scattering lengths 
in conjunction with pion-nucleon scattering data to 
check the charge independence of the pion-nucleon force 
with considerable accuracy.‘ The mn scattering length is 
one of the desirable pieces of information, and we wish 


* Supported by the U. S. Atomic Energy Commission and the 
National] Science Foundation. 

+ Present address: Brandeis University, Waltham, Massa- 
chusetts. The author wishes to express his appreciation for the 
hospitality extended to him by the Lawrence Radiation Labora- 
tory, where this work was begun during the summer of 1959. 

1L. Hulthén and M. Sugawara, Encyclopedia of Physics, edited 
by S. Fliigge (Springer-Verlag, Berlin, 1957), Vol. 39, p. 5. 

2 J. Schwinger, Phys. Rev. 78, 135 (1950). 

8 Riazuddin, Nuclear Phys. 7, 217, 223 (1958). 

4H. P. Noyes (private communication). D. Wong and H. P. 
Noyes (to be published). 


to suggest what appears to be a feasible and accurate 
method of measuring it. 


II. THEORY IN BRIEF 


Our proposal for determining the mn scattering length 
is a special case of a more general technique discussed 
previously by Watson.’ In fact, it is actually a modifica- 
tion of a very similar but less practical suggestion once 
made by Watson and Stuart.® The proposal is this: Of 
the two modes of x capture observed in deuterium, 


a +d— 2n, 
a +d — 2n+y7, 


the latter occurs about 30% of the time. The final state 
contains two neutrons in both cases, but in the two- 
body mode the outgoing momenta are fixed by con- 
servation laws and so not influenced by the final-state 
interaction. In the three-body mode, however, the 
conservation laws are not sufficient to determine the 
momenta uniquely. Each particle has a momentum 
spectrum, and the way in which the total momentum is 
distributed among the three outgoing particles (i.e., the 
spectrum shapes) is sensitive to the interactions be- 
tween them. Of the three interactions, two are fortu- 
nately n—y interactions, very weak compared with the 
nn interaction; it is this which makes this reaction a 
“clean” one, preferable to several others one might con- 
sider. This leaves the desired mm interaction as the 
principal factor determining the spectra of final-state 
momenta. The neutron spectrum, in particular, is ac- 
cessible to accurate measurement, and we believe that a 
measurement of this spectrum can be used to determine 
the mn scattering length with an accuracy of 25% or 
better. 

Because the nm force is attractive, its qualitative 
effect on the spectrum of each neutron is easy to see. 
The neutrons have a range of recoil energies only be- 


5K. M. Watson, Phys. Rev. 88, 1163 (1952). 

6 K.M. Watson and R. N. Stuart, Phys. Rev. 82, 738 (1951). 
See also the more recent discussion by R. Karplus and L. S. 
Rodberg, Phys. Rev. 115, 1058 (1959). 
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Fic. 1. Notation employed for momentum variables (4 is the 
photon, and /; and /2 the neutrons). 


cause of the three-body final state; if the di-neutron 
were strongly bound, it would recoil with a unique 
energy, about 4.8 Mev. Although the force is pre- 
sumably not quite strong enough to produce a bound 
state, its effect should still tend to equalize the neutron 
recoil velocities, and thus produce a peak in the energy 
spectrum of each neutron at about 2.4 Mev. The 
stronger the force, the sharper will be the peak, so we 
can expect its width to be the parameter most sensitive 
to the mn interaction. 

The results of the detailed calculations to be described 
in Sec. III substantiate these expectations, as illustrated 
by Fig. 2. As an example of the type of measurement 
that would be required to determine the mn scattering 
length, we have plotted in this figure a portion of the 
neutron energy spectrum at an angle of 172° to the 
photon direction. We have chosen this restricted portion 
of the spectrum because it corresponds to the smallest 
values of the relative momentum p of the two neutrons. 
(The minimum relative momentum, of course, occurs at 
the peak of the spectrum.) Over this portion of the 
energy spectrum, p in fact remains so small that the nn 
interaction (and hence the shape of the spectrum) de- 
pends only on the mm scattering length. It is for this 
reason that a measurement of the spectrum shape can 
be used to determine the scattering length. To illustrate 
the sensitivity of this dependence, we have calculated 
the neutron spectrum for three assumed values of the nn 
scattering length, a, near the singlet mp value of —24 
fermis.’ Recalling that when a is equal to — © the force 
is just strong enough to produce a bound state, we see 
from the given curves that, as expected, the stronger the 
force, the more sharply is the spectrum peaked. 

This particular spectrum is, as we shall see, only one 
of the many possible energy and angular distributions 
that one might measure, all of which can yield the same 
information on the mm interaction. Other distributions, 
such as that of Fig. 3, will be discussed later, after their 
inter-relationship has been made clear. 

At very little cost, the above argument can be sharp- 
ened enough to give a numerical estimate of the shape 
of the spectrum and explain why it depends on only one 
parameter of the mm interaction. Recall first a few 
salient points of the three-body decay kinematics. The 
capture occurs from the lowest mesonic Bohr orbit, i.e., 
essentially at rest in the laboratory system, so the mo- 


7™The normalization of these curves is meaningless. For con- 
venience of comparison, we have arbitrarily normalized them all 
to the same height at their maximum values. 


mentum-conservation condition is p;+p.+k=0. The 
total energy available is essentially the rest energy of 
the pion. Consequently, the spectrum of each neutron 
extends from zero to 70 Mev, and that of the photon 
from zero to about 131.5 Mev. The attractive nn 
interaction causes these spectra to be strongly peaked in 
the region of small relative mm momentum. This, as we 
noted earlier, corresponds to neutron energies in the 
laboratory system of a few Mev, which is a convenient 
range for using time-of-flight techniques. 

The problem has, kinematically, two independent 
variables. That is, there are three outgoing momenta, 
hence three energies and three relative angles, and the 
four conservation conditions leave two of these six 
variables independent. The distribution of capture 
events will consequently be a two-dimensional distribu- 
tion. Any two variables can be used to describe it; we 
have chosen to use £;, the energy of one of the neutrons, 
and y, the angle its momentum makes with —k, the 
negative photon direction. (This was used rather than its 
supplement merely to get an angle that is less than 90° 
for all the interesting cases.) Rather than p; and px, it 
will be especially convenient to introduce the mo- 
mentum variables p= }(pi— pz), the relative mm momen- 
tum in the center-of-mass system of the two neutrons, 
and P= p+ ps, the momentum of this c.m. system. The 
energy of the two neutrons is then (p+ ,*)/2M 
= (p'+4P*)/M=(p?+4k)/M, by momentum conser- 
vation. Since k+(p?+ 4k?)/M must equal the initial- 
state energy,® p is uniquely determined by the photon 
energy. Consequently, we have found it convenient in 
Fig. 4 to plot, for illustration, a few contours of constant 
k, very near the high-energy end of the photon spec- 
trum, i.e., near p=0. It is interesting to notice that they 
are restricted to fairly small values of ¥:, and to E, 
values of a few Mev. 
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Fic. 2. Neutron spectrum at ¥;=8° for various assumed vdlues 
of the mn scattering length. The curves have arbitrarily been 
normalized to the same height at E,=2.3 Mev. For notation, see 
Fig. 1. 


® We employ units in which h=c=1 
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These contours are especially useful in analyzing the 
problem for two reasons. In the first place, we shall see 
shortly that p is the key variable of the problem, and 
that the matrix element for the process is very nearly a 
function of p alone (near p=0), so that these contours 
are also nearly contours of constant counting rate. 
Secondly, in order to be able to analyze the problem 
practically, the nm interaction must be limited “to an 
interaction in relative S states. The mn phase shifts, 
however, are functions of ~, and the S wave will be 
dominant only if p is sufficiently small—hence it is also 
important for this reason to know what region of the 
E,—y plane corresponds to small p values. 

As Watson®'* has pointed out, one can estimate the 
energy dependence of the matrix element for the process 
in the p— 0 limit by using the zero-range approxima- 
tion for the mn interaction. (The justification for this is 
presented in Sec. III.) In the p—>0 limit, only the S- 
wave interaction will be important; if Ys(r) is the 
singlet S-state wave function for the mn system, the 
matrix element will have the form 


M s= fe s*(r)rf(r)d*r, (1) 


where r f(r) represents all the other factors. All we need 
to know about it is that its p dependence is expected to 
be weak near p=0. In the zero range approximation, ys 
is given by its asymptotic form all the way in to r=0, 

¥ s(r)=sin(pr+é)/pr, (2) 


where 6(p) is the S-state mn phase shift. In this ap- 
proximation, 


sind 
M s(p)= | f 10 cosprair+cotd f f(r) snp]. 
P 


From the efiective-range expansion, coté approaches 
—1/pa as p approaches 0, and clearly the integral in- 











Fic. 3. The angular distribution (relative to the photon direc 
tion) of 2.4-Mev neutrons. The curves for different assumed values 
of the mn scattering length have been normalized arbitrarily to 
the same value at ¥=0. ' 
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k* 130.9 
(p+ 0.18) 


k* 131.5 Mev 
(p*0.02 yc) 











Fic. 4. Contours or loci of k=constant (and p=constant) in the 
E,—y plane, for values of k near the upper limit of the photon 
spectrum. As discussed in the text, these are also roughly contours 
of constant counting rate, the maximum being at ¥,;=0, 2,=2.3 
Mev. 


volving (singr) will approach O at least as fast as p. 
We assume that |a|>>Rp (the radius of the deuteron) ; 
it is then readily seen that, for pPRn<1, the p dependence 
of the integrals is negligible in comparison with that 
of (sind)/p. In this limit the p dependence of Ms(p) 
is given by 


M s(p)~siné(p)/ p. (3) 


The momentum dependence of 6(p) can be found 
from the effective-range expansion, 


p cot6é= —1/a+ drop”. 


By suitably restricting the range of neutron energies 
detected, it is quite feasible in the present experiment to 
keep p so small that the effective-range term can be 
neglected. In this case, 


sind= pa/(1+p7a")!. (4) 


The energy dependence of the cross section is then 
simply 


| M s|°2~[1/(1+p%a?) Jo, (5) 


where @ is the appropriate phase-space factor. If neu- 
trons are detected, 2 remains nearly constant near p=0. 
Consequently when p approaches 0, the cross section is 
principally a function of the relative nm momentum , 
and is peaked, as expected, at p=0. Over an energy 
range such as that of Fig. 1, the more detailed calcula- 
tion given below shows this approximation to be re- 
markably good. 

The condition that the effective-range term be negli- 
gible is $roap’<1. If we insert the singlet mp values 
ro= 2.65 f and |a| =24f, this means 


p/p<K0.27, 


uw being the pion mass. More detailed calculations show 
that 


p/u<0.19 (6) 
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Fic. 5. Neutron energy spectrum at ¥,=9°, showing the effect 
of varying ro, the nn effective range. For the solid curve, the 
nn scattering length was taken to be —24f. Note that the 
spectrum is very insensitive to ro for E, between 1 Mev and 3.5 
Mev, where ? is small. For comparison, the dashed curves show 
the dependence of the spectrum on the scattering length when r» is 
held at 2.65 f (the value used in Figs. 2 and 3). 


provides a “safe” upper limit. This is approximately the 
value of p on the largest of the contours in Fig. 3, so the 
region inside this contour is the usable region of the 
E\—y plane. (The exact effect of varying rp is illus- 
trated by the curves shown in Fig. 5.) The corresponding 
range in the relative energy E= p*/M of the two neu- 
trons in their c.m. system is 


E< i750 kev. (7) 


From this discussion, it is clear that the essential 
variable of the problem is ». Whatever distribution one 
actually measures, its shape will be merely a reflection 
of the simple function Ms(p). Since a two-variable 
distribution is inconvenient and time consuming to 
measure experimentally, one might reduce it to a one- 
dimensional distribution by holding some convenient 
variable constant. One possibility is that employed in 
Fig. 2, the neutron energy spectrum at ¥i=constant. 
Another is the angular distribution of neutrons at 
E,=constant, such as that plotted in Fig. 3 for E,=2.4 
Mev. (The approximate shapes of these distributions 
can be obtained by thinking of them as vertical and 
horizontal slices of the contour plot in Fig. 4.) Clearly 
there are an infinite number of ways of extracting a one- 
dimensional distribution from a two-dimensional one, 
and these two were merely chosen to illustrate the 
method. If others prove more feasible for experimental 
reasons, we have tHe necessary functions coded for 650 
computation, and can readily supply whatever alterna- 
tive data are needed. 

There is still another way of deriving a one-dimen- 
sional distribution. This is the method used by Watson 
and Stuart,®* who integrated over one of the variables 
the angle between p and k, and were left with a distribu- 
tion over k. Since k is related directly to #, this looks like 


® Also, more recently, by D. W. Joseph, Phys. Rev. 119, 805 
(1960), who considered the alternative process, s-+d— 2n 


+er+e~. 
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an attractive thing to do, especially since it involves 
only the detection of single photons rather than the two- 
variable coincidence experiments needed for the above 
method. In spite of this, we believe it to be a less 
practical method. The reason is that the y-ray spec- 
trum, which peaks at about 130 Mev (see Fig. 2, 
Watson and Stuart®), has a width about equal to that 
of the neutron spectrum given in Fig. 2, approximately 2 
Mev. Consequently, whichever particle is detected, the 
neutron or the gamma ray, the same 2-Mev width must 
be measured (to about 200 kev). The advantage to be 
gained by looking at the neutrons is that this is a far 
easier thing to do with 3-Mev neutrons than with 130- 
Mev y rays.” 

However, if the di-neutron were bound, the peak of 
the photon spectrum would be shifted considerably. By 
looking for this effect, Phillips and Crowe" were able to 
conclude with considerable certainty that the scattering 
length is negative. Note that when the effective-range 
term is negligible then Eq. (5), the cross section for the 
production of unbound neutrons, is insensitive to the 
sign of the scattering length; thus it is important to 
have this independent determination of it. 


Ill. CALCULATION OF THE SPECTRA 


We shall assume that the impulse approximation pro- 
vides an accurate estimate of the momentum distribu- 
tions we wish to calculate. By this we mean that the 
recoil momentum from the photon emission is initially 
absorbed solely by the proton, and that the matrix 
element describing the process is the same for the proton 
in the deuteron as it is for a free proton. This means that 
the momentum with which the spectator neutron 
emerges is transferred to it entirely via its interaction 
with the other nucleon. In Sec. IV we shall estimate the 
effect of “exchange currents,” which enable the specta- 
tor neutron to participate directly in the photon emis- 
sion process; it does not appear to modify seriously the 
results obtained within the impulse approximation. 

In coordinate space the transition operator for a 
process in which momentum —A is transferred to the 
proton has the form exp(—iA-r,)7(q,,q,), where rm is 
the position of the proton and q; and q,; are the center- 
of-mass relative momenta in the initial and final states, 
respectively. In the present case the pion carries no 
momentum, so A is equal to k, the momentum of the 
photon. In terms of 7, the matrix element for radiative 
absorption in deuterium is 


M= ft ~ik -(rit my (rm— To) i 
Ke 17 (41 — re) Ed*r1d*ro. (8) 


10 Additional reasons for imposing this stringent restriction on k 
are that certain of the approximations used become less good as 
k is decreased, and at the same time the contributions from poorly- 
known sources, such as the deuteron D state, become quite signifi- 
cant. See the detailed discussion in Sec. IV. 

4 R. Phillips and K. Crowe, Phys. Rev. 96, 484 (1954). 
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Here r, and r, are, respectively, the proton and neutron 
position vectors, and we have used p:+p.= —k; y, is 
the wave function for the relative motion of the two 
neutrons in their center-of-mass system, @ is the 
deuteron wave function, and ¢ the wave function of the 
pion in its Bohr orbit. 

Two approximations must be made in order to pro- 
ceed. First, since the radius of the pion Bohr orbit is 
some 50 times larger than the deuteron radius, it is a 
very good approximation to call £ a constant over the 
“‘inside”’ of the deuteron, and remove it from under the 
integral sign. (Since we are not interested in the magni- 
tude of the matrix element but only its energy depend- 
ence, we shall neglect £ altogether.) Secondly, since this 
is a three-body process, to do the integral correctly we 
would have to know 7(q;,q,) off the two-body mass 
shell, but in fact very little is known about it, even on 
the mass shell in the energy range we used. However, 
the range of q,; and q,; values that appear in 7¢ is due 
entirely to the motion of the proton in the deuteron. 
This range of q,; and q, values is in fact very small, and 
the best evidence available indicates that T should re- 
main very nearly constant over this range. We shall give 
this argument in detail below. Its conclusion is that we 
may safely neglect the momentum dependence of T 
altogether, so that it becomes a constant rather than a 
momentum operator. It is, however, still an operator on 
the spin variables, which of course can always be written 
in the form T=A+B-e; T is the pion photoproduction 
operator, which near threshold has the property 4<B." 
Since the absorption process corresponds to photo- 
production approximately at threshold, this must also 
be the case for absorption, and so we shall take T=B-o. 
This has the effect of weighting the triplet nn states 
twice as heavily as the singlet ones, but for the range of 
momentum values in which we shall be interested, the 
calculations show the triplet contribution to be small 
anyway. Thus the neglect of the A term has little effect 
on the results. 

Then if all energy-independent factors are neglected, 
the singlet matrix element is given in terms of an inte- 
gral over the relative coordinate r=r,—r,2 only: 


M*ine(k,p)= f ety, .*(r)p(1)d*r, (9) 


where y,,,(r) is the singlet spatial part of the c.m. wave 
function for the two neutrons with relative momentum 
p. The triplet matrix element has an exactly analogous 
form. 

In order to evaluate the integral, we must know the 
two wave functions involved: y, for the mn system, and 
¢ for the deuteron. 

By restricting ourselves to events for which the rela- 
tive nn energy is less than 1 Mev, we guarantee that 
their interaction occurs only in the S state, so that y,,, 


12 See, e.g., M. J. Moravesik, Phys. Rev. 104, 1451 (1956). 
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differs from a properly symmetrized plane wave only in 
the S state. Watson and Stuart, however, have argued 
that in fact Ms is nearly independent of the exact form 
of ys, the singlet-S part of ~,,., for small values of p. 
The reason is as follows. We saw above that if the 
asymptotic form of ws is used, M s(p)~sind(p)/p. Let 
the exact ys differ from its asymptotic form by Ajs, and 
let {(p,r)=Aws(p/sind), or Ays=f(p,r)(sind/p). We 
note that f(p,r) differs from zero only inside the range 
of the nn force, where the depth of the potential is much 
greater than p*/M for the range of p values we are 
considering. This, however, is just the condition that 
guarantees that the integral appearing in the effective- 
range expansion is nearly constant except for the 
normalization factor of the wave function. As Blatt and 
Jackson" have shown in detail, if the customary normal- 
ization is used, this integral in the np case changes by 
only about 1% as p varies over the range 0 to 0.24 
which we are considering.“ It is seen, however, that 
f(p,r) has just this normalization. Therefore, its integral 
should also be very nearly » independent over this 
range, showing that the correction to Ms(p) has the 
same (sind)/p dependence as found in Eq. (3). Conse- 
quently, any reasonable wave function may be used to 
calculate the correction AM 5. We have used a square- 
well function because of its simplicity. As an indication 
of the validity of the Watson-Stuart argument, we 
might mention that in the neutron spectrum shown in 
Fig. 2, the singlet-S contribution (the integral J, given 
in the Appendix) differs from a siné(p)/p dependence by 
less than 1% over the entire energy range shown. 
Finally, there is the choice of the wave function ¢ for 
the deuteron. However, again the exact wave function 
used does not critically affect the functional form of 
M (p) for small p, provided it has the correct asymptotic 
behavior, e~*’/r. This can be inferred from the fact that 
any momentum parameters that describe the spatial 
dependence of ¢(r) within the range of the mp force 
[such as 8 in the Hulthén function (e~*’—e~®")/r |] must 
necessarily be larger than a, for they correspond to 
smaller spatial dimensions.'® If, however, such parame- 
ters are called 81, 82, etc., then M(p) can only depend on 
p through p/k, p/a, p/81, etc. Now we are only con- 
cerned with p in the range 0<p<0.2 uw, whereas k~uy, 
a~0.33 u, and 8;>a. The 8 of the Hulthén function, 
which should represent something of an average of the 
8;, is about 1.5 uw. Thinking of M(p) as a power series in 
p/k, p/a, and p/8;, we see that the restriction of p to 
the range p<0.2 yu will permit only a very weak depend- 
ence of M(p) on the §;, i.e., on the exact interval form 
of the deuteron wave function. Consequently, we have 
employed the Hulthén function for simplicity ; as noted 


3 J. M. Blatt and J. D. Jackson, Revs. Modern Phys. 22, 77 
(1950); Phys. Rev. 76, 18 (1949). 

14 Note that p~ sind varies by a factor of three over this range 
of p. 
18 For example, see the values of the parameters used in an 
approximate wave function by M. J. Moravesik, Nuclear Phys. 7, 
113 (1958) all of which are >1.59. 
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above, its influence on M(p) is so small that M(p) is 
equal to sind(p)/p to within 1% over the range p<0.2 u. 
[This does not imply that the contribution to the 
magnitude of M(p) comes almost entirely from outside 
the range of the forces. The internal integral contributes 
substantially, but its p dependence, like that of the ex- 
ternal integral, comes primarily from the normalization 
of the mn wave function. | 

Since all the integrals to be calculated have been 
stated explicitly by Watson and Stuart,® we shall not 
list them here, but for reference we have compiled the 
results of the integrations, in their notation, in the 
Appendix. 


IV. ESTIMATES OF THE ACCURACY 
OF THE THEORY 


The approximations we have employed are the 
following. 


(1) Assumed validity of the impulse approximation. 

(2) Assumed constancy of meson bound state over 
the volume of the deuteron. 

(3) Approximation to y,(r). 

(4) Approximation to ¢(r), both S and D waves. 

(5) Neglect of the momentum dependence of T'(q;,q,). 


We shall attempt to make a numerical estimate of the 
effect of each of these approximations on the shape of 
the energy spectrum of Fig. 2. We choose this particular 
spectrum for our estimate merely because it is con- 
venient; it is, however, quite representative of other 
possible spectra, for they are all merely different re- 
flections of the central function M(p). One might use 
this spectrum to determine the scattering length by, for 
instance, measuring the ratio of the counting rate at the 
peak to that at, say, H:i=4 Mev, and we shall choose 
this ratio as our figure-of-merit. The “effects” of the 
various approximations will be given in terms of their 
effect on this ratio. To be quite specific, two points at 
which we have convenient data available to make the 
estimate are E;=2.39 Mev (p=0.066 vw) and E,=4.25 
Mev (p=0.19 uw). Consequently, if R(p) is the counting 
rate at a point on this spectrum, we define 


p= R(0.066)/R(0.19), (10) 


and we shall attempt to estimate the effect of each of the 
approximations on p. 

In quoting the possible errors in this way, it must of 
course be borne in mind that they are defined relative to 
this specific momentum range, p<0.19. Since this 
covers the entire range we suggest as being “usable,” it 
gives a maximum estimate of the error to be expected 
over this range. However, if a larger range of p is 
employed, it is to be expected that the error encountered 
will increase. This, as well as the desire to eliminate the 
influence of the effective range, strongly suggests a re- 
striction of the measurements to as small values of p as 
possible. 


KIRK W. 


McVOY 


It is also well to keep the following points in mind 
during the error discussion. We may conveniently divide 
the mn wave function into an S-wave part, a “non 
S-wave singlet part,” and a triplet part. In the last two 
parts we have assumed all phase shifts for />0 to be 
zero, which should be extremely good for neutrons with 
a relative c.m. energy of less than 1 Mev. Consequently, 
these parts of the wave function are “exact.” The major 
contribution to the cross section in all cases considered 
comes from the S wave, which we have taken as a 
square-well function, but the other contributions are not 
completely negligible. The non S-wave singlet contribu- 
tions are always quite small, and at p=0.066y the 
triplet contribution is also negligible. (It is noted in the 
Appendix that 7;,=0 whenever E:= E2.) However, the 
triplet contribution increases rapidly as p increases, and 
at p=0.10 it is about 9% of the cross section. 

Estimate (1). The impulse method employed in Sec. 
III assumes that the spectator neutron has no “dis- 
torting influence” on the proton during the absorption 
and emission process; this means that this neutron re- 
ceived none of its momentum directly from the recoiling 
photon, but only from the other recoiling nucleon. This 
would seem to be an eminently reasonable approxima- 
tion in view of the large size and weak binding of the 
deuteron, and there is some experimental evidence to 
this effect. White ef al.'* have measured 2+ photopro- 
duction from the deuteron at about 300 Mev, and found 
it to be some 25% smaller than the corresponding free- 
proton cross section; this agrees well with a calculation 
by Chew and Lewis!’ which employs this same impulse 
approximation. 

Not only are the violations of the impulse assumption 
thus likely to be small, they will also alter the mo- 
mentum distributions in a predictable direction, which 
we can see as follows. The essential part of the impulse 
approximation was the appearance of the factor e~'*'", 
representing the recoil momentum (—k) absorbed by 
the proton alone. Since the proton is not free, there are, 
presumably, mechanisms by which this recoil mo- 
mentum can be shared by both the nucleons; Fig. 6 
indicates one such diagram, in which the photon is 
emitted by a charged meson being exchanged between 
the nucleons. Although, of course, the exact effect of 
this strong interaction cannot be calculated, it would 
appear quite reasonable to make the amsalz that, by 
analogy with the e~***™ factor, the general form of the 
operator describing the emission of a photon by a two- 
nucleon system is 


e- Ufe-srtA—Ne-ea 7" (11) 
where 7” is a momentum operator analogous to T, and 
f is a number between 0 and 1 which gives the fraction 
of the recoil momentum absorbed by the proton. 


16 R.S. White, M. J. Jakobson, and A. G. Schultz, Phys. Rev 
88, 836 (1952). 
17 G. F. Chew and H. W. Lewis, Phys. Rev. 84, 779 (1951). 
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Fic. 6. Feynman diagram for a matrix element which violates 
the impulse approximation. Note that the recoil momentum —k 
is shared between the two neutrons even without any final-state 
interaction. 


If this conjecture is correct, the matrix element is, as 
before, 


M= f emery, *(0 
Xe itf/nta-s rel -k 7" (r) dr \d°r- 
= fewrm Y,*(1)T'b(8)ar. 


(12) 


Thus, it reduces as before to an integral over the relative 
coordinate r=rj—r2. At f=1 we of course recover the 
previous matrix element, and at f=} the exponential 
factor is just unity. This is because the nucleons then 
recoil as a unit, and it merely expresses over-all mo- 
mentum conservation for this ‘‘elastic” case. 

Of course, nothing has really been gained if the form 
of the operator 7” is not known. However, we shall find 
below that the operator T corresponding to f=1 can be 
well approximated as a constant. The reason is essen- 
tially that 7, being a meson-absorption operator, affects 
principally the high-momentum components of ¢(r), 
which do not strongly affect the resulting matrix ele- 
ment, M(p). Since the same argument would appear to 
apply to T’, we shall also assume that 7” is simply a 
constant. 

If this is the case, the matrix element is altered in a 
very simple way and can be obtained from the previous 
result simply by replacing k by (2f—1)&. The number 
f need only range from 0.5 to 1, for the other half of its 
range repeats the same results. Thus, the effect is 
always to decrease k, and it is found that this always 
causes the neutron spectra to become more peaked, i.e., 
increases the quantity p. If we take the extreme case, 
{=4, we find that p is increased by about 18%. 

This would roughly correspond to increasing the 
magnitude of the (negative) scattering length by about 
20%, i.e., shifting one of the curves of Fig. 2 into the 
next lower curve. However, this is assuming that the 
impulse approximation is entirely incorrect. As a liberal 
estimate, it would seem unlikely that effects of this kind 
should change p by more than perhaps 5%. Also, the 
direction of the error is known in this case. If the 
scattering length is obtained by using Fig. 2 or Fig. 3, in 
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which the impulse approximation was employed, then, 
to the extent that the impulse approximation is incor- 
rect, the scattering length so obtained would be too 
large in absolute magnitude. 

Estimate (2). The bound-state wave function £(r) of 
the pion should be given fairly well by e ", ro being 
about 200 fermis in this case. Since the deuteron wave 
function effectively restricts the integration to distances 
of less than 4f, & varies only from 1 to 1—1/50, or 
something like 2%. As we have seen, however, the 
functional form of M(p) comes almost entirely from the 
normalization of the mm wave function rather than from 
the integral itself, so that this slight change in the 
integrand should produce a completely negligible change 
in the form of M(p). 

Estimate (3). The S-state part of y,, the mn wave 
function, was approximated by a square-weil function 
with the correct scattering length and effective range. 
(The effective range was chosen as 2.65 f, the same as 
for the mp singlet state. The influence of the effective 
range in this way is unavoidable but very small.) Since 
the correct wave function is unknown, we cannot say by 
how much the square-well function is in error, but we 
can get a gross idea of the influence of the shape of the 
wave function by asking how much p would be changed 
if we used the asymptotic form of the wave function 
instead of the square-well function, i.e., the zero-range 
approximation. As noted above, this changes the p 
dependence of the S-wave integral by much less than 
1%. It does increase its magnitude by about 15%, 
though, and since the triplet contribution does not 
change, p is increased by 3.6%. Since one would not 
expect the exact wave function to differ from the square- 
well function as radically as does the zero-range func- 
tion, we might estimate the possible error in p from this 
source to be about 2%. 

Estimate (4). The fact that the Hulthén wave function 
for the deuteron S state may be somewhat inaccurate is 
insignificant, for, as we noted above, the p dependence 
of the main part of the cross section (that due to the nn 
S wave, I, of the Appendix) differs from sinéd(p)/p by 
less than 1% over the whole usable range. 

The D state of the deuteron is more troublesome, 
however. Since it is very poorly known, it is unfortunate 
that it contributes significantly to the process. We have 
used the simplest possible approximation to it, and in 
this approximation it contributes 12.7% of the cross 
section at p=0.66u and 9.5% at p=0.19 u.'® Because 
its fractional contribution does not change much over 
this range, though, its effect on the spectrum shape is 
considerably less. It is impossible to estimate accurately 
how far wrong our approximation to the D state is, but 
if it is neglected altogether, p is increased by 4.2%. Since 


18 Watson and Stuart estimated that the D-state integral con- 
tributed only about 3% to their cross section. This included an 
integration over angles we have not considered, but even allowing 
for this the difference between 3°% and 9% does not seem easy to 
understand. 
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we know so little about what this function should be, it 
seems quite possible that this could contribute an error 
of 4% in p. 

Estimate (5). Finally, perhaps the most serious source 
of uncertainty is the assumption that the meson absorp- 
tion operator, 7(q;,q,), remains constant over the range 
of momenta present in the deuteron. [More precisely, 
the assumption is that the shape of T¢(r) is not 
significantly different from that of @(r) for large values 
of r..] Nothing at all is known experimentally about this 
operator in the energy range employed here (which 
would correspond to x~ photoproduction from neutrons 
just at threshold). In fact very little can reliably be said 
about it at all, but we wish to point out a few kinematic 
features which tend to strengthen considerably one’s 
confidence in the assumption that it remains constant. 

The most important consideration is merely the fact 
that the pion is captured predominantly from an S§ 
state. Since the deuteron is also largely S state, the 
x-—p relative angular momentum is zero, and one 
knows from general considerations” that the matrix 
element is constant for small relative momenta in this 
case. 

The more detailed kinematic facts are these. The 
relative r— p momentum comes from the motion of the 
proton in the deuteron. Assuming an average kinetic 
energy of about 15 Mev for the bound proton, we esti- 
mate the significant range of momenta in the Fourier 
transform of its wave function to be from zero to about 
1.5 yw. 

In T(q,,q,), 4: is the relative r-—~ momentum and 
q,y the relative n—y momentum, both in the c.m. 
system. When two-body kinematics do not hold, q; and 
q, are independent quantities; in the present case the 
range of values they assume is determined entirely by 
the range of proton momenta in the deuteron. In the 
initial state, the c.m. system nearly coincides with the 
proton, so although the range of proton momenta in the 
laboratory is 1.5 w, in the c.m. system it is reduced by 
u/(M-+u) and extends only from zero to 0.24. The 
range of s— momenta in the c.m. is of course the same, 
so gi<0.4 wu. The range of c.m. photon momenta in the 
final state depends on the relative proton-photon direc- 
tion. If all directions are assumed possible, the maxi- 
mum range of c.m. photon momenta is from 0.75 u to 
1.13 w, and so 1.5 w<g7<2.26 uy. 

Although we expect T to be constant for g; ‘“‘small,”’ 
we would like to know how small. The only available 
information on T near the photoproduction threshold is 
that derivable from the dispersion-theory arguments of 
Chew ef al. From their complete photoproduction 
amplitude near threshold the (r— p) S-wave part can be 
projected out. For small values of g,/u, this expression 


19 See, e.g., H. A. Bethe and F. de Hoffmann, Mesons and Fields 
(Row, Peterson and Company, Evanston, Illinois, 1955), Vol. II, 
p. 143. 

” G. F. Chew, M. L. Goldberger, F. E. Low, and Y. Nambu, 
Phys. Rev. 106, 1345 (1957). 
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is given approximately by”! 


T,~1+0.15ig?/¢ su. (13) 


This is, of course, only the expression on the two-body 
energy shell, but for the above ranges of g; and gy, it 
indicates that | 7|* remains extremely constant, in fact 
constant to within 0.02%. Thus, if the expression for 7 
at nearby points off the energy shell is any kind of 
reasonable continuation of Eq. (13), the error incurred 
by considering 7 to be constant is entirely negligible. 


Vv. CONCLUSION 


The effect of the final-state mn interaction on the 
momentum spectrum of each neutron is found to be 
pronounced and distinctive when the relative mm mo- 
mentum is small. (The spectra of Fig. 2 would be nearly 
flat if this interaction were not present.) Consequently, 
a measurement of one of these spectra appears to pro- 
vide a feasible means for determining the mm scattering 
length. From the examples given in Figs. 2 and 3, it 
would appear that the different types of spectra are all 
about equally sensitive to the scattering length, so that 
the choice can best be made on grounds of experimental! 
convenience. 
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APPENDIX 

The integrals that appear in the calculation are listed 
here for reference. Since we employed the same wave 
functions as Watson and Stuart,® we shall use their 
notation and refer the reader to their paper for further 
details. 

Since the following two integrals occur frequently, it 
is useful to introduce a notation for them. If jo(x) 

=sinx/x, we define 


vo) 


Stapa=af e~* sinpr: jo(gr)dr 
0 


and 


Clapa=af é—*" cospr- jo(gr)dr 


0 


1 2aq 
- + tan-*(——"_) ter] (A-2) 
2 e+Pp—¢ 


e=0 if 
e=1 if 


where 
a’+p—g> 0, 


a’+p—¢ <0. 


*t M. J. Moravesik (private communication) 
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(In both integrals it is assumed that a, p, and g are all 
positive.) 

Another pair of integrals that arose may perhaps be 
of use to others. If j2(x) is the second spherical Bessel 
function, the integrals are 


“ 


x p 
S2(a,p,q) = f "Pia Rape: Rg — 


0 q 


3a2— 3 p?-+¢° 3 ap ; 
+— Staite) 5 Clash s (AS) 


2¢ 
and 


x 


3a 

C2(a,p,q) _ f Sens cospr- je(qr)dr= —_—- 

0 p ¢ 

3a2— 3p?+¢° ap 

+———C (a, p,q) +3—S(a, p,q). (A-4) 
2q° g 


In calculating the integrals J;, J;, and Jz, we use the 
Hulthén wave function for the S state of the deuteron, 


go(r) = (e ar—@—Br) /y, (A-5) 
Consequently, these three integrals will have the form 


I=I(a)—1(8), 


so we need only give J(a). The integrals are 
T (a) a forte ip-r_ eit |e~ ik -1/29- ar/y 


= 4e[ (e?+942)'—(a@+92)],  — (A-6) 


where qt=p+3k. Note that when E\=£,, then g,? 
=’, and I ,=0. 


T;(a) = [arte teie—2(pr)> sinpr |je~**** 2g-ar r 


= 4r[ (a? +9,2)"!+ (2? +¢)7 
—4(pk)“S (a,p,3k) J. 


(A-7) 
T,=1,' +12", 
I, (a)= 2 f ar pe) sin(pr+é)-e~i®-1/2¢—ar/y 


- 16% sind (A-8) 
=—— —[C(a,p,}k) +cotd-S(a,p,3h) ]. 
k p 


I2!' (a) = L2(a)— Lao(@), 
where 
L2(a)= 2f d*r(pr)— sin(pr+6) -e~****¢-e"/r, 
r<R 
and where the integration is only over the volume of a 


sphere of radius R. This is because we are using a 
square-well wave function for the n—n system, so that 
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the integrands of L2 and Lp are equal outside the well 
and these parts of the integrals cancel. If the well depth 
is V and its radius R, we define y= (M?V?+-#*)! and note 
that the boundary conditions at r=R yield the condi- 
tions p cot(pR+6)=y cotyR. This expression can be 
used to express the well parameters in terms of the 
effective range and scattering length, and can also be 
used to condense the / integral into compact form. 
The result is 

. Sar { sind 
L2o(a) =——_} — 
a? +p | p 

sin(pR+6) 
—_——¢~@R (qgt+ cotrR) (A-9) 

p 


The other half of J2(@) is the integral of the square- 
well function, 


sin(pR+6) sinyr 
Lo(a) = 2f d®r ——_— - je tk-r 2e-ar r. 
R sinyR pr 


(a+ p cotd) 


re 


It appears that this integral cannot be expressed in 
terms of elementary functions. After the angular inte- 
gral is done, however, a factor sindkr remains in the 
integrand. Now k~0.93 yu, and for ro= 2.65 f, R~1.76/u, 
so 4kR=0.83. Sin(0.83), however, is equal to 0.76. 
Consequently, even at the upper limit of integration we 
make less than a 10% error in the integrand by using 
sinskr= kr, and this should have a negligible effect on 
the accuracy of the result. With this approximation, we 
find 

sin(pR+é6) 1 
L,(a) =8r§—_- — 
p a+" 
am kK otyR) | 
xX, —_—e ** (a+y7 cotyR) 


». (A-10) 
| sinyR 


Finally, there is the integral over the D state of the 
deuteron, 


I;= 2f aripn ' sin(pr+é6) jo(Zkr)be(r). (A-11) 


Because j2(3hr) is small near the origin, we have simply 
used the asymptotic form of the »—m wave function. 
For the same reason we shall simply use the asymptotic 
form of the D state, 


oo= ne~*", (A-12) 


Hulthén and Sugawara! suggest that » should be taken 
as 0.2, which is the value we have used. In this case 
3= 2f ar pr sin(pr+6) jo($kr) (0.2)e-2"/r 


sind 
= (0.2)8e—{C2(a,p,3k)+cotd-S2(a,p,3k)}. (A-13) 
p 
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In terms of these functions, the counting rate R is 
given as 


R= (3|7.\°+4(|[i+J2|2?—v2Iels)}Q, (A-14) 


keeping only the leading term in 7; and dropping all 
factors of 27, etc., since we are not concerned with the 
absolute normalization of R. Factor Q is the phase-space 
factor which depends on the pair of variables observed. 
If E, and y are observed, as in Figs. 1 and 2, 


24 M?k' p, 


am ; —dE dQ. 
M+k— pi; cosy; 


(A-15) 
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The following constants were employed in the nu- 
merical evaluation of these functions: 
u= 139.63 Mev, 
M ,,/u= 6.2786, 
u=0.3274, 
B/u=1.54, 
[u—(M,—M,)—Bo]/M,.=0.1449. 


a 


In employing the effective-range expansion, we used 
the first two terms, with ro= 2.65 f. 
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The primary yields of Br®, I, La“, Pr’, and I have been accurately determined for the medium- 
energy (20-40 Mev) helium-ion-induced fission of U*%, U*, and U8. These accurate primary yield data 


have been correlated with the constant-charge-ratio 


rule for nuclides away from the neutron shells and 


give a smooth, but different, distribution curve for nuclides of 83 neutrons. 


INTRODUCTION 


HE details and mechanism of the primary nuclear 
charge distribution of fission fragments in higher 
energy fission have largely been inferred from studies 
involving the determination of primary yields of various 
fission products. In principle, if primary yield data for 
enough of the nuclides of a given mass chain could be 
obtained, a charge distribution curve could be con- 
structed, the maximum of which would define Z,, the 
most probable charge for that mass. A comparison of 
Z, with that predicted by the various theories describ- 
ing the nuclear arrangement at the moment of fission 
can yield valuable information on this important 
phenomenon. Therefore, the construction of such 
distribution curves based on primary yield data has 
been the goal of the majority of previous investigations. 
Since the necessary experimental conditions for the 
determination of the charge distributions of every 
fission product mass do not exist, it becomes necessary 
to assume that the charge distribution is essentially 
independent of mass to correlate data for different 
masses. 
Charge distributions in fission were first considered 
for low-energy (thermal neutron) fission of U%* by 
Glendenin, Coryell, and Edwards! (and later modified 


* Supported by the U. S. Atomic Energy Commission; from 
the Ph.D. thesis of L. J. Colby, Jr., June, 1960. 

7 U. S. Rubber Fellow, 1958-1959. 

1L. E. Glendenin, C. D. Coryell, and R. A. Edwards, Radio- 


by Pappas*). They obtained the most probable charge, 
Z,, by postulating equal beta-decay chain lengths for 
the light and heavy fragments. This postulate is usually 
referred to the equal-charge-displacement rule 
(E.C.D.). 

Another hypothesis was proposed by Goeckermann 
and Perlman’ to obtain Z, values which would best 
correlate their primary yield data obtained from 
bismuth fission induced by 190-Mev deuterons. This 
hypothesis assumes that fission at high energies is so 
rapid that the charge distribution in the fragments is 
essentially the same as in the fissile nuclide, i.e., a 
constant-charge ratio (C.C.R.). 

Steinberg and Glendenin‘ have adequately discussed 
these rules in a summary concerned with the radio- 
chemical data on the fission process. Additional primary 
yield data obtained by mass spectrometric and radio- 
chemical methods have appeared for neutron fission of 


as 


chemical Studies: The Fission Products (McGraw-Hill Book 
Company, Inc., New York, 1951), Paper No. 52, National 
Nuclear Energy Series, Plutonium Project Record, Vol. 9. 

2A. C. Pappas, Proceedings of the International Conference on 
the Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Vol. 7, p. 19; also Atomic Energy Commission 
Report AECL-2806, September, 1953 (unpublished). 

3 R. H. Goeckermann and I. Perlman, Phys. Rev. 76, 628 (1949). 

4E. P. Steinberg and L. E. Glendenin, Proceedings of the 
International Conference on the Peaceful Uses of Atomic Energy, 
Geneva, 1955 (United Nations, New York, 1956), Vol. 7, p. 3. 





FISSION OF U ISOTOPES 
U3, U8, U8, and Pu™*.5-"' The medium- and high- 
energy fission data have been obtained mostly by 
radiochemical techniques.” Hicks and Gilbert" studied 
U8 bombarded with 19-190 Mev deuterons, 70-340 
Mev protons, and 50-380 Mev helium ions and found 
that the C.C.R. rule gave the best fit. Wahl® found the 
E.C.D. rule to be acceptable for the fission of U® with 
14-Mev neutrons. Gibson,'* Thomas, and Foreman'® 
presented some charge distribution data from 20—40 
Mev helium ions on Np*’, U*, and Th” and found 
that although the C.C.R. rule gave the best single fit, 
a mixture of the two rules might also correspond to the 
true situation. Data obtained by Alexander and Coryell” 
and U** and Th” bombarded with 13.6-Mev deuterons 
seemed to correlate best with the E.C.D. rule. Pate 
et al.'*."° claimed that Th” bombarded with 8-80 Mev 
protons is best correlated by the E.C.D. rule. Levrukhins 
and Krasavina™ studied the fission of U**, Th, and 
Bi induced by 480-Mev protons and found the C.C.R. 
rule was supported. A very interesting anomaly appears 
in the data of Porile and Sugarman”! which shows the 
E.C.D. rule to correlate best for bismuth with 450-Mev 
protons and the C.C.R. rule to correlate best for 
tantalum with 450-Mev protons. Unfortunately, the 
experimental difficulties in obtaining the necessary 
data are great, and many of these apparent discrepancies 
can best be explained in light of the poor accuracy of 
much of the older high-energy data. 

In this situation, it seemed desirable to attempt 
accurately to determine the absolute yields of specific 
“shielded” and “guarded” nuclides (I, Br, La™, 
and Pr’) from medium-energy helium-ion-induced 


5 W. H. Fleming, R. H. Tomlinson, and H. G. Thode, Can. J. 
Phys. 32, 522 (1954). 

6 T, J. Kennett and H. G. Thode, Phys. Rev. 103, 323 (1956). 

7R. K. Wunless and H. G. Thode, Can. J. Phys. 33, 541 (1955). 

’W. E. Grummitt and G. M. Milton, J. Inorg. & Nuclear 
Chem. 5, 93 (1957). 

® A. C. Wahl, Phys. Rev. 99, 730 (1955). 

1 A. C. Wahl, J. Inorg. & Nuclear Chem. 6, 263 (1958). 

1A. T. Blades, W. H. Fleming, and H. G. Thode, Can. J. 
Chem. 34, 233 (1956). 

2 Very recently some mass spectrometric primary yield data 
has been obtained by Y. Y. Chu for this excitation region. See text. 

18H. S. Hicks and R. S. Gilbert, Phys. Rev. 100, 1286 (1955). 

4 W. M. Gibson, Ph.D. thesis, University of California Radi 
ation Laboratory Report UCRL-3493, 1956 (unpublished). 

‘8 T. D. Thomas, Ph.D. thesis, University of California Radi 
ation Laboratory Report UCRL-3791, July, 1957 (unpublished). 

16 B. M. Foreman, Jr., Ph.D. thesis, University of California 
Radiation Laboratory Report UCRL-8223, April, 1958 (unpub 
lished). 

17 J, M. Alexander and C. D. Coryell, Phys. Rev. 108, 1274 
(1957). 

18B. D. Pate, J. S. Foster, and L. Yaffe, Can. J. Chem. 36, 
1691 (1958). 

1 B. D. Pate, Can. J. Chem. 36, 1707 (1958). 

” A. K. Lavrukhina and L. D. Krasavina, J. Nuclear Energy 
5, 236 (1957). 

*1N. T. Porile and N. Sugarman, Phys. Rev. 107, 1410 (1957). 
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fission of U%, U*, and U** by improved radiochemical 
techniques.” 25 


EXPERIMENTAL 


The particular experimental procedure and conditions 
for bombardments, chemistry, and counting have been 
described previously.** The bombardment energies in 
this research were adjusted so that the mass yield 
curves for U?4526 U2 and U2? could be used in 
correlating the primary yield data so obtained. 

The shielded isotopes selected for this study were I'® 
and Br® whose yields should not be affected by any 
closed shells; Pr’ and La™ which have 83 neutrons 
and whose yields, therefore, might be expected to show 
effects associated with the 82-neutron closed shell; and 
I'*% which lies on the 82-neutron closed shell. By 
measuring the yields of these isotopes from the fission 
of U*8, U5, and U** at various helium ion energies, 
data were obtained under circumstances where the 
most probable charge for various masses varied over a 
wide and significant range. 

The selection of the above isotopes was made 
primarily on the basis of the accuracy with which each 
could be assayed. The low activity due to Br® was 
accurately determined by allowing all other shorter 
lived isotopes ef bromine to decay out, and counting 
the resulting, longer lived Br® activity in a low-level 
2m flow counter, described by Griffioen and Cobble.”* 

A unique method for determining small activities of 
['* in the presence of very large amounts of masking 
radiation from I", I'*, and I'*® was developed. A 
calibrated 5-in. well-type NaI(T1) scintillation crystal” 
was used as a “summing spectrometer.” Fortunately, 
the decay” of the I'® gives the highest energy gamma- 
ray “sum” peak of all the observable iodine isotopes 
produced by fission. Using multichannel pulse-height 
analysis and a Nal(Tl) crystal detector, it was possible 
to measure activities of ~ 100 counts/min of I" in the 
presence of 10°10’ counts/min of other iodine isotopes. 
The efficiency with which the 2.34-Mev sum peak was 
counted was 9.2%. This sum peak is assigned to I" by 
its characteristic energy and half-life. Integration of 
its area allows the determination of I’ activity to 
+10%. This method is believed to be superior to 
previously used methods based on resolution of gross 
beta-decay curves. 

The La™ activity was measured in a 278 proportional 
counter as described and calibrated by Gunnink and 

‘obble.* 


2 LL. J. Colby, Jr., and J. W. Cobble, Anal. Chem. 31, 798 (1959). 

* R. Gunnink, L. J. Colby, Jr., and J. W. Cobble, Anal. Chem. 
31, 796 (1959). 

* R. Gunnink and J. W. Cobble, Atomic Energy Commission 
Report AECU-4340, 1959 (unpublished). 

*5 R. D. Griffioen and J. W. Cobble (to be published). 
- 2° R, Gunnink and J. W. Cobble, Phys. Rev. 115, 1247 (1959). 


7L. J. Colby, Jr., M. 
Rev. 121, 1415 (1961). 

28 W. G. Smith, P. H. Stelson, and F. K. McGowan, Phys. Rev. 
114, 1345 (1959). 


L. Shoaf, and J. W. Cobble, Phys. 





1412 os Je CORRE. AR. 

The most difficult activity to assay was that due to 
Pr, The method used involved an accurate determi- 
nation of the separate Pr'® and Pr activities (by 2 
proportional counting), and accurate gross counting of 
the praseodymium sample at the time when the Pr'*® 
activity had largely disappeared and the Pr’ activity 
was still detectable. 

The I" activity was determined by resolution of the 
gamma decay curve of I'* (the Xe daughter having 
essentially the same gamma-decay energy). The 
activity attributed to I'** was then corrected for photo- 
peak efficiency and intensities from decay scheme data. 
The significance of the cross section so obtained will be 
discussed later. 


RESULTS 


The primary yield data for the isotopes studied from 
the fission of U**, U*, and U** at the various energies, 
as obtained in this research, are summarized in Tables 
I-II. The total chain yields, and the number of neutrons 
evaporated, %, for U*® were those reported by Gunnink 
and Cobble**; the total chain yields and # for U** and 
U** are those obtained by Colby, Shoaf, and Cobble.”’ 
As will be discussed, the C.C.R. rule appears to provide 
the best correlation for the primary yield daia; there- 
fore, the last column in the tables lists the AZ=Z—Z, 
of the isotope, as calculated by the C.C.R. rule for the 
particular compound nucleus and excitation energy. 


TABLE I. Primary yield cross sections for helium-ion-induced 
fission of U8, 





Percent 
chain 


Total 
chain cross 
section 
(mb) 


4.8 
44 
50.0 


Primary 
cross 
section 

(mb) 


Br® 07 
[1% 

La!” 

Br® 

[1% 


Energy 
(Mev) 


39.9 
39.9 
39.9 
33.8 
33.8 
33.8 


Isotope 














TABLE II. Primary yield cross sections for helium-ion-induced 
fission of U**, 





Percent 
chain 


yield 


Total 
chain cross 
section 


Primary 
cross 
section 
(mb) 


Energy 
(Mev) 


39.9 
39.9 
39.9 
39.9 
33.8 
33.8 
33.8 
33.8 
28.2 
28.2 
28.2 
28.2 


> 
N 


Isotope 
Br® 
[Ts 
La’ 
Pri 
Br® 
[)% 
La!” 
Ppri@ 
Br® 
[130 
La!” 
Pr'# 
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DISCUSSION 


In the E.C.D. rule it is assumed that the two fission 
fragments are formed with neutron to proton ratios, 
n/p, such that maximum stability for the system is 
obtained. This rule reduces to equal beta-decay chain 
lengths for the light and heavy fragments. The C.C.R. 
rule assumes that the fission fragments will have the 
same neutron to proton ratio as the original fissioning 
nucleus. A most probable charge for each mass can be 
empirically defined on the basis of one or the other of 
these rules, and the experimental primary yield data 
can be so correlated. In order for one to make calcu- 
lations from these two rules and in order for the data 
to have the widest applicability, the assumptions and 
information which are required are summarized as 
follows: 


Equal Charge Displacement Rule 


(1) The charge distribution function has the same 
shape for all mass numbers; (2) the target isotopes and 
excitation energies under consideration are so similar 
that the charge distribution is assumed independent of 
the Z+N of the fissioning nucleus; (3) the charge 
distribution is symmetrical about the most probable 
charge, Z,; (4) the average number of neutrons emitted, 
¥, per fission event must be known; (5) the number of 
‘neutrons emitted before and after fission must be 
established; (6) a distribution of post-fission neutrons 
between the light and heavy fragments must be as- 
sumed; and (7) a method for determining the most 
stable charge, Z, for a given mass chain must be 
selected. 


Constant-Charge Ratio Rule 


(1) The charge distribution has the same shape for 
all mass numbers (the same as E.C.D.); (2) the target 


TABLE III. Primary yield cross sections for helium-ion-induced 
fission of U**. 





Percent 
chain 
yield 

(%) 


9.09 


Total 
chain cross 
section 
(mb) 


Primary 
cross 
section 

(mb) 


0.59 
22.1 
10.9 

1.41 

0.45 
16.0 

4.4 

8.9 

0.63 

0.20 

8.6 

6.2 


Energy 
(Mev) 


40.5 
40.5 
40.5 
40.5 
34.5 
34.5 
34.5 
34.5 
34.5 
29.0 
29.0 
29.0 
29.0 
25.3 
25.3 


Isotope 


"Brit 
[T's 
‘La! 
Pr'® 
Br® 
]!30 
[135 


La!” 
Pri@ 
Br® 
[30 
La!” 
pri 
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isotopes and excitation energies under consideration are 
so similar that the charge distribution is independent 
of the Z+WN of the fissioning nucleus (the same as 
E.C.D.); (3) the charge distribution is symmetrical 
about the most probable charge, Z, (the same as 
E.C.D.); (4) the average number of neutrons emitted 
per fission event must be known (the same as E.C.D.); 
and (5) the postfission neutrons are assumed to be 
distributed between the fragments in proportion to 
the masses of the fragments. 

The use of both of these rules requires that the 
average number of emitted neutrons per event be 
known. In the case at hand, these were known experi- 
mentally from previous work.**? The assumption in 
the C.C.R. rule that postfission neutrons are emitted 
in proportion to their fragment masses is considerably 
reinforced (at least for those fission product masses 
investigated in this research) by the recent work of 
Whetstone” on neutron emission from the fragments 
in the spontaneous fission of Cf*®. 

An attempt to correlate the data by the E.C.D. 


egrated) 
8 3 


Fraction Of Chain Yield (int 
= 
°o 


8 











2 = 0 2 





Z-Zp 


Fic. 2. Integrated fractional chain yield as a function 
of distance from the most probable charge, Z>». 


rule assuming the emission of one prefission neutron, 
equal division between fragments for the postfission 
neutrons, and using the Z4 values of Coryell®™ was 
entirely unusuccessful. 

It was interesting to find that the data obtained in 
this research correlated very well with the C.C.R. rule 
(see Fig. 1). It can be noted that the data for nuclides 
away from the closed shells (I™ and Br®) show a 
smooth correlation (curve A in Fig. 1); and the data 
for nuclides next to the 82 neutron closed shell (La™ 
and Pr") show a separate, but also smooth, correlation 
(curve B in Fig. 1). Other investigators®-4-15.26.8 had 
previously noted abnormally low yields for isotopes 
next to the 82-neutron closed shell and had debated 
the possibility of closed shell perturbations. The 
unperturbed distribution (curve A in Fig. 1) integrates 
to a value of 0.96 instead of unit total chain yield. 
Figure 2 shows the integrated fraction of a chain yield 

Ke | 4 n as a function of the distance from the most probable 
-2 «of 0 charge, Z—Z,. This curve was normalized to unity and 
Z-Zp is convenient for correcting directly any given cumu- 

Fic. 1, Charge distribution curves from the medium-energy, — 

inate Cet er a *R. Vandenbosch, T. D. Thomas, S. E. Vandenbosch, R. A. 
Glass, and G. T. Seaborg, Phys. Rev. 111, 1358 (1958). 
a 31 C, D. Coryell, Ann. Rev. Nuclear Sci. 2, 305 (1953). 


2 Y. Y. Chu, Ph.D. thesis, UniverSity of California Radiation 
” S. L. Whetstone, Jr., Phys. Rev. 114, 581 (1959). Laboratory Report UCRL-8926, November, 1959 (unpublished). 
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lative cross section to a total chain cross section for 
the isobar under investigation. 

The perturbed distribution curve (curve B in Fig. 1) 
suggests that the nuclides formed with 83 neutrons 
(before postfission neutron emission) will on the average 
“boil off” approximately 25% more neutrons than those 
formed with greater than 83 or less than 81 neutrons. 
The primary nuclides formed with 82 neutrons will 
tend to boil off fewer neutrons on the average and, 
therefore, their primary yields after postfission neutron 
emission should be higher than predicted by yield 
systematics. It follows that the primary yields after 
neutron emission for fragments with 81 neutrons should 
again be lower than predicted. It is also possible that 
a similar effect might occur at the 50-neutron closed 
shell. 

If the above description is correct, then the assump- 
tion that one obtains a smooth charge distribution 
curve for the yields of a series of isobars would only be 
valid when such a series does not extend across closed 
shells. 

It can be seen that the most probable charge for 
mass 135 for the higher energy bombardments on U** 
(in the case of I") gives large negative values for 
AZ=Z-—Z,. This provides an opportunity to obtain 
primary yields with negative values for AZ. Since the 
yield of I'** is a cumulative yield, a correction must be 
made for the amount of I'** produced by beta decay 
from Te and Sb"™*, which accounts for 10% of the 
total I'** observed activity. The results for the measured 
primary yield show good agreement with the unper- 
turbed charge distribution (curve A in Fig. 1). 

It might be expected, from arguments previously 
advanced, that the primary yield of this isotope, which 
has 82 neutrons, should be abnormally high, due to 
the fact that a related isotope of 82 neutrons would 
boil off ~25% more neutrons than the average fission 
fragments. However, the actual yield for I'** is only 
about one sixth of the yield of I'** because it is 0.7 
charge unit farther from Z,. 25% of § of the I" yield 
amounts to an increase of only approximately 4% and 
thus the I'** yield falls on the unperturbed distribution 
curve (curve A in Fig. 1). 

One can, however, also conclude from these data 
that the yield of a fission fragment before postfission 
neutron-emission is essentially unaffected by the closed 
shells. 

Since ‘only a few mass numbers were studied, it was 
not expected that the data would be conclusive in 
elucidating all the various aspects of charge distribution. 
They do, however, provide accurate primary yield 
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corrections necessary for determining fission mass yield 
curves. It should also be noted that the supposition 
that the C.C.R. rule is more realistic than the original 
E.C.D. rule is supported by the fact that a large 
primary yield correction is necessary to obtain smooth 
mass-yield curves for the I'* and Ba" isotopes.**.27 

Since this work was completed, Chu” has reported 
mass spectrometric data on charge distribution in this 
20-40-Mev excitation region for U™*® and U™*, These 
results also indicate that the E.C.D. rule in its original 
form does not explain the charge distribution system- 
atics for medium-energy fission when the effect of 
discontinuities at the closed shells on the Z4 function 
are considered (a conclusion previously drawn from 
this research). It was proposed, however, that if a 
continuous and linear Z4 function such as that given 
by Friedlander and Kennedy® were used and, further, 
if the number of emitted neutrons were adjusted to a 
value lower than experimentally observed for this 
energy region, then a reasonable fit for the data could 
be obtained. (The data from the present research is 
also in agreement with this modified E.C.D. procedure.) 
It was noted that these mass-spectrometric data 
plotted according to the C.C.R. rule also gave good 
agreement. The best agreement was obtained by 
varying the parameters and assumptions in the E.C.D. 
rule. The conclusions from this work favor an interpre- 
tation lying between the C.C.R. and modified E.C.D. 
rules. It is, however, quite significant that the data 
presented are very well correlated by the C.C.R. rule 
and that the small but real deviations might equally 
well be ascribed to certain invalid initial assumptions, 
e.g., that a charge distribution has the same shape for 
all mass numbers. This is also possibly the case in this 
research. 

It is, therefore, concluded that the data presented in 
this paper support the present findings and that the 
correct interpretation of them lies near the C.C.R. 
rule but that some contribution from the E.C.D. rule 
presists. 
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Helium-Ion-Induced Fission Cross Sections of U**’ and U*’* and the 
Nuclear Radii of Heavy Elements* 
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New radiochemical data of the total fission cross sections have been obtained for U™ and U**, which 
can be used to derive nuclear radii for these isotopes. This and certain accurate previous results on U™ 
and natural bismuth can be interpreted in terms of an 7 value of 1.41 10~" cm, when Ra=2.19X10- cm, 
using the Weisskopf square-well nuclear model. Further, the nuclear radii obtained by this analysis are 
also in good agreement with the radii obtained by others from alpha-particle scattering data with a similar 
model. A diffuse-potential nuclear mudel proposed by Igo shows agreement with experiment in the lower 
energy range. The agreement, however, is not observed with data for higher energies. Certain features of 
the U* fission curves are also discussed. 


INTRODUCTION because of the predominance of fission, the possibility 


ITH the recent increased interest in nuclear Of missing any reaction with a large cross section is 
radii generated by the accurate electron scat- minimized. Two nuclear models can be tested at the 

tering data,! it is of interest to obtain comparable Present ume, that featuring the W eisskopf square-well 

interaction data by other means for comparison. This potential’ ‘and the diffuse potential proposed by Igo.* 

communication is concerned with the experimental alues of nuclear radii so obtained are in good agree- 

determination of accurate total reaction cross-section ™ent with alpha-particle scattering data.*~ 

data for certain selected heavy-element isotopes where, v 
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: . : (John Wiley & Sons, Inc., New York, 1952). 





x Supported by the Atomic Energy Commission; from the 4 *M. M. Shapiro, Phys. Rev. 90, 171 (1953). 
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It has been recognized that the predominant nuclear 
reaction in isotopes of elements with Z=92 or higher, 
bombarded with charged particles up to about 40 Mev 
of excitation energy, is fission. Spallation-fission compe- 
tition has received considerable attention by Seaborg 
and his co-workers,’~* as well as others." Since, in 
many cases, the spallation reactions contribute only 
from 5 to 10% of the total cross section, studies of the 
heavy elements provide a means for obtaining accurate 
total reaction cross sections. 

A number of measurements of total reaction cross 
sections have been reported for heavy elements.’~"' 
Unfortunately, these data were not obtained with 
Sufficient accuracy to test anything but order-of- 
magnitude agreement with various nuclear models. 
The first exceptions were the data of Gunnink and 
Cobble’® on the fission of U*® with 20-40-Mev helium 


7R. A. Glass, R. J. Carr, J. W. Cobble, and G. T. Seaborg, 
Phys. Rev. 104, 434 (1956). 

§R. Vandenbosch, T. D. Thomas, S. E. Vandenbosch, R. A. 
Glass, and G. T. Seaborg, Phys. Rev. 111, 1358 (1958). 

9B. M. Foreman, Jr., W. M. Gibson, R. A. Glass, and G. T. 
Seaborg, Phys. Rev. 116, 382 (1959). 

10 W. J. Ramler, J. Wing, D. J. Henderson, and J. R. Huizenga, 
Phys. Rev. 114, 154 (1959). 

1H. A. Tewes and R. A. James, Phys. Rev. 88, 860 (1952). 

12H. A. Tewes, Phys. Rev. 98, 25 (1955). 

13 E. L. Kelly and E. Segré, Phys. Rev. 75, 999 (1949). 

4 J. Wing, W. J. Ramler, A. L. Harkness, and J. R. Huizenga, 
Phys. Rev. 114, 163 (1959). 

16 R. Gunnink and J. W. Cobble, Phys. Rev. 115, 1247 (1959). 
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ions. The agreement of the total cross sections for this 
reaction with those calculated from the Weisskopf 
square-well nuclear potential was good, indicating a ro 
somewhat greater than 1.5X10~-"% cm. However, 
recently Igo*® has proposed a diffuse nuclear potential 
to explain alpha-particle scattering data for targets 
over a wide range of nuclear charge, and which also 
appears to be consistent with the previous, less accurate, 
total reaction cross-section data. 


TABLE I. Fission cross sections (mb) for helium ions on U™*, 
Each left-hand column lists the observed yield of each isotope. 
Each right-hand column lists the corrected cross section for the 
mass chain.* 


Energy 
(Mev) 


Isotope o corr. 


9.5 
21.5 
27.8 
31.0 
36.6 
46.4 
48.5 
30.0 
27.1 
32.3 


37.5 


) 8. 9.5+0.5 


? 
2) 
3 


Br® 
Sr? 
Sr! 
Sr? 
ys 
Zr 
Zr 
Ru 
Rul 
Rul 
Cd's 
Cdttom 
[3! 
[133 
Bal” 
Cel! 
( ‘e! 43 
Pr! 45 
Nd!47 
Sm!® 
Eul® 
Gd! 


8.6+0.1 
22.0+1.0 | 
33.1+0.1 
34.8 
38.8+0.4 (2 
49.6 
46.0+2.5 
44.0+2.8 
35.0+1. 
40.0+3 
42.1 

5.3 

32.9 

13.5 

12.0 

16.3 

12.2 


21.5+0.5 
27.042.3 ( 
28.5+0.5 
35.941.0 
46.0+0.5 
3) : 45.9+1.0 
30.0+1.0 
22.340.3 
31.0+0.9 
33.2 
4.0 
26.2 
14.7+0.2 
11.0 
19.3+0.7 (2) 
15.5 
10.3 13.0+0.2 (2) 
9.4+0.4 (2) 9.0 
2.8+0.1 (2) 2.7+0.3 (2) 3.6 
1.0 1.1+0.05 (2) 2.4 
0.55+0:05 (2) 0.55+0.05 (2) iu 


36.4 
44.5 
28.2 
25.6 
20.2 
15.7 
193 


Energy 
(Mev) 29.0 


sotope o o o corr. 


3.5 
> j 
10. 
12. 
47.3 
25 
22.4 
12. 


3.4+0.1 (2) 
5.7+0.5 (2) 
10.0+0.9 (3) 
11.4+0.4 (2) 
17.0+0.4 (2) 
25.0+1.3 (2) 
21.0+1.9 (3) 
12.1+0.1 (2) 
7.6+0.1 (2) 
10.4+0.6 (3) 


5.1+0.1 (2) 5. 
11.7+0.4 (2) 11. 
17.5+0.5 (3) 18. 
23.5+0.9 (2) 25.3 
23.3+0.3 (2) 23.8 
34.3+0.5 (3) 34.6 
31.0+1.9 (3) 33.2 
19.2+0.3 (3) 19.2 
11.0+0.9 (3) 13.4 
15.0+0.5 (3) 15.6 
15.0 15 
13.0+0.3 (2 14.1 
16.9 17.2 
16.0+0.9 18 
(1.6) 

19.2 

12.04-1.3 ( 
11.4+-0.4 ( 
15.54-1.1 ( 
13.4+0.6 ( 
10.43-0.1 | 
8.94-0.2 | 
1.94-0.05 

0.67 
0.27+0.05 (2) 


Br® 
Sr? 
or 
Sr® 
\ 93 
Zr®5 
Zr? 
Ru 
Ry! 
Ru! 
Pd 
Pd'® 
\gi!s 
Cds 
Citas 
[31 
[133 
Ba!” 
Ce! 
Cel 
Pri45 
Nd? 
Sms 
Eu? 
Gd'*® 


7.0 


8.0+0.5 (2) 
0.8 
11.7+0.5 
9.0+0.5 
7.340.5 (2) 
12.2+1.0 (2) 
8.7+0.1 (2) 
6.0+0.1 (2) 
4.9+0.3 (2) 
1.0+0.10 (2) 
0.45+0.03 (2) 
0.20+0.02 (2) 


29.3 
31.0 
26.0 
22.0 
16.5 
12.1 
10.0 
) 2.4 
1.26 
0.44 


(2) 
(3) 
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* Where more than one bombardment was made at a given energy, the 
number of determinations is indicated in parentheses. 
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TABLE II. Fission cross sections (mb) for helium ions on U**, Each left-hand column lists the observed yield for each isotope. 
Each right-hand column lists the corrected cross section for the mass chain.* 


Energy 


\ (Mev) 39.9 36.8 


Isotope o 

Zn” 0.54 

Br® 5.3+40.5 (3) 
Sr® 14 +1.0 (2) 
Sr” 29 +2.0 (3) 
Sr® 32.1+1.0 (2) 
y% 40.4+1.3 (2) 
Zr 50.5+1.8 (4) 
Zr*? 49.6+2.4 (5) 
Ru! 49.7+3.0 (3) 
Ru 37.6+1.3 (2) 
Ru 42.3+0.3 (2) 
Pdu2 39.6 

Cd 37.340.8 (2) 
[3 40.9+1.1 (3) 
[33 39.4 

Ba!® 43.9 

Ba” 37.542.5 (3) 
Cel! 47.2+0.3 (2) 
Cel 43.0+0.5 (2) 
Pris 35.7+0.6 (2) 
Nd47 19.0+0.9 (2) 
Sm!53 5.5+0.8 (4) 
Eu!®? 1.8+0.2 (2) 
Gd! 


o corr. 


0.54 

nS 2 

14.0 22 22.: 
29.44+0.9 (2) 29.! 


29.3 
32.7 
40.8 
51.0 
50.6 
49.7 
46.0 
43.1 
39.6 
37.3 
43.5 
53.2 
48.2 
46.3 
47.2 
44.8 
36.8 
19.4 
5.73 
2.09 
1.63 


35.9 
48.6 - 
47.6 
43.8 
37.5 


35.6+1.4 (2) 
48.6+2.6 (2) 
47.2+0.4 (2) 
43.8 

37.5 

30.442.1 (2) 31.0 
30.4 30.4 


31.641.6 (2) 33.3 


31.1+0.6 (2) 
27.2+1.7 (2) 
28.2+0.4 (2) 


36.6 
27.5 
29.0 


15.1+0.4 (2) 
2.10.2 (2) 


15.3 
2.14 


1.50.1 (2) 





Energy 
\ (Mev) 33.8 


Isotope o o corr. o corr. 


2.78 

8.8 
16.5 
17.8 
29.8 
43.5 
43.2 


2.7+0.3 (2) 
8.8+0.9 (2) 
16.5+0.7 (2) 
17.7+1.1 (2) 
29.7+1.6 (2) 
43.5+2.8 (2) 
42.8+1.9 (2) 


Br® 
Sr%? 
~ 
Sr® 
ys 
Zr 
Zr? 


3.66 
15.6 


22.0+0.2 (2) 
35.1+1.5 (3) 
37.2+1.3 (3) 





. 3 Isotope o 


Energy 
(Mev) 


o corr. o corr. 


42.0+0.7 
31.8+1.3 
36.4+0.4 


Rul 
Ru 
Ru 
Pd 
( “ds llim 
[{31 
[3 
Bal” 
Ce! 
Cel3, 
Pri45 
Nd"? 
Sm 
Eu}? 
Gd! 


42.0 
38.4 27.7 
36.6 


27.7 


19.2 
16.3 
26.4 
31.7 
35.0 
29.2 
27.9 


19.0+0.5 (2) 
i6.3 
25.4 
26.341.7 (3) 
30.8+0.9 (2) 
29.2 
27.340.1 (2) 


— ee bo Ww wer 
“IO bo 
ow 


me ee Cr Gr 00 OO GW 


6.80 
0.41 


13.0+1.0 


) 
2 6.74+0.1 (2) 
3.5+0.5 (2) 
) 
2 


0.40 


“IU Ge be 


1.6+0.5 
1.0+0.3 


} 
19.8 
o corrected 


for neutron o 
background corr. 


0.08 0.08 


\ Energy 24.1 


(Mev) 
Isotope a rr o 


1.1+0.1 (2 0.24 
3.5 
5.8+0.1 (2) 
6.6 

5.48 

4.74 
2.0+0.1 (2 
1.48 
3.71+0.4 


Sr*! 
y% 
Zr 
Zr? 
Ru! 
Ru 
Pduz 
( “45, llim 
ps 
[{33 
Ba!” 
Ce! 
Cel 
Nd! 47 


Sm! 


0.28 
0.33 
0.35 


0.28 
0.33 
0.35 


0.53 
0.63 
0.40 


0.03 
0.019 
0.132 
0.256 
0.359 
0.34 
0.32 
0.082 
0.017 


0.03 
0.019 
0.13 
0.23 
0.341 
0.34 
0.32 
0.082 
0.017 


0.057 
0.099 
0.276 
0.388 
0.641 
0.67 

0.50 

0.166 
0.028 





* Where more than one bombardment was made at a given energy, the number of determinations is indicated in parentheses. 


In order to test the two models further, the helium- 
ion-induced fission of two more isotopes of uranium 
has been studied. The new data do not confirm the 
older fission-spallation studies, and are not in complete 
agreement with the Igo-model cross sections. 


EXPERIMENTAL PROCEDURE 


The experimental procedure has been patterned after 
the methods previously discussed.'* Briefly these consist 
of electroplating the hydrated oxides of the various 
isotopes of uranium onto small aluminum disks; the 
deposits are tested for uniformity and assayed by alpha 
counting. The disks are covered with a thin aluminum 
foil which serves as a collector for any fission products 
which recoil out of the target. The target is assembled 
just behind any further aluminum foils that are required 
to degrade the cyclotron helium ion beam to the 
desired energy. After bombardment, the target and 
cover foil are completely dissolved in the presence of 
added carriers of the fission products to be assayed. 

Natural uranium was used for the U** bombardments 
and considered to be 100% U***. The U** was supplied 


by the University of California Radiation Laboratory. 
An alpha-spectrum analysis showed only 2.5% alpha 
active impurity in the sample. This is, therefore, an 


TABLE III. Total fission cross-section data for helium ion 
bombardments on U3, U5," and U8, 


Total cross 
section 
oT (mb) 
1367 
1107 
0 616 
354 


Total 
spallation 
OY spall (mb) 


Total 
fission 
oy (mb) 
1345 2 
1090 1 
606 | 
350 4 
1386 20 
1030 20 
580 
290 
87 
10 
1317 
1127 
970 
800 
168 
5.4 


Energy 
Mev 

233 40.5 

J238 34.5 


Isotope 


( 

l 

[ 29.0 
U2 3 25.3 
Us 39.9 
33.8 
{ 28.2 
25.9 
23.1 
20.5 
39.9 
36.8 
33.8 
31.0 
24.2 
19.8 


235 
[235 
U5 
U8 
U338 
U8 
U238 
[238 


[238 


® See reference 15. 
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Fic. 12. Composite fission mass yield curves for medium-energy 
helium ions on U8, 


indication of the isotopic purity of the material. It 
was considered to be 100% U™. 

The counting procedures and standardizations have 
been discussed in detail elsewhere.'*'* The bombard- 
ments were carried out on the Argonne cyclotron and 
the Crocker cyclotron at the University of California. 
The range-energy relations determined for protons"? 
were used to calculate the degraded beam energies. 
The initial beam energy determined at the respective 
cyclotrons was consistently measured to +0.5 Mev. 
The use of two different cyclotrons indicated that 
certain systematic errors, e.g., beam current, beam 
energy, total current integration, etc., were within the 
error limits quoted. The most significant improvements 
over the procedures developed in similar research lies 
in the great amount of attention paid to absolute beta 
and gamma counting,'*? and in the use of chemical 
procedures which insure complete exchange of the 
fission product activities and their inactive carriers.” 

LL, J. Colby, Jr., and J. W. Cobble, Anal. Chem. 31, 798 
(1959). 

17 R. Gunnink, L. J. Colby, Jr., and J. W. Cobble, Anal. Chem. 
31, 796 (1959). 

18 R. Gunnink and J. W. Cobble, Atomic Energy Commission 
Report AECU-4340, 1959 (unpublished). 

” H. Bichsel, R. F. Mozley, and W. A. Aron, Phys. Rev. 105, 
1788 (1957). 

*” For the details of the radiochemical procedures, the reader is 
referred to the original theses by L. J. Colby and M. L. Shoaf. 
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Further, it can be shown that the chemical compounds 
used in many previous fission product determinations 
for chemical yield determinations are now known to be 
unreproducible in composition and unstable when dried 
by heating. The reported decay scheme for one key 
isotope, Ru™, is known to have some serious error. 
Preliminary information obtained in our laboratories 
and others has indicated that the 0.726-Mev gamma 
ray represents only 79% of the total disintegrations.*?:” 


EXPERIMENTAL RESULTS 


The fission product formation cross sections from 
U** and U** are summarized in Tables I and II, 
respectively. In those cases where multiplicate bom- 
bardments were made at the same energy, the number 
of determinations is indicated parenthetically. The 
effect of the neutron background present around the 
accelerators was determined by separate experiments 
and subtracted out of the data for the lower energy 
U*8 bombardments. The cross sections are corrected 
for the value for that part of the mass chain which was 
not directly determined using the correlations based on 
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Fic. 13. Total reaction cross sections for U™, L aa and U8 

at various helium ion energies and a comparison with compound 


nucleus theory assuming the square-well potential (Blatt and 
Weisskopf?). 





*1H. W. Brandhorst, Jr., and J. W. Cobble (private communi- 
cation). 

#B. Saraf, P. Harihar, and R. Jambunathan, Phys. Rev. 
Letters 4, 387 (1960). 
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the constant-charge-ratio (C.C.R.) rule discussed 
elsewhere.'*.* 

The data are plotted in the customary manner as 
mass-yield curves in Figs. 1-10, and as composite plots 
for comparison in Figs. 11 and 12. From the scatter of 
points about the smooth curves, it is probable that the 
integrated fission cross sections at many energies are 
accurate to at least +10%. 

Certain features of the U™* fission curves are inter- 
esting, particularly the appearance of the “triple- 
hump,” which is characteristic of some of the lighter 
elements.*—*’ Careful examination of the data upon 
which this unusual feature rests lead us to believe that 
the effect is clearly real. Further, if the effect is ignored 
and a smooth curve is drawn through the valley region, 
the area under the mass yield curve, i.e., total fission 
cross section, is significantly increased. The total fission 
cross sections so obtained then do not agree with those 
for the other uranium isotopes at comparable excitation 
energies. In this respect, it is interesting to note that 
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Fic. 14. Total cross-section data for the (a,1m) reaction on 


bismuth (Kelly and Segré" and Huizenga ef al.) for various 
helium ion energies. 








%L. J. Colby, Jr., and J. W. Cobble, preceding paper [Phys. 
Rev. 121, 1410 (1961) ]. 

% A.W. Fairhall and R. C. Jensen, Phys. Rev. 109, 942 (1958). 

25 R. A. Nobles and R. B. Leachman, Nuclear Phys. 5, 211 
(1958). 

26R. D. Griffioen and J. W. Cobble, Phys. Rev. (to be pub- 
lished). 

27 A. Turkevich and J. B. Niday, Phys. Rev. 84, 52 (1951). 
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Fic. 15. Total reaction cross sections for U*, U%55 and U* 
at various helium ion energies and a comparison with compound 
nucleus theory assuming the diffuse potential of Igo.5 


some indication of this same type of phenomenon is 
also present in thorium irradiated with fast neutrons* 
and even in the previous U™* helium-ion-induced fission 
obtained in these laboratories.'® 

Spallation data were not collected in the present 
study. Since the contribution to the total cross section 
from spallation products varies from a few to as large 
as 50% for 19.8-Mev helium ions on U8, the data of 
Seaborg ef al. and Huizenga ef al."* have been added 
in to obtain the total reaction cross sections as summar- 
ized in Table IIT. Although the errors in some of these 
data are large, the total error so introduced in the total 
cross sections is in all cases within the quoted experi- 
mental accuracy of the fission data. For convenience, 
the previous data from this laboratory on U™® are 
included in this summary. 


DISCUSSION 


There are at present two different sets of excitation 
functions derived from theory with which to compare 
the experimental reaction cross sections. The first is 
based upon the model and calculations by Weisskopf,? 
who assumed a square-well nuclear potential (hereafter 
referred to as the sharp-cutoff model). In effect, one 
determines a total interaction distance, R=roA!+R,, 
from comparison of the experimental and calculated 
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excitation functions. Weisskopf has calculated the latter 
for ro values of 1.3X10-" cm and 1.5X10-" cm, based 
upon an alpha-particle radius, R., of 1.2010-" cm. 
Figure 13 shows such a comparison for the three 
uranium isotopes. The experimental data are in excel- 
lent agreement with the calculated curves over a wide 
range of energies for an interaction distance of R= 10.8 
< 10-" cm or ro9= 1.54 10-" cm using Ra= 1.20 10-" 
cm. 

There is only one other set of experimental data, 
known to the authors, which is of comparable accuracy 
and with which one may make comparison, and that is 
excitation functions of helium ions on bismuth.”-" 
However, the present interpretation of these data is 
somewhat different; the situation is summarized in 
Fig. 14. As noted by the authors cited, the (a,n) 
reaction could not be determined, and the experimental 
excitation function falls below the theoretical Weisskopf 
curve at the lower energies. At the higher energies, all 
of the (a,*n) reaction products have been measured, 
but it is probable that some of the reactions involving 
proton emission are now becoming important, and their 
cross sections have not been determined. It is only 
over the middle part of the excitation function, there- 
fore, where ro= 1.54 10-" cm that good agreement is 
obtained with the total cross sections described earlier 
at a higher atomic number. 

In view of the apparent agreement in this mass 
region, it would be of interest to see if the nuclear 
radius parameter, ro, could be used with some generality 
throughout the rest of the periodic table. Unfortunately, 
there are only sparse data available in a few regions of 
Z, and even in these cases there is no assurance that 
all of the important spallation products have been 
determined. However, an analysis of alpha-particle 
scattering data based upon a sharp-cutoff model has 
been made by Kerlee ef al.‘ and independent values of 
both rp and R, have been obtained. If the alpha-particle 
radius obtained from the scattering data is also used 
to derive a new value of the ry from the present reaction 
data, ro becomes 1.38 10-" cm, which value may be 
compared to the ro value from scattering experiment of 
1.41X10-" cm. The agreement is excellent, although 
still slightly outside of the experimental errors involved. 
It is gratifying that the two essentially different types 
of experiments are consistent to within such narrow 
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limits. It is perhaps worthwhile to note that fixing the 
total reaction cross section to within ten percent 
determines rp to within much less error (assuming the 
calculated excitation functions are precise). 

The importance of the above comparison is clearly 
to indicate that the nuclear radius obtained by reaction 
data, even if the model can correctly be used in this 
situation, is clearly dependent upon an assumed value 
for the radius of the alpha particle. 

The other available theoretical treatment with which 
comparison can be made is that based upon the optical 
model with a diffuse nuclear potential. Calculations on 
this model have been used successfully by Igo® to 
correlate data for the scattering of alpha particles 
through much wider angles than is possible by the sharp 
cutoff model. Using the same parameters as were 
obtained from analysis of the scattering data, Igo has 
recently derived total reaction cross sections® as a 
function of energy. His comparison of the previous 
fission-spallation data with this model gave agreement 
to within an order of magnitude. Our analysis of the 
data obtained from the present research is summarized 
in Fig. 15. It now seems apparent that the low-energy 
regions of the excitation function are in good agreement 
with curves calculated from the diffuse potential model, 
but that the latter predicts too high cross sections at 
the higher energies, with values considerably outside 
the experimental errors involved. 

The situation could perhaps be improved somewhat 
by a change of parameters in the diffuse nuclear po- 
tential, particularly the radius parameter value, ro 
=1.17X10-" cm. However, it is not at all clear that 
such a change would then be consistent with the 
scattering data. This point can only be settled by some 
further trial-and-error calculations and adjustments of 
the parameters in the proposed diffuse potential. 
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A systematic investigation has been carried out on the angular dependence of the polarization in the 
elastic scattering of 10-Mev protons by complex nuclei. Strong polarization effects, which vary smoothly 
with scattering angle and atomic number of target nucleus, appear to be a general feature of the scattering 
process. All the data are fitted reasonably well by a 5-parameter “optical model potential” (containing a 
spin-orbit term) in which the only variable is the A! dependence of the radius. The strength of the spin-orbit 
term required to account for the polarization is approximately the same as has been postulated in the shell 


model. 





I. INTRODUCTION 


HE past decade has seen an intensive theoretical 
and experimental effort aimed at discovering a 
phenomenological model which unambiguously de- 
scribes the interaction of intermediate-energy nucleons 
with complex nuclei.! (For purposes of the present 
discussion we define intermediate energies as being of 
the order of the energies which bind nucleons to nuclei.) 
One could then proceed to find the physical basis for 
the model and, hopefully, relate it to forces inferred 
from nucleon-nucleon studies. The search for a model 
in which the target nucleus is replaced by a potential 
has been greatly stimulated and influenced by the 
success of the shell model? in describing the systematics 
of ground states and of low-lying levels in terms of the 
configurations of individual nucleons moving freely in 
a potential representing the rest of the nucieus. 

The time-honored source of information about the 
nuclear potential, as well as about the range of nuclear 
forces, is the scattering of nucleons by atomic nuclei. 
Systematic studies with protons over a large range of 
elements were first performed by Cohen and Neidigh*® 
who found that the angular dependence of the elastic 
scattering of 22-Mev protons by complex nuclei is 
characterized by a diffraction-iike pattern. This pio- 
neering work was soon followed by equally compre- 
hensive and more sophisticated studies at other 
energies.* 

All of the above experiments yielded data which 
follow the same pattern. The more precise the data, 
the sharper are the maxima and minima in the angular 

* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 For a review of the recent literature on phenomenological 
analyses, see H. Feshbach, Annual Review of Nuclear Science 
(Annual Reviews, Inc., Palo Alto, 1958), Vol. 8, p. 49. 

2 E. Feenberg and K. C. Hammack, Phys. Rev. 75, 1877 (1949) ; 
M. G. Mayer, Phys. Rev. 78, 16 (1950); O. Haxel, J. H. D. 
Jensen, and H. E. Suess, Z. Physik 128, 295 (1950). A. V. Savich, 
Soviet Phys.—JETP 3, 400 (1956). 

3B. L. Cohen and R. V. Neidigh, Phys. Rev. 93, 282 (1954). 

41. E. Dayton and G. Schrank, Phys. Rev. 101, 1358 (1956); 
B. B. Kinsey and T. Stone, Phys. Rev. 103, 975 (1956); N. M. 
Hintz, Phys. Rev. 106, 1201 (1957); G. W. Greenlees, L. G. Kuo, 
and M. Petravié, Proc. Roy. Soc. (London) A243, 206 (1957); 
W. F. Waldorf and N. S. Wall, Phys. Rev. 107, 1602 (1957). Fora 
complete bibliography of proton elastic-scattering measurements 


at intermediate energies, see M. K. Brussel and J. H. Williams, 
Phys. Rev. 114, 525 (1959). 


dependence of the differential cross sections; further- 
more, the maxima and minima occur at the angles 
predicted by the elementary theory of diffraction and 
their positions are found to change smoothly with 
nuclear radius and proton energy. 

The earliest attempts' to interpret these data utilized 
an optical model® in which the nucleus is replaced by a 
complex square-well potential of the form 

V(r) =U+V+iW. 

Here U represents the electrostatic potential, assumed 
to be that of a uniformly charged sphere, V relates to 
the cross section and angular distribution for elastic 
scattering and is analogous to the shell model potential 
which determines the nucleon configuration assign- 
ments, and the imaginary term takes account of non- 
elastic processes. It has been observed that a crude 
analogy to V+iW is the complex index of refraction 
which one uses to describe the scattering of light by a 
partially opaque body. 

Although the square well representation was not 
completely devoid of success, it was soon discovered by 
Woods and Saxon’ that much better fits to experimental 
data could be obtained by using a potential well with 
sloping sides and rounded edges. They proposed a radial 
dependence for both the real and imaginary parts of 
the potential given by 


r—R\ J 
o()=[1+e(—) . (1) 
a 


where R is the mean nuclear radius and a is the so-called 
diffuseness parameter which determines the gradient 
of the potential at the surface of the nucleus. p(r) may 
be thought of as representing the density distribution 
of nucleons in the nucleus. Such interaction potentials 
have been used with considerable success by a number 
of authors.® 


5 R. E. Le Levier and D. S. Saxon, Phys. Rev. 87, 40 (1952). 

°H. A. Bethe, Phys. Rev. 57, 1125 (1940); S. Fernbach, R. 
Serber, and.T. B. Taylor, Phys. Rev. 75, 1352 (1949). 

7R. D. Woods and D. S. Saxon, Phys. Rev. 95, 577 (1954); 
101, 506 (1956). 

8M. A. Melkanoff, J. S. Nodvik, D. S. Saxon, and R. D. 
Woods, Phys. Rev. 106, 793 (1957); A. E. Glassgold, W. B. 
Cheston, M. L. Stein, S. B. Schuldt, and G. W. Erickson, Phys. 
Rev. 106, 1207 (1957). 
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In the meantime parallel developments had tran- 
spired under the impetus of attempts to describe the 
interaction of intermediate-energy neutrons with com- 
plex nuclei. The extensive experiments of the Wisconsin 
Group* on total neutron cross sections over the energy 
range 0.1-3 Mev showed that these cross sections did 
not follow the shape predicted by the compound nucleus 
(strong interaction) concept. They observed gross 
structure which was unrelated to individual resonances 
in the compound nucleus and which shifted more or 
less systematically to lower energies with increasing 
radius of target nucleus. These observations, together 
with other evidence which, by now, was placing severe 
strain on the strong-coupling model, led Feshbach, 
Porter, and Weisskopf” to propose a weak-interaction 
description of the energy exchange between neutron and 
target nucleus. This description relaxed the previous 
requirement that a neutron which enters a nucleus must 
have its motion immediately and intimately coupled 
with those of all the other nucleons. 

In its earliest version, this so-called “cloudy crystal 
ball” model replaced the target nucleus by a complex 
square well which acts upon the incident neutrons. 
Since it averaged over resonances, the model could at 
most predict the cross sections for compound nucleus 
formation and for differential elastic (potential) scat- 
tering and it did this surprisingly well. However, there 
remained difficulties with the description of complete 
angular distributions for elastic scattering and, perhaps 
more important, the model did not predict compound 
nucleus formation cross sections as large as the observed 
nonelastic collision cross sections. 

Diffusing the edges of the potential well" helped to 
alleviate the above difficulties, but some discrepancies 
still remained, especially with the differential cross 
section for elastic scattering through large angles. In 
order to resolve these, two further changes were made 
in the optical model potential. The first consisted of 
changing the form factor for the imaginary part of the 
potential to a Gaussian centered at the nuclear surface,” 
i.e., 


q(r)=exp{—[(r—R)/b F}. (2) 


The second involved the addition of a spin-orbit term 
to the optical potential, just as had been done to fit 
elastic, scattering and polarization data at high energies. 
The form of the potential which now emerged appeared 


°H. H. Barschall, Phys. Rev. 86, 431 (1952); D. W. Miller, 
R. K. Adair, C. K. Bockelman, and S. E. Darden, Phys. Rev. 88, 
83 (1952). 

 H. Feshbach, C. E. Porter, and V. F. Weisskopf, Phys. Rev. 
96, 448 (1954). 

J. R. Beyster, M. Walt, and E. W. Salmi, Phys. Rev. 104, 
1319 (1956); F. E. Bjorklund, S. Fernbach, and N. Sherman, 
Phys. Rev. 101, 1832 (1956). 

2F. E. Bjorklund, S. Fernbach, and N. Sherman, Phys. Rev. 
101, 1832 (1956); G. Culler, S. Fernbach, and N. Sherman, Phys. 
Rev. 101, 1047 (1956). 
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quite adequate to describe," in complete detail, a whole 
series of elastic neutron cross-section experiments." 

Rather independently of the above developments, the 
scattering of intermediate energy protons in a spin- 
orbit potential now began to receive theoretical at- 
tention.'® The original idea for adding a spin-orbit term 
to the optical model potential can be traced to Fermi!® 
who suggested that the polarization observed in high- 
energy proton-nucleus scattering might be related to 
the spin-orbit coupling assumed in the shell model. It 
will be recalled that one of the basic postulates of this 
model is that the nuclear potential which describes the 
motion of a particle in the effective field of the parent 
nucleus is composed, not only of a central component, 
but also of a strong spin-orbit component. The latter 
accounts, for example, for the experimental evidence 
that nucleonic orbits with spin parallel to the orbital 
angular momentum are depressed in energy relative to 
those in which spin and orbital momentum are op- 
positely directed. Specifically, Fermi proposed a non- 
central spin-orbit term proportional to the gradient of 
the central potential, in analogy with the Thomas 
precession term in atomic physics. More recently, 
Riesenfeld and Watson!? have shown, rather more 
formally, that such a surface term is indeed the way in 
which spin-orbit coupling would most likely manifest 
itself. Additional evidence for the reality of a spin-orbit 
potential-energy term at intermediate energies was 
provided by a number of experiments'* which yielded 
polarizations in the elastic scattering of neutrons from 
complex nuclei. However, the measured polarizations 
were small, the uncertainties large, and the number of 
determinations few. Furthermore, in view of the rather 
low incident energy, the observed polarizations could 
have been due to isolated resonance effects in the com- 
pound nucleus. 

The evidence cited thus far argued for the inclusion 
of a spin-orbit term in the optical potential at inter- 
mediate energies. However, there was some weighty 
evidence to the contrary. Since spin-orbit coupling 
appears to play such an important part in bound nuclei, 
its effect should be manifest more strongly as the energy 
of an incident proton approaches that of the last proton 
inside the target nucleus. However, measurements of 


%F, E. Bjorklund and S. Fernbach, Phys. Rev. 109, 1295 
(1958). 

“J. H. Coon, R. W. Davis, H. E. Felthauser, and D. B. 
Nicodemus, Phys. Rev. 111, 250 (1958); M. H. MacGregor, 
W. P. Ball, and R. Booth, Phys. Rev. 111, 1155 (1958); S. Berko, 
W. D. Whitehead, and B. C. Groseclose, Nuclear Phys. 6, 210 
(1958). 

18 G. W. Erickson and W. B. Cheston, Phys. Rev. 111, 891 
(1958). 

16 FE. Fermi, Nuovo cimento 11, 407 (1954). 

17W. B. Riesenfeld and K. M. Watson, Phys. Rev. 102, 1157 
(1956). 

18R. W. Meier, P. Scherrer, and G. Trumpy, Helv. Phys. Acta 
27, 577 (1954); R. Budde and P. Huber, Helv. Phys. Acta 28, 49 
(1955); B. M. McCormac, M. F. Steuer, C. D. Bond, and F. L. 
Hereford, Phys. Rev. 104, 718 (1956); 108, 116 (1957). I. I. 
Levintov, A. V. Miller, E. Z. Tarumov, and Y. N. Shamshev, 
Nuclear Phys. 3, 237 (1957). 
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the polarization of elastically scattered protons from 
carbon had shown that, whereas at high energies such 
polarizations were quite marked, the effect decreased 
with decreasing energy until it essentially disappeared 
at ~50 Mev.” 

It was to resolve the apparent contradiction above 
outlined that the present series of experiments” were 
initiated. It was soon apparent from these experiments, 
as well as from other investigations on the polarization 
produced in the elastic scattering of both protons” and, 
to a lesser extent, neutrons,” that the spin-orbit inter- 
action is indeed very strong at energies below 50 Mev, 
although a minimum undoubtedly exists in this energy 
region. 

The necessity for a spin-orbit term in the optical 
model thus was directly confirmed but its addition to 
the central potential was not without sacrifice, since 
it permitted even more leeway in fitting of data and 
the results from the scattering of unpolarized protons 
proved to be inherently inadequate to fix all of the 
parameters of the potential. Part of the difficulty arises 
from the similarity of effects of the real part of the 
potential and the interaction radius on the one hand 
and the imaginary part of the potential and the diffuse- 
ness parameter on the other. 

In the light of the above developments, our experi- 
mental objectives were modified to include an attempt 
to resolve some of the parameter ambiguities. We now 
elected to proceed by making a broad survey of the 
angular dependence of the polarization for ~10-Mev 
protons elastically scattered from a large number of 
elements. Since, in any case, the optical model must 
average over the details of nuclear structure, it was 
felt more worthwhile, initially, to establish general 
trends over a wide mass range than to obtain high- 
precision data on a few elements. The present paper 
gives results on 33 elements. 


Il. EXPERIMENTAL METHOD 
1. General Considerations 


It is well known that the differential cross section 
for the emission of particles in a reaction induced by 
unpolarized particles is always symmetrical about the 
axis of incidence. If, however, the incident beam is 


1% A. E. Taylor, Reports on Progress in Physics (The Physical 
Society, London, 1957), Vol. XX, p. 86. 

Part of these data has been published previously. See L. 
Rosen and J. E. Broliey, Jr., Proceedings of the Second United 
Nations International Conference on the Peaceful Uses of Atomic 
Energy, Geneva, 1958 (United Nations, Geneva, 1958), Vol. 14, 
p. 116. 

1K. W. Brockman, Jr., Phys. Rev. 110, 163 (1958); W. A. 
Blanpied, Phys. Rev. 113, 1099 (1959); R. E. Warner and W. P. 
Alford, Phys. Rev. 114, 1338 (1959); A. B. Robbins and G. W. 
Greenlees, Phys. Rev. 118, 803 (1960). 

27. D. Clement, F. Boreli, S. D. Darden, W. Haeberli, and 
H. R. Striebel, Nuclear Phys. 6, 177 (1958); P. V. Sorokin, A. K. 
Val’ter, B. V. Gavrilovskii, K. V. Karadzhev, V. I. Man’ko, and 
A. IA. Taranov, J. Exptl. Theoret. Phys. U.S.S.R. 33, 606 (1957) 
[translation : Soviet Phys.—J ETP 6, 466 (1958) ]. 


POLARIZED 


10-MEV PROTONS 1425 


composed of polarized particles of spin } and there is 
spin-orbit coupling, an azimuthal asymmetry is pro- 
duced in the angular dependence of the differential 
cross section. The present investigations are based on 
the measurement of this azimuthal asymmetry. 

In the present discussion polarization always refers 
to spin expectation values and is defined as follows: An 
unpolarized beam is assumed to be composed of an 
equal mixture of two completely but oppositely 
polarized beams. A partially polarized beam can then 
be described as a mixture containing a fraction | P| of 
a completely polarized beam and a fraction (1—| P|) 
of an unpolarized beam. It follows that the degree of 
polarization is uniquely defined by the quotient of the 
difference and sum of the number of particles with 
spins directed up and down, i.e., 


P=(Nt—NJ)/(NT+N]). (3) 


The theory of the polarization process has been treated 
by a number of authors.” Here we invoke the results 
and terminology as given by Wolfenstein® for spin } 
particles. 

If the outgoing particles in a nuclear process are 
polarized, the polarization is described in terms of a 
polarization vector P,;=n,P; and the angular de- 
pendence of this polarization is given by 


n 2L.mas —1 
P,(0;) =- ” - ay, CoS"O, sin, (4) 
o(6;) 0 
where the symbols have the following meanings: P, is 
the degree of polarization as defined by Eq. (3); m isa 
unit vector in the direction of the polarization and is 
defined by m, sind;=kpXk,, where kp and k, are unit 
vectors in the direction of motion of the incoming 
and outgoing particles, respectively; 6, is the angle 
between the momentum vectors of the ingoing and 
outgoing particles; and o(6;) represents the differential 
cross section for scattering unpolarized particles in the 
center-of-mass system. The coefficients a, are dependent 
upon the particular process involved and Imax is the 
maximum orbital angular momentum associated with 
the process. 

It is apparent from Eq. (4) that the direction of the 
polarization is always perpendicular to the plane of the 
scattering process and that p waves, at least, must 
contribute to the process for the particles to be polar- 
ized. In the event that the particles are polarized, this 
fact will be revealed by a-second scattering for which 


3 L. Wolfenstein, Phys. Rev. 75, 1664 (1949); Annual Review 
of Nuclear Science (Annual Reviews, Inc., Palo Alto, 1956). Vol. 
6, p. 43. J. V. Lepore, Phys. Rev. 79, 137 (1950); R. J. Blin-Stoyle, 
Proc. Phys. Soc. (London) A65, 949 (1952); A. Simon and T. A. 
Welton, Phys. Rev. 90, 1036 (1953); A. Simon, Phys. Rev. 92, 
1050 (1953). G. Breit and J. S. McIntosh, Handbuch der Physik 
(Springer-Verlag, Berlin, 1959), Vol. XLI/1, p. 466. 
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the differential cross section,is given by 


2Lmaz —1 
a (80,0) = o (02) un+Me . P, - b,, cos"6> sind, (5) 


n=) 


where o(@2)un is the differential cross section for scat- 
tering unpolarized particles through angle 6, and np 
is a unit vector perpendicular to the plane of the second 
scattering process. @ and ¢ are the usual spherical polar 
coordinates measured from the z axis (direction of 
incidence) and x axis, respectively. 

If now the direction of polarization is taken along 
the x axis (Fig. 1), and, if furthermore, only first and 
second scatterings are considered which take place in 
the y-z plane (m.-n;=sing= +1), then Eq. (5) can be 
written 


o[ 82, (6=+90°) | 
2E mes —1 


=0(Oe)untPi } 


n=) 


b, COS"O2 sinBs. (6) 


In analogy with Eq. (4), the summation in Eq. (6) 
may be replaced by the product of o(@,) and P, (the 
polarization that would be produced by scattering an 
unpolarized beam through 62). Therefore, in a coplanar 
double-scattering process the left-right ratio is given by 


o1(02) 1+ P,P. 
R= = 


o-(02) 1— P,P, 


It follows from Eq. (7) that the fractional difference 
in intensity, A, for those nucleons scattered twice to 
the left or right as compared to those scattered once 
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Fic. 1. The double-scattering 
geometry. 


SECONDARY 


to the left and once to the right is given by 
o1(02)—o,(02) R-1 
{ ane - 


A=—— =——= P,P». (8) 
o1(02)+o,(0:) R+1 

The possibility of producing polarized nucleons by 
elastic scattering was first recognized by Schwinger. 
He suggested that fast nucleons might be polarized by 
scattering from Het since Li was thought to contain a 
low-lying resonance level which is split by spin-orbit 
coupling (the last proton in Li® is presumed to be 
coupled to He‘ either in a P12 or P3/2 state, depending 
upon the excitation of the Li®). A phase-shift analysis, 
by Critchfield and Dodder,”® of the Minnesota p-Het 
elastic scattering data showed that only Syj2, Pie, and 
P32 partial waves enter into the interactions. They 
suggested that the ordering of the P1/2 and Ps levels 
could be ascertained by measuring the sign of the 
polarization of the scattered protons. Heusinkveld and 
Freier®* carried out the indicated experiments which 
simultaneously demonstrated that the P12 level is the 
higher and that polarized nucleons can indeed be 
generated in the way originally proposed by Schwinger. 
A number of additional experiments”’ have now estab- 
lished the energy dependence of the polarization from 
p-He' scattering up to 17 Mev. 
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(1948). 
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K. W. Brockman, Jr., Phys. Rev. 102, 391 (1956); L. Rosen and 
J. E. Brolley, Jr., Phys. Rev. 107, 1454 (1957); M. J. Scott, Phys. 
Rev. 110, 1398 (1958). 
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2. Instrumentation 


In the present experiments p-He‘ scattering is used to 
produce a beam of essentially fully polarized 10-Mev pro- 
tons of intensity ~ 10" steradian sec~. The technique 
employed is rather the inverse of what had been done 
heretofore. The polarized beam is achieved by ir- 
radiating a gaseous hydrogen target with 25-Mev alpha 
particles and extracting the protons which are deflected 
through 130° in the c.m. system, i.e., those protons 
which recoil at 25° to the primary beam direction. This 
procedure has the advantage of providing completely 
polarized protons in a convenient direction and of an 
energy in excess of 10 Mev, whereas the scattering 
takes place with the higher cross section appropriate 
to protons of approximately half that energy. Further- 
more the solid angle transformation is very favorable 
from the intensity standpoint. The experimental ar- 
rangement is schematically illustrated in Fig. 2. Alpha 
particles are accelerated by the Los Alamos variable- 
energy cyclotron. An ion-optical system composed of 
vertical and horizontal steering magnets, strong- 
focussing magnets and 30° turning magnet conducts 
5-10 ya of the deflected beam through 4 ft of 0.5-in. i.d. 
iron collimators which are placed in the shield wall 
separating the cyclotron vault from the experimental 
room. The a beam is defined by six 3-in. diameter 
circular gold diaphragms installed at 8-in. intervals 
along the collimation channel. The ?-in. diameter beam 
enters the hydrogen target through a 0.5-in. circular 
aperture which is sealed by a 0.0005-in. molybdenum 
“window.” The hydrogen target is pressurized to 4 
atmospheres and is sufficiently long to absorb all the 
energy of the a beam, thus avoiding reactions which 
could give rise to neutrons or gamma rays. The H, 
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target also serves as a Faraday cup and is connected to 
a current integrator for purposes of monitoring the 
primary beam. 

The polarized protons enter the second scattering 
chamber through a series of rectangular apertures $ in. 
wide (in a plane of scattering) by } in. high which 
define the polarized beam direction to +2°. The H; 
is excluded from the second chamber by a 0,0005-in. 
aluminum “window.” The twice-scattered protons are 
then detected in Ilford C2 emulsions placed in the 
second scattering chamber as illustrated in Fig. 2. 
Rectangular collimation holes allow a judicious com- 
promise between intensity and angular resolution by 
taking advantage of the slowly varying azimuthal 
dependence of the polarization near ¢= +90° [see Eq. 
(5) }. 

The polarimeter is designed to eliminate the necessity 
for manual alignment provided the various components 
are machined to tolerance and assembled with care. 
Spring clamps hold the detectors against two flat 
surfaces symmetrically situated with respect to the 
plane of symmetry through the collimator apertures 
and perpendicular to the scattering plane. When the 
second scatterer is a gas, the reaction volume is defined 
by two concentric hollow cylinders, one of which is 
“telescopic” so that the spacing between the cylinder 
faces can be adjusted to give the angular resolution 
desired. Only those protons scattered from the reaction 
volume which can be seen by a given point on the 
detectors can reach that point directly. Each position 
along the detectors thus defines a mean scattering angle. 
An important feature of this arrangement is that data 
may be taken at many angles simultaneously, although 
the mean energy of the polarized protons is slightly 
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different from angle to angle. The scattering geometry 
for solid targets is illustrated in Fig. 3. Although the 
mean energy is the same at every angle, three runs 
must be made in order to cover the entire angular 
interval. 


3. Tests of Apparatus 


Checks were made to ascertain whether the apparatus 
was built to the specified precision, the crucial point 
being the detection of instrumental asymmetries which 
will give rise to a value of R different from unity. 

One of these tests consisted of measuring the proton 
beam intensity profile by counting tracks in emulsions 
placed at the entrance to the second scattering chamber 
and adjacent to the final slit of the proton collimation 
system, and also at 20 cm downstream. The density 
distributions obtained proved to be symmetrical with 
respect to the median plane to well within acceptable 
limits. In addition, the intensities and the energy spread 
in the beam were very close to the calculated values 
based on -a cross-section data. It will be noticed that 
there is a measure of compensation with regard to both 
energy spread and intensity in the second-scattering 
volume. The protons which recoil at the largest angles 
from the lowest energy alphas (those alphas traveling 
farthest in the H, target) traverse the shortest path in 
H; while the inverse situation obtains for the protons 
which start off with the highest energy. A second check 
consisted of scattering the polarized proton beam from 
a gold target. It is known that the scattering of 10-Mev 
protons by gold is sufficiently Coulombic that no left- 
right asymmetry should be observed. The values of R, 
Eq. (7), obtained from the gold experiments varied 
between 0.98 and 1.02 as was to be expected from 
statistical uncertainties alone. 


4. Plate Analysis 


The nuclear emulsions were generally of sufficient 
thickness to stop the highest energy protons reaching 
them. The plates were scanned in swaths transverse to 
the horizontal projection of the tracks. A track was 
accepted for measurement if it started in the emulsion 
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surface, its direction intersected the reaction volume 
viewed by the plate area being scanned, and its grain 
density did not decrease with increasing distance from 
the emulsion surface. Measurements were made of the 
horizontal projection and total dip of each track from 
which it was possible to deduce the range and hence 
the energy of each proton which entered the emulsion. 
In each exposure the mean energy in the second scat- 
tering volume was determined from the ranges of the 
scattered protons after making corrections for the loss 
of energy in the collisions and in the material between 
the center of the scattering volume and the area of the 
detector which viewed that volume. Great care was 
taken to scan corresponding areas of each set of plates 
from a given run. By using a microscope to delineate 
the bounds of each area scanned, it was possible to 
insure that corresponding areas represented the same 
mean scattering angle to within a few tenths of 1°. 


5. Background 


In the initial experiments, complete range and 
angular distributions were obtained for all the tracks 
recorded in the detectors. The results showed that the 
greatest portion of the tracks did indeed come from the 
direction of the appropriate scattering volume and that 
background tracks would be no problem at all in the 
forward hemisphere and only a minor nuisance in the 
backward hemisphere. Most of the background tracks 
were due to neutron-produced proton recoils, and those 
which appeared to start in the emulsion surface at the 
proper angle were usually either too short to be ascribed 
to elastic scattering or their grain densities changed in 
the wrong direction. Gamma-ray background, although 
limiting the duration of the runs, does not produce 
tracks which can be confused with those due to protons. 

The above conclusions were verified by background 
runs made without the second scatterer. Only in a few 
cases, where cross sections for elastic scattering of 
protons through large angles are unusually small, was 
it necessary to use the results of our background runs 
to correct the data, and even then the corrections to R 
did not exceed 10%. 
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6. Treatment of Data 


For every plate area-analyzed, the measurements on 
each track were plotted on a coordinate system in 
which the ordinate is proportional to the horizontal 
projected length (as seen in the microscope) and the 
abscissa to the dip (projected length along the direction 
perpendicular to the plane of the emulsion.) This plot 
was used to separate the elastic from the inelastic 
scattering events. In difficult cases the absolute range 
of each track was determined and a range distribution 
plotted. In either case the data were analyzed to yield 
the number of elastically scattered protons in corre- 
sponding areas of each pair of detectors. From the 
number of tracks scattered to the left and to the right 
was calculated the scattering asymmetry, A, according 
to Eq. (8). The polarization which would be produced 
by the elastic scattering of unpolarized protons by the 
second target is then given by®® P,=A/P,, where P, 
is the average value of the polarization of protons 
scattered by 25-Mev Het nuclei at 2541° P; was 
calculated by numerically integrating the equation, 


P,= f P,(0,)o(0;)deos / f o(6:)de, (9) 


and found to be 0.96 for our geometry. The values of 
P,(0,) were taken from calculations based on the phase 
shifts for p-He* scattering” which yield the same 
polarizations as are obtained directly from polarization 
measurements involving the double scattering™ of 
protons by He‘. 

Our sign convention is the same as that of Wolfen- 
stein® who takes the polarization to be positive" if the 
nucleon spin is in the direction kyXk; (Fig. 1). The sign 
of the polarization in p-He* scattering, as deduced from 
the phase shifts, is used to establish the spin direction 
of our polarized beam. 

All but two of the targets used were either spectro- 
scopically pure gases or solids of natural isotopic 
abundance and the P: values obtained apply to the 
appropriate isotopic mixture. One of the two exceptions 
was the boron target for which separated B™” was used. 
The other exception was fluorine which could not be 
used in its pure state due to its corrosive nature. There- 
fore A values were measured for CF, and C in two 
separate experiments and the polarization produced by 
the fluorine was calculated from 


Pr=[-(1442) — Pe] 7 (“). (10) 


28L. Rosen and J. E. Brolley, Jr., Phys. Rev. Letters 2, 98 
(1959). The polarization-asymmetry equality (P2=A when 
P,=1) is based on time-reversal invariance and has been verified 
by experiment at these energies. 

29 J. L. Gammel and R. M. Thaler (private communication). 

* L. Rosen and J. E. Brolley, Jr., Phys. Rev. 107, 1454 (1957). 

81 This convention is the same as-that adopted at the 1960 
Polarization Conference at Basel, Switzerland, Helv. Phys. Acta 
(to be published). 
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In addition to the polarization at each scattering 
angle, the relative cross sections for elastically scattered 
unpolarized protons were also obtained by simply 
averaging the yields for scattering to the left and to the 


right [Eq. (6) ]. 
7. Second Order Geometry Effects 


The quantity actually measured in these experiments 
is the product of P2 and (cos(A@))ay. Since the collimator 
slits and swath length confined Ad to +11°, cos(Ad@) 
averaged over the permitted angular range is ~0.995. 

Although the polarimeter was designed to minimize 
second order geometry effects which give rise to left- 
right asymmetries, these were not entirely excluded. 
It was established by both calculation and experiment 
that such asymmetries were essentially absent for the 
gas targets and for solid targets in the plane perpen- 
dicular to the proton collimation slit axis. However, in 
order to obtain data on solid targets in the angular 
region between 80° and 100°, it was necessary to tilt 
the target as indicated in Fig. 3 and this gives rise to 
an instrumental asymmetry. The anomalous polari- 
zation produced by this asymmetry is Po=(Ro—1)/ 
(Ro+1), where Rp is the instrumental left-right asym- 
metry. Ro was calculated by numerical integration over 
the two scattering volumes and the plate area analyzed 
and found to vary between 0.94 and 1.05. It was 
necessary to perform this calculation for each target 
element used in the solid state because Ro is sensitive 
to the differential cross sections for elastic scattering. 
Having obtained Po, the observed value of P was 
divided by (1+ Po) or (1— Po), depending upon whether 
Py and P were of like or opposite sign. 


8. Errors 


From Eq. (6), the rms random error in the measured 
polarization is given by 


2(AR) rms P P2(AP3)rms ale 
| +] . (11) 
P,(R+1)? P; 


Since the uncertainty in P, is less than 0.01, the second 
term is quite negligible. The dominant contribution to 
AP; resides in the statistical uncertainty of R. Although 
the goal was to analyze ~400 tracks for each set of 
areas at a given angle, this could not always be achieved 
without an excessive sacrifice in angular resolution. 

The major systematic error was introduced by the 
ever-present possibility of unresolved inelastic scat- 
tering corresponding to low-lying levels in the residual 
nucleus. Levels removed from the ground state by less 
than 1.5 Mev were, in general, not resolvable. The error 
in the measured polarization resulting from the in- 
clusion, in the elastic scattering peak, of inelastically 
scattered protons is given by 


(AP2)rms= | 


voi 
AP=P,—P,=——_(P,—P,), 


oeto; 


(12) 
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where P, and P, are, respectively, the polarization due 
to elastic scattering and the polarization due to the 
unresolved inelastic scattering. ¢, and o; refer to the 
corresponding cross sections for unpolarized protons. 
The average value of AP is approximately that for which 
P; is zero, an assignment which is rigorously correct if 
a true compound nucleus is formed. In order to estimate 
o; we have compared our relative elastic scattering 
cross sections, obtained as previously described, with 
equivalent cross sections obtained from single-scattering 
experiments (such as the experiments of Hintz‘ at 10 
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Mev under conditions permitting much better energy 
resolution). On the basis of the o; values so obtained 
we conclude that AP is less than 0.02 for angles smaller 
than 90°. At back angles, however, AP could be as 
large as 0.05. 

The remaining systematic uncertainties are of little 
consequence. The most important is the one associated 
with Po which applies only to solid targets in the angular 
region 80°-100° and is certainly less than 0.015. The 
error in P: associated with the plate area scanned and 
with the position of that area is ~0.01. The depolari- 


TABLE I, Angular dependence of the polarization of protons elastically scattered by various elements. 


The mean energy of the incident proton is listed in parenthesis. 
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Taste II. Angular dependence of the polarization of protons elastically scattered by various elements 
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TaBLe III. Angular dependence of the polarization of protons elastically scattered by various elements. 
The mean energy of the incident proton is listed in parenthesis. 


A (9.8 Mev) Ca (10.7 Mev) Ti (10.4 Mev) 
6 P2 0 2 0 Ps 
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TABLE IV. Angular dependence of the polarization of protons elastically scattered by various elements. 
The mean energy of the incident proton is listed in parenthesis 
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zation effect of the hydrogen and aluminum window 
traversed by the polarized beam is negligible. 


Ill. RESULTS 


The polarization results deduced from the present 
experiments are presented in Tables I to VI. The 
element studied is denoted in the top row, followed, in 
parenthesis, by the mean energy of the polarized proton 
beam. In the two columns under each element are 
listed, from left to right, the scattering angle in the c.m. 
coordinate system and the polarization which is pro- 
duced when an unpolarized proton beam of the appro- 
priate energy is scattered by the indicated element at 
the specified angle. The polarization listed is numerically 


Zn (10.5 Mev) Kr (9.9 Mev) Zr (10.5 Mev) 
P, 0 P2 6 P2 
(%) (deg) (%) (deg) (%) 
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equal to P, of Eq. (8) and is calculated as described in 
the text. The tabulated uncertainties represent a 
quadratic combination of the various errors described 
in the previous section. These data were not corrected 
for and the indicated uncertainties do not take account 
of the distortions produced by finite angular resolution. 

Figures 4 and 5 display the angular dependence of 
the polarization for all elements studied, together with 
the angular dependence of the elastic scattering from 
precise single-scattering experiments near 10 Mev. The 
scale on the right refers to the polarization while the 
scale on*the left den otes the ratio of elastic to Coulomb 
scattering. Relative elastic scattering data from the 
present experiments (normalized to ¢/or=1 at the 
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Taste V. Angular dependence of the polarization of protons elastically scattered by various elements. 
The mean energy of the incident proton is listed in parenthesis. 








Nb (10.5 Mev) Mo (10.4 Mev) Rh (11.2 Mev) 
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smallest angle) are shown for the elements which have 
not been studied in single scattering experiments. The 
letters in parenthesis on each figure reference the elastic 
scattering data. The vertical bars on the polarization 
points indicate the statistical errors only, whereas the 
horizontal bars indicate the angular definition (total 
angle of acceptance of scattered protons). The elastic 
scattering cross section values obtained from the present 
experiments are all relative and they contain several 
large uncertainties not present in the polarization data. 
In the evaluation of the polarization it was only neces- 
sary to ensure that corresponding plate areas subtended 
the same solid angle at the scattering volume. However, 
calculation of the elastic cross section required the 
evaluation of the solid angle at each datum point. In 
addition it was necessary to normalize the target 
thicknesses and integrated currents for all the runs 
involving a given element. As a consequence the relative 
accuracy of the elastic scattering cross section is ~ 20%. 


TABLE VI. Angular dependence of the polarization of protons 
elastically scattered by various elements. The mean energy of the 
incident proton is listed in parenthesis. 
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These data are, however, adequate to establish the 
positions of the maxima and minima. 


IV. DISCUSSION . 


The smooth curves in Figs. 4 and 5 represent fits to 
the data using an optical model potential including a 
spin-orbit term proportional to the derivative of the 
real part of the central potential. The terms in the 
potential which describe the purely nuclear interaction 
can be written 


wWyh\?1d 
V (r)=(V+iW)p(r) +- ( ) vO 


2 \mc/ dr 


r—R : 
o(r)=|1 rexp( )| . 
a 


For the Coulomb potential we used “Family 2 (b)” of 
Ford and Hill.” In Eqs. (13) and (14), R is the radius 
at which the potential depth is half its maximum value, 
a is a constant which determines the diffuseness of the 
nuclear surface, m represents the proton mass, and | 
and s are the orbital angular momentum and spin, 
respectively, in units of #. 

The curves illustrated represent an attempt to fit all 
of the data with the same values of the five parameters 
in the above equations. These probably represent the 
minimal number that can be realistically considered. 

For an assumed potential, the calculations consisted 
of an exact numerical integration of the Schrédinger 
equation which determines the motion of the proton 
in the field of the target nucleus. It is then possible to 
construct the angular dependence of the polarization 
and elastic scattering. The trial set of parameters was 
then empirically varied until a reasonable fit was 
obtained to the data on four elements, Be, Ne, A, and 
Ni; these elements were chosen in order to span the 
mass region under investigation. Each calculation was 


# D. L. Hill and K. W. Ford, Phys. Rev. 94, 1617 (1954). 


(13) 
where 


(14) 
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Fic. 4. Angular dependence of the polarization (+) and elastic scattering (@) of protons scattered by various elements. The elastic 
scattering data were reproduced from the following references: (a) J. C. Allred, A. H. Armstrong, R. O. Bondelid, and L. Rosen, Phys. 
Rev. 88, 433 (1952). (b) T. M. Putnam, Phys. Rev. 87, 932 (1952). (c) S. W. Rasmussen, Phys. Rev. 103, 186 (1956). (d) Relative 
elastic scattering distribution calculated from yield of polarization data. (e) G. E. Fischer, Phys. Rev. 96, 704 (1954). (f) N. M. Hintz, 
Phys. Rev. 106, 1201 (1957). (g) W. M. Gibson, D. J. Prowse, and J. Rotblat, Proc. Roy. Soc. (London) A243, 237 (1957). (h) G. W. 
Greenlees, L. G. Kuo, and M. Petravié, Proc. Roy. Soc. (London) A243, 206 (1957). 


made at the energy of the elastic scattering data for 


that particular element. 
The calculations were carried out on an IBM 704. 
The parameters finally adopted for all the elements are: 


R=1.2A'f, V= 
a=0.50 f. 


—55 Mev, W=-—6Mev, y=+23, 


The following remarks will be concerned with the 
polarization results only. The significance of available 
elastic scattering data in the energy region under con- 
sideration has been adequately discussed in a number of 
papers already referred to. 

Although one might reasonably have expected from 
an extrapolation of the high-energy work that polari- 
zation effects would be quite small at intermediate 
energies, this has turned out to be not the case. In all 
complex nuclei for which the Coulomb barrier is less 
than the incident energy, very large polarizations are 
the rule. As might be expected, the magnitude of this 
polarization decreases as the Coulomb barrier increases. 


Just as the outstanding gross feature of the elastic 
scattering data is its diffraction-like character, so is the 
dominant feature of the polarization data its smooth 
dependence on scattering angle and target size, with the 
extremum points decreasing in absolute magnitude and 
moving to smaller angles as the mass of the target 
increases. (Fig. 6.) Furthermore there appears to exist 
a strong correlation between the angular dependence 
of elastic scattering and of polarization. In particular, 
the extrema of the elastic scattering curves correspond 
approximately to zeros in the polarization. In fact the 
polarization appears to be roughly proportional to the 
derivative of the elastic scattering angular distribution.* 

An obvious inference from the above observations is 
that spin “‘up” protons see an average potential which 
differs significantly from that seen by spin “down” 
protons. It would then be so that the diffraction minima 
for unpolarized protons (which can be considered as 
composed of equal numbers of spin “up” and spin 


%1L.S. Rodberg, Nuclear Phys. 15, 72 (1960). 
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Fic. 5 


Angular dependence of the polarization (+) and elastic scattering (@) of protons scattered by 


various elements. 


The references are as given in the caption of Fig. 4. 


“down” protons) would fall between those for spin “up” 
and spin “down” protons. One might therefore antici- 
pate strong and oppositely directed polarization effects 
on either side of the minimum for polarized protons 
and this is in fact what occurs. Furthermore the polari- 
zation is almost always negative to the small-angle side 
of the diffraction minimum and positive to the large- 
angle side. This implies that the elastic scattering cross 
section for spin “up” protons goes through a minimum 
at a somewhat smaller angle than the corresponding 
cross section for unpolarized protons. Since moving the 
diffraction pattern to smaller angles requires an increase 
in the central potential, we may conclude that the 
spin-orbit force for protons with spins parallel to their 
orbital angular momentum is equivalent to enhancing 
the central potential while the spin-orbit force for 
protons with opposite spin has the effect of counter- 
acting the central potential, just as in the shell model. 

The fits shown in Figs. 4 and 5 are evidence that 
polarization can be described by a single-particle 
potential. We expect in such a situation a simple 
dependence on momentum transfer. On the basis of 
the simple theory for the diffraction of a plane wave by 
a completely absorbing sphere of radius R, the differ- 


ential elastic scattering cross section is proportional to 


Ji Q2R,R sin (6 "| 
| 2kiR sin(6/2) 

where J; is a first order Bessel function. For a given 
feature of the diffraction pattern, e.g., a maximum or 
minimum, the argument of J; remains constant. We 
have plotted (Fig. 7) k:Rsin(@/2) (which represents 
the product of nuclear radius and momentum transfer) 
vs A for corresponding extremum points in the polari- 
zation curves and do indeed find that this quantity 
does not vary greatly with A for corresponding minima 
(maximum negative polarization) and maxima in the 
polarization curves. 

Whether or not it is useful to attempt a description 
of the polarization results in terms of a potential model 
depends upon the'relative importance of the cooperative 
behavior of the entire"nucleus compared to the effects 
of detailed structure. However, the above results 
certainly indicate that the polarization depends on 
some general property of nuclei and serves as a justifi- 
cation for an optical model analysis.' As seen from Eq. 
(14), we used the Woods-Saxon radial dependence for 
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lic. 6. Three-dimensional view 
of the angular dependence of the 
polarization parametric in radius 
of the target nucleus 


both the real and imaginary parts of the central po- 
tential. This radial dependence is relatively constant 
for r<_R—a and goes rapidly to zero with increasing r. 
It is quite possible that better fits can be obtained by 
using, for the imaginary part, a surface absorption 
term as suggested by Bjorklund and Fernbach." The 
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argument for such a potential is that most of the 
absorption should occur near the surface where the 
Pauli exclusion principle is much less effective and the 
mean free path is correspondingly decreased.“ Also, 
surface oscillations will have a higher probability of 
being induced when the particle is near the surface. 
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4% R. H. Lemmer, Th. A. J. Maris, and Y. C. Tang, Nuclear Phys. 12, 619 (1959). 
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On the other hand, recent calculations by Kikuchi* 
indicate that surface absorption is not overwhelmingly 
dominant at intermediate energies. Only further calcu- 
lation (and experiments) can determine the relative 
merits of the two potentials. 

Evaluation of the parameter a in the Woods-Saxon 
potential permits one to say something about the 
surface thickness, #, of the nucleus. Defining ¢ as the 
distance for Vp(r) to decrease from 0.9V to 0.1V, our 
value of 0.5 f for a implies a value of 2.2 f for ¢. 

For the spin-orbit energy term we used the usual 
Thomas-type term proportional to the gradient of the 
real part of the central potential. Here again better 
fits can no doubt be obtained by making the spin-orbit 
term complex, but this too would introduce an addi- 
tional parameter. 

The optical model, representing as it does an energy 
average of the effect of a nucleus upon an incident 
particle, is obviously an oversimplification of the actual 
situation. It is, therefore, not surprising that the 
theoretical fits to the experimental data do not repro- 
duce all the features of the angular distributions. 
Among the possible reasons for this disparity as well 
as for the fluctuations in the angular dependence of 
the polarization between neighboring elements may be 
listed the following : 


a. Compound Elastic Scattering 


This may well be the most serious source of difficulty 
in the interpretation of the polarization data. Although 
at the energy of the present experiments the compound 
nucleus could always decay by neutron emission, we 
may not have circumvented a significant amount of 
compound elastic scattering. In fact, there is now 
evidence that compound elastic scattering may be of 
considerable importance even at incident energies as 
high as 10 Mev.** Waldorf and Wall,‘ for example, find 
extensive evidence at 7.5 Mev that compound elastic 
scattering accounts for an appreciable part of the elastic 

75 


| +. Mg (10,7 MEV) 
50- + Al (10,2 MEV) 


PERCENT POLARIZATION 


40 
6, CENTER-OF-MASS ANGLE, DEGREES 


Fic. 8. Comparison of the polarization data for 
= Mg(J=0) and Al(J=). 


%° Ken Kikuchi, Nuclear Phys. 12, 305 (1959). 

36 We are indebted to Professor Alford of the University of 
Rochester for first pointing this out on the basis of elastic scat- 
tering and polarization data which he had taken at 6 and 7 Mev. 
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scattering cross section, especially at large angles. 
These authors point out that the relative probability 
for the compound nucleus to decay through the entrance 
channel is higher for even A than for odd A elements 
due to the level structure of the residual nuclei involved. 
Although a comparison of the angular dependence of 
polarization for neighboring even A and odd A elements 
reveals no startling dissimilarities, there are, none- 
theless, apparently random fluctuations from a smooth 
dependence on A which are well outside of experimental 
uncertainties; and this is especially true at large angles 
where the elastic scattering cross sections are low and 
the contribution from compound elastic processes 
might therefore be relatively large. Whether this is so 
at 10 Mev and whether other compound nucleus 
properties are also important will only be deduced from 
additional experiments in which energy is varied. 


b. Spin-spin Interactions 


These are of course completely neglected in the 
optical model but their effect should not be large for 
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Fic. 9. Comparison of the polarization data for 
Co(I = 4) and Ni(J=0). 


any but the lightest nuclei. There is, for example, very 
little difference between the polarization from Al(J= $4) 
and from Mg(J=0) (Fig. 8) or between Co(J=4) and 
Ni(J=0) (Fig. 9). 


c. Nonspherical Nuclei 


The quality of the fits for highly distorted nuclei 
such as aluminum is not perceptibly worse than for 
spherical nuclei, so this effect is probably of minor 
importance. 


d. Effect of Symmetry Energy 


The symmetry parameter is usually taken propor- 
tional to the ratio of the difference and sum of the 
number of neutrons and protons in the nucleus 
(N—Z)/A. On this point the information is perhaps 
better than on any of the preceding ones. A comparison 
is made between the polarization from A“ and Ca” 
(Fig. 10) where the effects of nuclear size, shape, and 
spin do not enter. Unfortunately the two sets of meas- 
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urements are not at precisely the same energy. However, 
it is apparent that the symmetry parameter does not 
introduce a large perturbation in the polarization dis- 
tribution although there are differences which seem 
significant and which energy normalizations do not 
remove. Here is a case in point where a very precise 
set of experiments as a function of energy is definitely 
warranted. 


e. Effect of Using Natural Isotopic 
Mixtures as Targets 


Although experiments should certainly be performed 
with separated isotopes, it would appear from the 
detailed elastic scattering experiments of Brussel and 
Williams‘ on the isotopes of Ni and of Beurtey e al.” 
on the Zn isotopes that the present data are not sig- 
nificantly distorted as a result of using natural isotopic 
mixtures. Also the experiments performed on naturally 
occurring single isotopes do not yield sharper patterns 
or qualitatively different magnitudes of polarization 
than neighboring elements containing several isotopes. 


V. CONCLUSIONS 


The general conclusions derived from the present 
work serve to confirm the trends which have been 
evolving from elastic scattering data.** 

The existence, as a general phenomenon, of strong 
polarization effects in proton-nucleus interactions is 
now beyond question. Both the polarization and elastic 
scattering data appear to be describable in terms of an 
optical model. Having assumed such a model, it is then 
quite obvious that the polarization requires a spin-orbit 
term in the optical potential, for only then can one 
account for polarization from spin-zero targets. The 
spin-orbit interaction is found to depend mainly on the 
nuclear size and the coupling required is in harmony 
with the shell model as to both sign and magnitude. 

Although double scattering experiments certainly 
remove some of the ambiguities from the analysis of 


37 R. Beurtey, P. Catillon, R. Chaminade, H. Faraggi, A. 
Papineau, and J. Thirion, Nuclear Phys. 13, 397 (1959). 

38 Proceedings of the International Conference on the Nuclear 
Optical Model, Florida State University Studies, No. 32 (Rose 
Printing Company, Tallahassee, Florida, 1959). 


POLARIZED 10-ME\ 


PROTONS 


“ , 


+ Ca (10.7 MEV) 


60! A (9.8 MEV) 


PERCENT POLARIZATION 


40 #60 80 #42100 140 
6, CENTER-OF-MASS ANGLE, DEGREES 


Fic. 10. Comparison of the polarization data for A® and Ca®. 


single-scattering data, many uncertainties still remain. 
Since the optical model describes the reflection, re- 
fraction, and absorption of incoming particles, it 
predicts reaction cross sections as well as the angular 
dependence of elastic scattering and polarization. So 
far no data are available on total reaction cross sections 
and it would appear that without such additional data 
the optical model parameters will not be uniquely 
determined. 
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(m,2n) excitation functions have been obtained for Sc*, Ti**, Ni®*, Cu®, Ge, As75, Rb*®, Rb’?, Sr&, Y®, 
Zr™, Nb*, Ag’, In'5, Sn, Sb!!, Sb", Ta!8!, Au”, TP, and Th at incident neutron energies of 12.00 
to 19.76 Mev. The target elements were exposed to neutrons from the T(d,n)He‘ reaction in Zr—T and 
T2 gas targets, and the products were measured by radiochemical methods. 


I. INTRODUCTION 


VER the span of time since tritium became 

available as a target material for particle acceler- 
ators, a number of measurements have been made of 
(n,2n) cross sections with D-T neutrons.'~” With the 
exception of a few recent investigations, these measure- 
ments have been made with the D-T neutrons as a 
single group, without energy differentiation, i.e., they 
have yielded for each of the target nuclei a single value 
in the vicinity of 14.5 Mev. However, even with 
incident deuteron energies in the range of 0.3 Mev, 
characteristic of the Cockcroft-Walton accelerators 
commonly used for the D-T reaction, the neutron 
energy span from 0° to 180° is almost 2 Mev. 

The work reported here was undertaken to measure 
accurately the energy dependence of the (#,2m) cross 
sections of a variety of target nuclei by exploitation of 
the energy vs angle variation at a Cockcroft-Walton 
accelerator and at a 6-Mev Van de Graaff accelerator. 


II. EXPERIMENTAL 


Two neutron energy spectra were employed. The 
source of 13.34- to 14.95-Mev neutrons was the 
T(d,n)He‘ reaction produced by 350-kev deuterons on 


* This work performed under the auspices of the U. S. Atomic 
Energy Commission. 
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a Zr-T target” at the Los Alamos Cockcroft-Walton 
accelerator. The energies were obtained by exposure of 
samples from 0° to 165° with respect to the deuteron 
beam. The samples to be irradiated (j-in. diameter foils 
of metal or of a compound of the element rolled with 
polythene) were positioned on an accurately molded 
thin plastic hemispherical shell of 5-cm radius which 
had been scribed with lines representing various angles 
with respect to the deuteron beam (Fig. 1). Aluminum 
monitor foils, also of {-in. diameter, were placed under 
each sample. In addition, an aluminum foil was placed at 
90° and 10.0+0.1 cm distance to serve as a primary 
monitor. The Na™ produced in these aluminum foils from 
the Al??(n,a)Na™ reaction was counted on a 8-propor- 
tional counter. The activity on the primary monitor foil 
was related to the flux number obtained from an a 
counter monitor. The a counter measures the a particles 
from the T(d,z)He' reaction and has been calibrated in 
terms of an accurately known fraction of the number of 
such events in the target. The uncertainty (4%) in num- 
ber of D-T events is mainly in the measurement of the 
area of the diaphragm which determines the fraction of 
total a particles accepted by the counter. The flux at any 
sample position on the hemisphere can then be calcu- 
lated from a ratio of activity of an aluminum foil at the 
sample position to the activity in the primary monitor 
foil. This technique reduced the error caused by 
inaccurate measurement of distance from the target or 
beam wandering to less than 3% and eliminated error 
due to Zr-T target shadowing. A correction was made 
for the Al?’(n,a)Na** excitation function which was 
carefully measured several times in this energy range. 
The integrated neutron flux was usually 10" cm™ at 
our sample position in an approximately 4-hour run. 
The neutrons of energies of 12.0, 16.5, 18.0, and 19.8 
Mev were produced by deuteron bombardment of T, 
gas targets at the large electrostatic generator at Los 
Alamos (Fig. 2). Neutrons produced in the forward 
direction were used in the runs at 16.5, 18.0, and 19.8 
Mev; the 12.0-Mev neutrons were obtained in the 
19.8-Mev run by using the neutrons in the backward 
direction. The U***(n,fission) process used to 
monitor neutron flux. A carefully calibrated fission 
counter in conjunction with a U** foil was placed 


was 


2 FE. R. Graves, A. A. Rodriquez, M. Goldblatt, and D. I. 
Meyer, Rev. Sci. Instr. 20, 579 (1949). 
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Frc. 1. Cockcroft-Walton target and sample assembly. 


between the target and sample. This monitoring system 
was checked by radiochemical analyses of the fission 
product Mo” in U8 foils irradiated at 7 and 8 Mev. 
At these energies both the ratio of counts per minute 
of Mo®” to total fissions? and the fission cross section?! 
are known. 

U8 foils were also used for determining flux attenu- 


Fic. 2. Van de Graaff target and 
sample assembly. 
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ation throughout the stack of target foils. The Mo” 
activity in U™* foils, which were alternated with target 
foils (Fig. 2), was related to the Mo” activity in a U6 
foil placed immediately behind the fission counter. In 
all cases corrections were made for fission fragment 
loss. The integrated neutron flux varied from 5X10" 
to 10 cm~ at our sample positions for 2 to 8 hour runs. 

The irradiated samples were prepared for measure- 
ment ‘by radiochemical techniques, involving the addi- 
tion of appropriate standardized carrier for (#,p) and 
(n,a) products, chemical separations, decontamination, 
and purification of each product.” The mounting and 
counting techniques and measurement of absolute 
disintegration rates were done by the method of 
Bayhurst and Prestwood.” Only relative numbers were 
obtainable in cases of insufficient knowledge of the decay 
scheme and in some gamma counted samples where 
the counting efficiency was not known. 


III. DISCUSSION OF RESULTS 


The experimental cross sections and energy data are 
summarized in Table I. Errors were grouped in two 
classes: (1) absolute errors, including error in the 
the 
monitoring systems, half-life, decay scheme (which 


calibration of the a counter or fission counter 
would effect counting efficiency), and any error in the 
U*8(n, fission) cross section; (2) relative errors, includ- 
ing any a or fission counting variations during a run, 
chemical or weighing errors, calculations of counting 
efficiencies for thick or uneven samples, and statistical 
The latter also 
includes any errors in resolving counting data repre- 


counting errors (low count rates). 
senting more than one activity and calculations of 
decay during irradiations. Both of these latter calcu- 
lations were made on an IBM Model 704 data processing 
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2 In most cases the (m,p) and (n,a) products were also studied and the data will be presented in a later paper. 
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Ni®*(n,2n) Nis? 
Cu®(n,2n)Cu™ 
Ge (n,2n)Ge® 
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Rb* (n,2n) Rb*t 
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TABLE I. Summary of (m,2m) cross-section values." 


E., (Mev) 
Product Parc 


12 


2.5+0.1 
6.5+03 
9.0+0.3 


504425 


515421 
726473 
700+70 


2.88+0.14 
28+1.4 
15.62+0.78 
6.34+0.32 
7212472 
721472 
1442+ 102 
1132457 
1.53+0.15 
798+40 
1089+ 109 
111656 
68.343.4 
2081+ 104 
867+43 


1760+176 


14.31+0.13 
127.3+4.1 
169.0+6.4 
296.347.6 


31.141.6 
892+36 
607+18 

1113-445 


149.9+7.5 
13.17+0.66 
716+21 
18.32+0.92 
10.73+0.54 
885+89 
863486 
1748+124 
1500+75 
5.07+0.25 
1128456 
1263+63 
1115456 
137.1+6.9 
2420+ 121 
1329+66 


1520+ 152 


13.3340.23 


71.7+3.6 
8.20+0.41 


8.65+0.43 


1471474 


1116+56 
1191+60 


1610+161 


14.50+0.20 


134.3443 
181.4+6.9 
315.7+8.1 
28.0+3 
34.341.7 
937437 
621+19 


1498+75 
1211+61 
171.7+8.6 
13.46+1.35 
768+23 
18.46-+0.92 
10.87+0.54 
808+81 
826+83 
1634116 
153977 
5.16+0.26 
1309-+-65 
1343+67 
1116-56 
142.1+7.1 
24034120 
1321+66 


1440+ 144 


13.40+0.20 13.524.0.15 


74. 4.042. 4 
87.043.3 
161.0+4.1 

1.0+0.5 


771431 
379+11 
907+36 
1099-55 
1056+53 
84.344.2 
8.74+0.44 
398412 
17.99+0.90 
9.30+0.47 
780+78 
821482 
1601+113 
1428+71 
3.67+0.18 
1077454 
1145457 


8.63+.0.43 
457414 


9.23+.0.46 


1506+75 
3.91+.0.20 
1098-55 
1161+58 
1126+:56 
118.8+5.9 

2330+.117 

1268+63 


1680+ 168 1635+ 164 


14.68+0.26 
144.744.7 
204.347.7 
349.0+9.0 


14.81+0.31 


39.342.0 
968+39 
716421 


953438 
664+20 
1149-+46 
1520+76 
1194+60 
176.848.8 
13.74+0.69 
822425 
18.20+0.91 
10.72-+0.54 
825283 
817+82 
1642+117 


1530477 
1191+60 


14.16+0.71 
838425 


10.90+0.55 
807+81 
781478 
1588+112 
1585279 
5.34+0.27 
129765 
1281464 


5.36+0.27 
1260+63 
1256463 
1087+54 
145.173 
23564118 
1305465 


1400+ 140 1280+ 128 


13.69-+0.10 
91.94:3.0 
111.9+4.2 
203.8+5.2 
2.2+1 


830433 
461+14 
991+40 
1356+68 
110755 
111.1+5.6 
10.54+0.69 
527+16 
18.01-+0.90 
9.78-+0.49 
79580 
830-+83 
1625+115 
1468+73 
4.03-+0.20 
1114+56 
1269+63 


128.1+6.4 
2369+118 


1630+ 163 


14.93-+0.36 


44.543 


975+39 
68120 
1123-445 


180.6+-9.0 
13.89+0.70 
856+26 


11.07+0.55 
836454 
798+80 
1634+ 116 
1503475 
5.650.28 
1214+61 
1194-+60 


wy 


13.88--0.10 


7.0+1 
21.4+1.1 
879-+35 


§09+15 


115.9+5.8 
10.70-+0.54 
585+18 


9.71+0.49 


16.50+0.30 
170.349.2 
283.7+ 13.6 
454.0+16.4 


15.82+1.6 
11.761.2 
822+-82 
658+66 
1480+ 105 
1534+ 153 
5.86+0.6 
1339+ 134 
1447+145 
701+70 
166.817 
1860+ 186 
11344113 
<25 
<480 


14.01+0.10 


107.4+3.5 
138.5+5.2 
245.9+6.3 


879+35 
508+15 
1070+43 


12.01+0.60 
604+18 
18.43-+0.92 


840+84 

850-+85 
1690+119 
1557478 


1106-55 
1279+-64 


134.3+6.7 
2403-120 


17.95+0.32 
189.6+-10.2 
318.3415.2 
507.9+18.3 
185.0-+9 
67.6+3.4 
930-447 


1659+ 166 
11414114 
351435 
16.23+1.6 
117359 
13.91+1.4 
12.50+1.3 
666+67 
488249 
1154+83 
1310+131 
6.65+0.7 
1259+ 126 
1266+ 127 
394+39 
164.1+1'6 
1398+ 140 
9434-94 
124+ 12 


14.09+0 


116.2+3.7 

150.0+-5.7 

266.2+6 
13.0+3 
23.521.2 
906+36 


14474-72 
1170+-59 
142.4+7.1 
11.96+0.60 
623+ 19 


10.49-++0.52 


8354-84 
1604+ 114 


1560+- 156 


7640.43 


185.7 7+10.0 


986+49 
941+47 
1176+59 
1767177 
1131+113 
295430 
17.36+1.7 
1169-58 
12.06-+1.2 
12.02+1.2 
566257 
35536 
921+67 
1360+ 136 
6.44+0.6 
1426+ 143 
1080+.108 
341434 
136.2+14 
1111111 
818+82 
280-+28 








® Cross sections in millibarns except where noted. 

> The average neutron energies and their standard deviations ‘dl sateen foil positions for the 12-Mev run are: Sc, Sbh=11.97+-0.08; Cu, Cd, Sn = 12.06-40.11; Ta, Au, Th, Zr, 
As=12.13+0.15; In, Ag, Nb, Rb=12.20+0.18; Sr, Y, Tl =12.2 21. 

* Values from D. Strominger, J. M. Hollander, and G. T. Galen i Modern Phys. 30, 585 (1958) except for Cu™, As” 
work by the authors. 

a y schemes of all except Au!” and Ti* from footnote c; Au!" decay scheme from R. Van Lieshout, R. K. Girgis, R. A. Ricci, A. H. Wapstra, and C. Ythier, Physica 
25, 703 (1959); Ti* decay scheme from K. Way, R. W. King, C. . McGinnis, and R. Van Lieshout, Nuclear Level Schemes, A=40—A =92, Atomic Energy Commission Report 
TID-5300 . Government Printing Office, Washington, D. C., 1955). 

© Includes the ‘fraction of Rb*™ that decays by isomeric transition. 

{ Includes isomeric transition from upper state. 

© Cross section calculated assumes 100% 8* emission. 

» Relative numbers taken from gross gamma counts whose efficiencies were not known. 

' Includes 93% of Zr®™™. 

} Only 10. day Nb® observed. 

« Cross section for listed state only. 

' Gamma counts normalized to one absolute 8 count. 


, Au, Aule, and Tl® which are from unpublished 





(n,2n) EXCITATION 
machines.“ The relative errors of the electrostatic 
generator runs would also include any error arising 
from degradation of neutron energy through the stack 
of foils. 

The standard deviations of the neutron energies of 
the Cockcroft-Walton accelerator were obtained by 
taking } 
angles for thick-target yields*® except in the cases where 


of the energy spread at various laboratory 


the neutron energy spread due to deuteron scattering 

or sample geometry exceeded the above. Those of the 

Van de Graaff accelerator were obtained by geometrical 

* Code for resolving counting data from more than one activity 

is a least squares solution, and the Los Alamos Scientific Labora- 

tory designation for this code is J-11-GPF-002. The code for 

decay corrections during irradiation is designated as J-11-GFW- 
010 and evaluates the expression 

N 
(A/Ao)= 2 F,[1—exp( 


i=l 


~Ar;) exp(—AT,) ], 


where A = number of atoms remaining at To), Ag=total number 
of atoms produced during the N irradiation intervals, 7;=time 
from any interval to end of irradiation (T»), and F;=fraction of 
the isotope produced during the interval 7; whose integrated 
irradiation level is P; and is given by Fj=P;/2, P;. 

*Tabulated in Los Alamos Scientific Laboratory 
LAMS-2162 (unpublished). 
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relationships of the target and samples.”* The standard 
deviations of cross sections used in Table I were those 
which gave the best fit of the data to a theoretical 
excitation function based on the statistical model 
concept of the compound nucleus and reflect the relative 
consistency of the data for a given function. The 
absolute errors are difficult to evaluate, but probably 
the greatest sources of error are in the decay schemes 
and in estimating y-counting efficiencies. 

Note added in proof. Linear plots of individual curves 
of the data in Table I will be available in Los Alamos 
Scientific Laboratory Rept. LA 2493 and will be avail- 
able at a later date from the Office of Technical Services, 
U. S. Department of Commerce, Washington 25, D. C. 
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The neutron single-particle states in the odd isotopes of tin 
are identified by (d,p) angular distribution studies. The cross 
sections for exciting these states by (d,p) and (d,#) reactions are 
measured, and the results are analyzed to give values of V ;? (in 
Kisslinger-Sorenson notation), the fraction by which each of the 
single-particle states is full, for each subshell in each isotope. 
These are used to calculate ¢;, the unperturbed single-particle 
energies; the results are reasonably consistent. If the observed 
energies of single-particle states are used to predict the V;, the 
agreement is generally good, but some discrepancies are noted and 
an explanation is offered. 

Other weakly excited states are found in the region of the 
single-particle states. At higher excitation energies, several rather 
sharp levels are strongly excited in (d,p) reactions. Their energy, 
cross section, and regularities among the isotopes suggests that 


I. INTRODUCTION AND THEORY 


ROM the simple shell-model viewpoint, the struc- 
ture of nuclei with more than three particles (or 
holes) outside of closed shells is extremely complicated, 


* Work done in the Sarah Mellon Scaife Radiation Laboratory 
and assisted by the National Science Foundation and the joint 
program of the Office of Naval Research and the U. S. Atomic 
Energy Commission. 


these are single-particle levels from the next major shell 
(82<N<126); however, their angular distributions cannot be 
used for identification as they are the same for all levels in this 
region and show little structure. This last fact is not easily 
explained. 

Some of the two quasi-particle excitation states in the even 
isotopes of Sn are identified and the apparent pairing energy is 
thereby measured; it is surprisingly found to vary rapidly with 
mass number. Spectra from (d,p) and (d,t) reactions in isotonic 
pairs Cd™-Sn"* and Cd""*-Sn"8 are compared to show that the 
single-particle neutron states are much more radically affected 
by the addition of two protons than by the addition of two 
neutrons, contrary to the usual assumption in shell model theory. 

Q values for (d,p) and (d,t) reactions on the major isotopes of 
tin are measured. 


and good theoretical calculations are essentially im- 
possible. However, in the pairing theory approxi- 
mation,” the structure becomes simple again provided, 
at least, that either the neutrons or protons have a 
closed shell. Such a situation arises among the isotopes 


1L. S. Kisslinger and R. A. Sorenson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. (to be published). 
2 M. Baranger (to be published). 
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Fic. 1. Typical data for 
proton spectra from (d,p) 
reactions. Different symbols 
for ordinates equal to zero 
and one have no significance 
other than legibility. Fig 
ures are excitation energy in 
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of tin, where there is a closed shell of protons, and 
the neutron number outside of the closed shell varies 
from 16 to 24 (the hole number varies from 8 to 16). 

The neutron subshells filling in this region are the 
dsj2, £7/2) S12, ds2, and Ayi2. In the pairing theory 
approximation, the ground state of an even-even 
nucleus is characterized by a set of quantities’ V g5/2, 
V gr/2, V ei2, etc., where (V 45/2)? is the fraction by which 
the ds, shell is filled, etc. For simplicity, we introduce 
the notation 

V.;= (V1,;)* of reference 1= (v,;)? of reference 2, 
so that now the ground state of an even-even nucleus 
is specified by V5, V;, Vi, Vs, and Vy). In accordance 
with pairing theory, these quantities increase slowly 
and monotonically with mass number, in a manner 
which can be calculated from the unperturbed single 
particle level positions. Thus, the addition of two 
neutrons to an even-even nucleus changes the ground 
state-configuration only slightly. The low-lying states 
of odd-neutron isotopes consist essentially of an even- 
even core plus a particle (or hole) in one of the single- 
particle states. The spectrum of each of the odd isotopes 
of tin should thus be quite similar. 

An especially useful technique for investigating these 
single-particle states is a study with the (d,p) and (d,t) 
stripping and pickup reactions. Firstly, they prefer- 
entially excite these single-particle and_ single-hole 
3 Reference 1 uses capital V’s while reference 2 uses lower case 
v’s. The former should not be confused with the capital V’s used 
here which are their square. 
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states; secondly, measurements of the angular dis- 
tributions provide an assignment of each level to one 
of the single-particle states; and thirdly, measurements 
of the cross sections give determinations of the V’s. 

The dependence of the cross sections on the V’s has 
been demonstrated rigorously by Yoshida,‘ but the 
following simple calculation (carried out independently) 
gives insight into the problem, and yields the correct 
results. The cross section for a (d,p) and a (d,/) reaction 
may be expressed as 


da 21 ;+1 
—(d,p) =———P (10,0) S (i, f), 
dQ 27;+1 


do 
—(d,t)=T(1,,0,0)S (i, f), 
dQ 


where J, and J; are the spins of initial and final nuclei, 
P and T are functions derivable, in principle, from 
reaction theory, and S(i,f)=S(f,i) is a quantity 
derivable from nuclear structure theory which expresses 
the overlap between the initial and final nuclear states. 
In all stripping and pickup theories which have been 
conceived to date, P and 7 are functions of /,, the 
orbital angular momentum of the “stripped” or 
“picked-up” neutron; Q, the energy release in the 
reaction ; and 0, the angle between the incident deuteron 
and the emitted proton or triton: 

If the initial and final state configurations differ only 


4S. Yoshida (private communication). 





TIN ISOTOPES WITH 
in that one has j" and the other has j*, French® has 
shown that 


S(n,n—1)=n (n even) 
=1—(n—1)/(2j+1) (mn odd). 


If the target nucleus is even-even, for a (d,/) reaction 
S=n,;, the number of particles in the initial nucleus; 
for a (d,p) reaction, S=1—mn;/(2j+1). Since 
n=(2j+1)V, I;=0, and I,= j, 


(2) 


do 
—(d,p) = (27+1)PU2;, 
dQ 


do 
—(d,t)= (27+1)TV2;, 
12 


dQ 


(target even) 


where 


Uy=1-Vyy, (4) 


and V2; means V2; for the initial (i.e., target) nucleus. 
When the target nucleus has an odd neutron number, 
a similar calculation yields, for transitions to the ground 
state 

do 


(d,p)= PV2;, 


dQ 


do 
—(d,t)=TU2;", 


dQ 


(target odd) 


where Vo; means V2; for the final nucleus. The 
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Fic. 2. Typical data for triton spectra from (d,t) reactions. 
See caption for Fig. 1. 


5 J. B. French, Nuclear Spectroscopy, edited by F. Ajzenberg- 
Selove (Academic Press, Inc., New York, 1960). 
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Fic. 3. Angular distributions of protons from Sn"™*(d,p)Sn"7 
leading to states of Sn"? with known spins and parities. Figures 
attached to the curves are /,, the orbital angular momentum of 
the stripped neutron. Of the two curves with /,=2, the upper 
leads to the d3;2 state and the lower to the ds5,2 state. 


results (3) and (5) agree with those of a complete 
calculation by Yoshida.* The methods of obtaining the 
V’s from experiments depends, in general, on forming 
ratios so that the P’s and T’s cancel. In Sec. III, the 
details of this process are described, and the results 
are discussed and compared with other data. 

In addition to yielding details of the shell being 
filled, (d,p) reactions leading to highér excited states 
should give information on the single-particle states in 
the next (empty) major shell. A considerable effort 
has been expended in this direction, although the results 
so far have led to little elucidation. This work is dis- 
cussed in Sec. IV-A. Other parts of Sec. IV discuss the 
low-lying non-single-particle states, reactions on the 
odd isotopes of tin which give a direct measure of the 
pairing energy and show a strange behavior for the 
latter, a comparison of the neutron single-particle 
states in isotopes of Cd and Sn which have the same 
number of neutrons, and the experimental results for 
reaction Q values. 


Il. EXPERIMENTAL 


The experimental method has been described previ- 
ously®; it consists of bombarding targets with 15-Mev 
deuterons from the University of Pittsburgh cyclotron, 
magnetically analyzing the reaction products with a 
60° wedge magnet spectrograph, and allowing them to 
impinge on a nuclear track photographic emulsion 
located on its focal plane. After development, the 
emulsions are scanned under a microscope, and the 
number of tracks per unit area are counted as a func- 
tion of position, thus determining intensity as a 
function of energy. The targets are isotopically enriched 
foils of each of the major isotopes of tin’; typical target 
6B. L. Cohen, J. B. Mead, R. E. Price, K. Quisenberry, and 
C. Martz, Phys. Rev. 118, 499 (1960). 

7 The tin isotopes as metal foils were obtained from Stable 
Isotopes Division, Oak Ridge National Laboratory, Oak Ridge, 
Tennessee. 
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Fic. 4. Angular distributions 
from (d,p) reactions with /,=0 
but differing Q values. The plot on 
the right is the same data plotted 
against g, the momentum trans- 
ferred to the nucleus. If Butler 
theory were valid, the plots vs ¢ 

116 would all have maxima and 
Q=5,iMev minima at the same abscissas, 
namely those labelled ‘Butler 
Max” and ‘‘Min.” A large amount 
of other data is consistent with 
that shown here 
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thicknesses are 7 mg/cm’, but by judicious target orien- 
tation,® the energy resolution is generally about 80 kev. 
In runs where protons are detected, the photographic 
emulsion is covered by sufficient absorber to stop all 
particles except protons; where tritons are detected, 
no particle selection is necessary as no other particle 
has as large a magnetic rigidity as >10-Mev tritons. 
Below 10 Mev, elastically and inelastically scattered 
deuterons produce a background which makes triton 
detection impossible.. At small angles, the background 
from elastically scattered deuterons causes serious 
difficulty for triton energies up to ~13 Mev. 

Typical data are shown in Figs. 1 and 2. For reasons 
which are not very clear, data taken on the same day 
are most consistent. In some cases where data are taken 
several months apart, discrepancies in cross sections as 
large as 40% have been found. In measuring angular 
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Fic. 5. Angular distributions from (d,p) reactions with ],=2 
but differing Q values. The solid vertical lines through each curve 
connected by dashed lines show the position of the first maximum 
predicted by Butler theory. A large amount of other data is 
consistent with that shown here; some is shown in Fig. 11. 


8 B. L. Cohen, Rev. Sci. Instr. 30, 415 (1959). 
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distributions it is thus important to expose plates at 
all angles on the same day. In deriving results from the 
data, these problems are taken into account in assigning 
weights to various experimental determinations. The 
best results are obtained when a measurement consists 
of determining the ratio of intensities of two peaks from 
the same plate exposure. Fortunately, some of the most 
important results in the experiment are obtained in this 
way. Portions of the plate used for quantitative data 
are scanned independently at least twice. 

For other reasons which are also not clear, deter- 
minations of excitation energies for a given level vary 
by as much as 4% when plates are exposed at different 
times. More typical uncertainties in energies are about 
1-2%. No extensive effort has yet been made to under- 
stand or to correct this difficulty. 
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Fic. 6. Angular distributions of tritons from Sn™8(d,t)Sn™? 
leading to states of Sn"? with known spins and parities designated 
by single-particle state attached to curves. The low-angle region 
is difficult to study because of deuteron background. The 1.17-Mev 
state was found to be ds5,2 from (d,p) reaction studies. 
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Fic. 7. High-energy portion of energy spectra of protons from (d,p) reactions on even isotopes of Sn (mass number underlined). 
Detection angle is 29°. Figures are excitation energy in Mev, and spectroscopic notation refers to assignment as single-particle level. 
Groups not so designated are not single-particle levels as evidenced by angular distribution studies. The energy determination of the 
Si2 level from Sn™(d,p) was obtained from the difference in apparent energy of the 1.11-Mev state at angles where /,=2 and /,=0 


angular distributions have maxima. 


III. RESULTS AND CONCLUSIONS ON 
SINGLE-PARTICLE STATES IN 
50<N<82 SHELL 


A. Angular Distributions 


In light elements, values of J, are determined straight- 
forwardly by comparing angular distributions with 


Butler theory’; however, one does not expect Butler 
theory to be valid in this mass and energy region, so 
that the first task is to establish a systematics by 
measuring angular distributions for cases where I, is 
known, for various values of Q. 


9S. T. Butler, Nuclear Stripping Reactions (John Wiley & Sons, 
Inc., New York, 1957). 
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Fic. 8. Energy spectra of tritons form (d,t) reactions on even isotopes of Sn (mass number underlined 











See caption for Fig. 7. 


Figure 3 shows angular distributions for groups with 
1, =0, 2, 4, and 5 from the reaction Sn'*(d,p)Sn'"'7. The 
shapes of the angular distributions and their variation 
with /, fit well with expectations from experience with 
lighter elements; only the /,=0 has a peak at forward 
angles, and the angle of the first peak in the other cases 
increases monotonically with /,. 


The dependence of these angular distributions on Q 
is shown in Figs. 4 and 5, where comparisons of positions 
of maxima and minima with Butler theory are also 
made. The changes in peak angle with Q are very slow, 
considerably slower than predictions from Butler theory 
and in the opposite direction. It is thus better to com- 
pare angular distributions directly rather than to con- 
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TABLE I. do/dQ (mb/sr) for (d,p) reactions leading to single-particle states, and to 0.9-Mev states. 
Also tabulated is the quantity a, defined in Eq. (7). 


45° 19° 
Target mass “120 2 ' 2 124 120. e 124 a 


Si/2 ; . ; ; : 0.20 
3,2 ; i ; ; ; 8: 0.60 
hyiye 

gfie 

ds/1 07 ; . f ).5 0.28 
a ode 5 1.25 85 .25 yee 2.1 
0.9 Mev <0.0: : 2: ; 0.06 


vert them to plots of intensity vs momentum transfer, states in Fig. 7, have angular distributions unlike any 
q (g=Ka—K,), as is most convenient when comparing of those in Fig. 3. 
with Butler theory (compare two plots in Fig. 4). It is The spectra of tritons from (d,!) reactions obtained 
of some interest to note, however, that angular distri- at 30° from the even isotopes of tin are shown in Fig. 8. 
butions for the largest Q values do agree roughly with The single-particle level assignments for the groups 
Butler theory. The results shown in Figs. 3, 4, and 5 from Sn''®(d,/)Sn"® were not known (except for the 
indicate that angular distribution studies with (d,p) ground state); the assignments shown are postulations 
reactions are a fruitful method of determining /, values. based on energy and cross-section regularities with the 
The situation with (d,/) reactions is much less other isotopes. Cross sections for exciting the single- 
favorable as is seen from measurements of angular particle levels by (d,p) and (d,/) reactions are listed in 
distributions of groups with known /, shown in Fig. 6. Tables I and II. In cases where the $12, ds/2, and Airs 
The peaks are not as sharp as in (d,p) reactions, and the peaks are not resolved, the total cross section for the 
differences for different /,, are not as readily apparent. peak was derived as follows: The /iij2 was crudely 
The difficulties are compounded by uncertainties in estimated by extrapolation; since it is relatively small, 
subtracting backgrounds from elastically scattered and its cross section is not used in the analyses, errors 
deuterons at forward angles. As a result, the use of _ in this procedure are unimportant. The ratio of the s1/2 
(d,t) angular distributions for determining /, values to the d3/2+/11/2 is measurable in three of the five cases 
gave few reliable results and was eventually abandoned. and was found to be relatively slowly varying; this 
ratio was therefore interpolated to determine the 51/2 
B. Identification of Single-Particle States and d3/2 intensities. For most purposes, this procedure 
does not seem capable of causing large errors in the 
The high-energy regions of proton spectra obtained  resylts. 
at 30° from the even isotopes of tin are shown in Fig. 7. 
The excitation energies (in Mev) and the shell model 
assignments from other work or from angular distri- 
bution measurements are also shown. Angular distri- 
bution measurements do not, of course, distinguish 
between d5/2 and d3/2 states, but the energies of the two Before using (3) and (5), the Q dependence of 
are sufficiently well separated to give a clear distinction. P(l,,0,0) and T(/,,Q,0) must be determined. Since the 
It should be pointed out that the single-particle states angular distributions are not very dependent on Q (see 
include all the most strongly excited states; a slight Figs. 4 and 5), it is assumed that the Q dependence 
exception to this is the 0.9-Mev state which will be may be separated; in Butler theory,’ at least, the Q 
discussed in Sec. IV-B. It, and all other unassigned dependence is approximately exponential and equal 


C. Determination of V’s 


1. Correction for Q dependence. 


TaBLe II. do/dQ (mb/sr) for (d,t) reactions leading to single-particle states, and to 0.9-Mev states. 
Also tabulated is the quantity }, defined in Eq. (8). 


45° Data 


Target mass ; 2 8 120 


Si/2 a é A . . 3. 
d; 2 . } 1 
hire 

ghia 

ds/2 . 2 SO 

b 2: 5 0.63 

0.9 Mev . 0.06 
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TABLE ITI. V3; and V; calculated for various values of A. 





\\Target 116 118 124 


\mass 


120 122 


0.28 
0.26 
0.24 
0.77 
0.78 
0.80 


bo pe hh het tet | 
SNH C!| & 
Une | 


Ne 
Mb 





and opposite for P and 7. We thus assume 
P (10,0) = Pi,’ (0)A-2, 


T (ln,0,0)=Tin'(0)A2, (Qin Mev). (6) 


This approximation is principally justified by the fact 
that the Q dependence is generally a small correction 
(with one exception to be noted). It is certainly un- 
reliable if A is much different from unity, or if we 
compare states with much different Q values. In Butler® 
theory, A~™~1.12; from the ratios of the ds and d5/2 
states in the Zr®(d,p)Zr® reaction, A=1.14; in the 
Pb isotopes, a recent study'’® gave A=1.35. It thus 
seems reasonable to expect A to be between 1.12 and 
1.25; calculations were therefore made for these two 
values and for A = 1.00. 


2. Determination of V3 and V5 


Inserting (6) in (3), taking the ratio of cross sections 
for exciting the ds2 and ds. states, and dropping 
superscripts, 


8 do 
arcr-ea] (ap) = dys) /| (d,p) — ds | 
dQ dQ 


4U; 
=a=- 


6 "a 


where Q; and Q, designate the Q values for reactions 
leading to the dz and d5,2 states, respectively, and a is 
the experimentally determined quantity on the left 
side of (7). Similarly, 


do da 
Acres] - (d,t)—> iva) /| —(d,t) > iys| 
dQ dQ 


(8) 


Experimental values for a and 8 are listed in Table I. 
There are some discrepancies in values of a determined 
at various angles due to differences in angular distri- 
butions. Equations (7) and (8) plus the two applicable 

1 B. L. Cohen, S. Mayo, and R. E. Price, Nuclear Phys. 20, 
360 (1960); and B. L. Cohen, R. E. Price, and S, Mayo, Nuclear 
Phys. 20, 370 (1960). 
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equations (4) represent four equations in four unknowns 
(U3, V3, Us, Vs) whose solution is 

Vs= (a—#)/(a—b), 

Vs= ($a—1)b/(a—b) = OV. (9) 
Values of V; and V; are listed for the various values of 
A in Table III. 

Some information on the value of A may be obtained 
if one recognizes that P,’ and T,’ should be approxi- 
mately constant for all cases at a given @. Once the U’s 
and V’s are determined, P,’ and T,’ may be calculated 
from (3) and (6); results for P2’(30°) and T,’(30°) are 
listed in Table IV. These calculations are somewhat un- 
reliable as they compare data obtained from different 
cyclotron runs made over an extended period of time, 
(in contrast to this, the determinations of V’s depend 
on the relative areas under various peaks on the same 
photographic plate); they are furthermore quite sensi- 
tive to small changes in the experimental results. Never- 
theless, they give ample reason to exclude A = 1.00 and 
to favor A=1.25 over A = 1.12. Weighting this with the 
value from the Zr(d,p) reaction, we adopt A=1.18 to 
give our best values of V3 and V5; which are listed in 
Table V in columns labeled “Exp.” It should be noted 
from Table III that V; and V; are generally not highly 
sensitive to the value of A. The final values of V3; and V5 
are probably accurate within +0.06. The difference 
between V; and V; for successive isotopes are probably 
accurate within +0.03. 


3. Determination of V; 


Since the ground states of the odd isotopes Sn’ and 
Sn"® are $12 states, (d,p) and (d,/) reactions on these 
leading to the ground states of the final even-even 
nuclei give information on V; of the latter by use of 
(5). For example, V; for Sn"'® can be obtained from (3), 
(5), and (6) as 

do 


do 
As 0 —[Sni"(d,p)Sn"] /— [Sn"8(d,p)Sn"? | 
dQ IN 


aNG 


=c= [Uy 2Vi1 ]snus, 
(10) 


do do 
A(Qn-Qx)—[ S484 f)Sn"7] / —[Sn"°(d,t) Sn") 
dQ dQ 


= d= [2V; U, |snus, 


TABLE IV. Values of P2’ and T;’ from 30° data for various values 


Target mass 118 
SP dy: dsr ¢ 
\ state 
A 





TIN ISOTOPES WITH (¢d,p) AND 
a a r r . . . 

laste V. Values of V for various single-particle states in even isotopes of tin. ‘‘Exp” denotes experimental values obtained in this 
wai K-S denotes values from Kisslinger-Sorenson calculation, and E denotes values obtained from observed energies by use of (17) 
or Fig. 9(b). 
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Mass No. 
SP state 


116 
Exp K-S 
0°42 
0.25 
0.79 


120 1 
Exp K-S E Exp K 
0.61 0.69 
0.55 0.59 
0.87 0.86 
0.89 (0.92) 
0.35 0.47 


22 
S E 


“xp K-S E 


0.53 
0.39 
0.94 
0.93 


Exp 


0.74 
0.68 0.75 
0.93 0.97 
(0.95) 0.96 
0.55 0.59 


Sis2 


d3/2 


~0.5 
0.33 
0.93 
0.90 
0.25 


0.57 
~0.5 
0.94 
0.90 
0.34 


0.69 
~0.5 


0.95 


0.65 
0.53 
0.95 
0.94 
0.27 


0.75 
0.65 
0.96 
0.95 
0.38 


0.88 


~0.5 


where (73, Qs7, etc., are Q values for the reactions 
Sn"7(d,p)Sn"8, Sn"8(d,t)Sn", etc.; and ¢ and d are the 
experimentally determined values of the ratios on the 
left. These plus the appropriate equation (4) give two 
independent determinations of V;; they are listed in 
Table VI for the three values of A being considered. 
The results are consistent for A = 1.04 with V,;=0.45. 

This is an uncomfortably low value of A, and the 
whole analysis is somewhat questionable because of 
the large difference in Q values between reactions being 
compared (2.8 Mev). There may well be shifts in the 
angular distributions which render the separation (6) 
invalid. An alternative procedure was therefore fol- 
lowed: Angular distributions for the two reactions were 
measured and intensities were compared both at an 
angle near the peak of the angular distributions of each 
(27°) and at the peaks themselves; the results are the 
same from the two comparisons and are listed in Table 
VI. The results from the (d,p) and (d,t) comparisons 
are consistent for A=1.12 where each gives V:=0.50; 
this value is adopted. The slight difference between the 
values of A used here and in the analyses of the d3,2 
and ds2 states need not be disturbing as the range of 
Q values covered is quite different, and A might be a 
function of /,,. 

Once the value of A and of V; for Sn!’ is determined, 
V, for the other isotopes may be obtained by assuming 
P’ and 7” are the same for all isotopes. In addition, 
V; for Sn''¢ and for Sn may be determined analogously 
with (10) from ratios of (d,t) cross sections for Sn"? 
and Sn"'*®, and from ratios of (d,p) cross sections from 
Sn'® and Sn. All values and weighted averages are 
listed in Table VII, and the weighted averages are 
listed in Table V. The values listed are probably ac- 
curate within +0.08, and the differences between V: 
for successive isotopes is probably accurate within 
+0.05. The data for Sn"® are somewhat less consistent 
than for the others, so that the error on its V; is perhaps 
50% larger. 


TABLE VI. Determinations of V,; for Sn™*. 





Method Reaction A=1.00 A=1.12 


Average of 30° and 45° ratios 





0.40 
0.51 
0.49 
0.50 


0.47 
0.43 
0.57 
0.42 


(d,p) 


Peaks in angular distribution 








4. Determination of V; and Vi 


The methods used for the s and d states are not 
applicable to the g7/2 and 41/2, so that another method 
must be devised. Furthermore, a reasonably good 
determination of the /1/2 cross section is only available 
for the two reactions leading to Sn!'’. Since the gz/2 
cross sections are also well determined in these cases, 
we may obtain the experimental ratios 


do do 
in (d,p) — £7 |/|Fao —_ nyse 
dQ dQ 


da do 
—(d.t)— 27 |/|=a0 on} hn] =F 
dQ dQ 


e=[(8P4/12Ps)(U7/U un) Jsn, 
f=L(8T. 127;)(V; Vin) Jsn 6, 


From (3) 


(11) 


These can be solved for V; and Vi; with the appropriate 
equations (4) provided we assume V; and Vy are the 
same for Sn"® and Sn"® (the inaccuracy in this is 
reduced by a perturbation treatment of the final 
results), and provided we know the ratios P,/P; and 
T;,/Ts. As in a previous paper," we assume 


P4/Ps=Ts/Ts= 2°. (12) 
In Pb(d,t) reactions," we found k~1.0; in Pb(d,p) 
reactions,” we found k~0.7. From Butler theory,’ 
k~=-1—1.5, and this is in general agreement with 
experimental evidence in light elements. We thus might 
expect k~1. 

The values of V; and Vy obtained for Sn"? (an 
average between Sn''® and Sn"*) for various values of 
k are shown in Table VIII, and the total number of 
particles in the two states, 8 V;+12 Vii, are also listed. 


TABLE VII. Values of V; for other isotopes by various methods 
assuming V;(Sn"™"8)=0.50, A =1.12. 


124 


0.67 
0.77 


122 
0.54 
0.76 


120 


Target mass 


0.54 
0.65 
0.62 


(d,p) o ratios 
(d,t) o ratios 
From (10) 


Weight av 0.69 


0.74 
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Taste VIII. V; and Vy as determined from 30° and 45° data 
as a function of & for Sn"™’. The last row, the number of particles 
in these satates, should be 10.2. 








From 30° data 





k 0 

Vr 0.62 

Va 0.13 
8 Vr+12 Vi 6.6 


0.75 1 
0.82 0.86 
0.30 0.38 


10.2 11.4 18.2 





However the latter quantity is directly obtainable by 
subtracting the number of s and d particles, 2 Vit+-V3 
+6 V5, from the total number of particles in the shell, 
17. The result from Table V is 10.2; this is in agreement 
with the results in Table VIII for k=0.75 at 30°, and 
for k=0 at 45°; in both cases V;-~0.83 and V;:c~0.29, 
so that these values are adopted. Incidentally, the low 
value for k at 45° is not unexpected, as the /,=5 
angular distribution is peaked at that angle while the 
1,=4 is somewhat beyond its peak (see Fig. 3). 

The change of V; and V1; with mass is difficult to 
obtain from the data because of the sparsity of cases 
where these levels are resolved. From the (d,p) data, 
one surmises that U; increases by a factor of 1.3 to 
2.0 between Sn" and Sn""’ [the 45° data is somewhat 
unreliable as the gz. angular distribution changes 
rapidly in that angular region (see Fig. 3) ]. These 
two extremes would give V;=0.80—0.76 and 0.85—0.88 
for Sn''® and Sn"8, respectively. In Table V, we adopt 
values midway between these two extremes. The ratio 
of (d,t) cross sections between Sn™ and Sn"*, with (3) 
and (6), indicate that V; increases by 5% between 
Sn" and Sn”, but this result is very sensitive to small 
experimental errors. For want of some better method, 
it is assumed in Table V that V; increases by 0.03 for 
each succeeding even isotope. This brings V; to 0.95 
for Sn™, which can hardly be off by more than +0.04 
if V; for Sn"8 is correct and the theory is applicable. 
The over-all uncertainties on V; are about +0.08. 
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” Fic. 9. Plots of theoretical relationships among ¢;, the un- 
perturbed single particle energies+A; V2;, the fraction by which 
the states are filled; and E;, the observed excitation energy of the 
single-particle states. 
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Since Vi, V3, Vs, and V; are now chosen, values of 
Vi. can be determined from the condition on the total 
number of particles. The values so obtained are listed 
in Table V; the uncertainties are about +0.20. 


D. Discussion and Conclusions 


Pairing theory relates two interesting quantities to 
the V’s: the energies of the single-particle levels, «,, 
and the energies of the observed levels, £;. These 
relationships are! : 


(13) 


where 

(14) 
\ is the chemical potential, and A is half the energy 
gap, or about 1.1 Mev; and 


E;= A[(1+e?)!— (1+e;-6)"J, 


(15) 


where é;-g is e; for the ground state. 
Solving (13) for V2; and using (4), we obtain 


U25;— V9 
¢=——_——_. (16) 
2(U2jV2;)* 

The relationship (16) is plotted in Fig. 9(a). Values of 
e; obtained from the V2; of Table V with (4), (14), and 
(16) are listed in Table IX where they are compared 
with the values for a Nilsson well.'! The determinations 
of the single-particle energies for the various isotopes 
are reasonably consistent among themselves, although 
there are rather large fluctuations as might be expected. 
The agreement with the levels calculated for the Nilsson 
well is as good as one would expect in view of the un- 
certainty in the latter. 

Another approach is to compare the experimental 
V’s with those derived from the Nilsson-well single- 
particle energies by Kisslinger and Sorenson.' This is 
shown in Table V. The principal discrepancies which are 
far outside of experimental error are that the calculated 


F Tasre_IX. Values of ¢;—€a5/2 calculated from V’s of Table V 
and compared with the values for the Nilsson well used by 
Kisslinger and Sorenson. Energies are in Mev and are calculated 
using A=1.1 Mev. The average of the experimental values is 
listed in the final column. For explanation of rows labeled “J,” 
see text following Eq. (19). 


Mass number 
0.70 
1.40 
0.96 
e a 1.85 
dsj2 Exp 0 
E 0 


Sit Exp 
diz Exp 
gr/2 Exp 

E 
hiya 


1.22 
2.05 


mn oO 


1$. G. Nilsson, Kgl. Danske Videnskab. Selskab. Mat.-fys 
Medd. 29, 16 (1955). 
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TABLE X. Energies of observed levels (£) and values of V obtained from them with (17) or Fig. 10. Energies are in Mev; 
A was taken as 1.1 Mev. Also listed are 2(27+1)V2; and N, the number of neutrons in the major shell. 


Mass No. 5 117 119 121 
SP state E ; E V > V , V 


Sis2 0 0 ~0.5 0 ~0.5 0.64 
d3/2 0.49 , 0.16 0.26 0.024 0.40 ~0.5 
ds/2 0.97 1.10 0.935 1.15 0.935 0.94 
gfie 0.61 0.72 0.90 0.76 0.90 (0.94) 
Ayyi2 0.32 0.18 0.089 0.31 0.36 
2(2j+1)V2,; 24+12V 1 17.0 19.1 20.7 
N 17.0 19.0 21.0 


values of V for d5/2 and g7/z are too large, especially for that to a rather good approximation 
the lighter isotopes. This would require that the single- E=Al(ite2)i—1 
particle energy differences between d5/2, gz/2, and S12, j= AL (1+e;?)'—1]. 
d32, Ai1j2, be reduced from the Nilsson-weli values, in This may be solved for e; to give 
agreement with Table IX. E : , 
The relationship between the observed energies and ee | ( “41) -1]. (19) 
the V’s may be obtained by solving (15) and (16), die 
which gives 





1 This functional relationship is shown in Fig. 9(c). The 


2(UeVa)} 


where Ug and Vg are U and V for the single-particle 
level which is the ground state. Since Vg is always close 
to 0.5, that value may be substituted to give 


r= af , -—1}, (17) 
2(U2V2, 


The approximation in (17) is quite good for V; anywhere 
between 0.3 and 0.7, which would apply to all cases of 
interest here. A plot of (17) is shown in Fig. 9(b). 

The observed energies of the single-particle states 
are listed in Table X along with the V’s calculated from 
them. The energies for the d5;2 states are taken as the 
“center of gravity” of the observed levels weighted 
with the intensity with which they are excited. In the 
isotopes where the gz. level is not observed, it is 
assumed to be under the large d5;2 peak. As a check on 
the V’s obtained from the observed energies, the sum 
> (27+1)V2; is calculated and listed in Table X. This 
sum should be equal to the number of neutrons in the 
major shell, N, which is also listed in Table X. The 
agreement is excellent in al! cases except Sn’ where 
it is within the uncertainty. 

The V’s from Table X for odd isotopes are inter- 
polated for the even isotopes and listed in Table V. 
In Table V the agreement with Kisslinger-Sorenson 
values seems to be somewhat better than the agreement 
with the experimental values obtained from (d,p) and 
(d,t) cross sections. ' . , 

On the other hand, the V’s calculated from observed -” ” —“ 
energies lead to difficulties when used to calculate EXCITATION OF FINAL NUCLEUS Gand 
single particle energies. This may be done either by. Fic. 10. Energy spectra of protons from (d,p) reactions on even 

i . Fg) . . . . isotopes of tin. Figures denote target mass number. Energy scale 
using (16) and (17) in combination, or by noting from j, only approximate: best values of energies of various peaks are 
(16) that the second term in (15) is close to unity so _ listed in Table XI. Detection angle is 45°. 
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Fic. 11. Angular distributions of 
protons from (d,p) reactions on 
Sn"!6 and Sn"™ leading to various 
excited states (excitation energy in 
Mev attached to curves) of final 
nuclei. Where there are discrepan- 
cies between energies shown here 
and those listed in Table XI, the 
latter are more accurate 








1 
ioe = 20° 


30° 40° 50° 9 


single particle energies derived from the observed 
energies of Table X (interpolated between adjacent 
masses) are listed in Table [IX (rows designated “‘E”’). 
It is seen there that the single particle energies calcu- 
lated in this way shift rapidly and monotonically as a 
function of mass number. This behavior is most un- 
expected; it arises basically from the fact that the 
observed energy of a level as highly excited as the ds, 
is expected from the theory to shift rapidly with mass 
number, contrary to observation. A similar situation 
was observed for the 51/2 level in the mass 90—100 region. 
The most probable source of difficulty is that (15) is 
not completely accurate; there may well be other 
effects which shift the observed energies appreciably." 

It thus seems most likely that the experimental 
values of the V’s listed in Table V and the single- 
particle energies derived from these and listed in the 
last column of Table [X are reasonably accurate. The 
discrepancies with the Kisslinger-Sorenson values are 
certainly no larger than expected from their work. On 
the whole, the agreement between theory and experi- 
ment is quite good except for the discrepancy in the 
observed energies of the d5/z state. 

IV. OTHER RESULTS AND CONCLUSIONS 
A. Higher Excited States 

The energy distributions from (d,p) reactions on the 
even isotopes of tin are shown in Fig. 10, and the peak 

la Note added in proof. R. Sorenson (private communication) 


has fit the observed energies without altering the V’s by including 
the P2-force in the calculation. 


10° ~=20° 


30° 40° 50° 6 
energies and intensities at 30° are listed in Table XI. 
It is clear that the over-all intensity is relatively low 
at energies above the single-particle levels (~ 1.5 Mev), 
until it rises rather suddenly at about 2.6 Mev. The 
region above 2.6 Mev is characterized by several 
relatively sharp and very strongly excited levels. 

This situation is entirely in line with expectations if 


TABLE XI. Energies of levels observed in odd Sn isotopes with 
(d,p) reactions on even isotopes and their relative cross sections 
for excitation at 29°. 
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these latter are the single-particle states of the next 
major shell which fills between neutron numbers 83 and 
126. The energies are approximately those expected 
from the fact that the p-wave neutron giant resonance 
goes through zero neutron energy [i.e., Q(d,p) = —2.2 
Mev] at A=90; the estimates of Cohen and Price” 
place the p states at an excitation energy of about 3 
Mev in this mass region. The cross sections for the large 
peaks are approximately those expected for these 
single-particle states if we adopt (6) and (12) with the 
values of A and & used in the previous section. The 
regularities in energies and cross sections among the 
various isotopes is further evidence on this point; 


2B. L. Cohen and R. E. Price, Nuclear Phys. 17, 129 (1960). 


40 
APPROXIMATE Q (Mev) 


Fic. 12. Energy distributions of protons from (d,p) reactions on Sn™? and Sn" at 45 
principal peaks from neighboring even isotopes (mass numbers stated) ; their height indicates the relative intensity. 


5.0 60 tO 
. Vertical lines show positions of 


several of the peaks can be traced from isotope to 
isotope with very little imagination, although they 
become somewhat split up in Sn" and Sn", 

A considerable effort was expended in trying to 
further identify these levels with angular distribution 
studies. Some of the results are shown in Fig. 11 along 
with angular distributions for some of the low-lying 
levels for comparison. It is very apparent that all 
groups with excitation energy above 2.5 Mev have 
essentially the same angular distributions, and that 
these are almost completely lacking in sharp identifying 
features such as those possessed by the low-lying 
single-particle levels (see Figs. 3, 4, and 5). 

It is very difficult to believe that this loss of feature 
in the angular distributions is’only due to the fact that 
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Fic. 13. Energy distributions of tritons from (d,t) reactions on 


Sn™7, Sn", and neighboring even isotopes (mass number shown). 
Detection angle is 45°. 


their energy is low. The distributions shown in Figs. 
4 and 5 show very little sensitivity to energy over a 
wide range, and indeed the lowest energy case from 
Fig. 5 has a proton energy corresponding to a 2.9-Mev 
excited state in Sn"®, The authors firmly believe that 
there is some deeper meaning to this anomaly. A similar 
situation was found in the Pb isotopes*” although the 
low energy may have been a factor there. 


B. Low-Lying Non-Single-Particle States 


In the region below 2.6-Mev excitation energy, there 
are several states shown in Fig. 10 and listed in Table 
XI which were not classed as single-particle states. The 
angular distributions from some of these are shown in 
Fig. 11. 

Basically, the explanation for these states, and for 
the fact that the ds;2 states have more than one com- 
ponent, is that the model we are using is only a model, 
and is not a perfect representation of nuclei. States 
may occur due to other types of excitation, some of 
which perhaps have never been considered by nuclear 
theorists. If these states occur close to single-particle 
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states and have the same spin and parity, they will mix 
with them; this is very probably the case with the d5/2 
levels. In other cases, the distance from the single- 
particle levels would seem to preclude mixing. For 
example, the angular distributions from the 2.10- and 
2.27-Mev states from Sn'™(d,p) bear strong similarities 
to J,=0 distributions except that the minima and 
maxima occur at smaller angles (~ 15° vs 18° for the 
minima, and 24° vs 32° for the maxima). This could be 
explained by the low Q values, although the trend in 
Fig. 4 is in the opposite direction. 

Perhaps the most interesting of the low-lying non- 
single-particle states is that occurring at about 0.9 Mev 
in essentially all the odd isotopes of Sn. The regularity 
of its occurrence, its low excitation energy, and its 
relatively large cross section are very suggestive. How- 
ever, the evidence against its being a single-particle 
state is quite convincing: the angular distributions are 
completely untypical (see Fig. 11), and the variation 
of the cross section with mass is quite different. The 
evidence for the latter is shown in Tables I and IT: 
The cross sections are much larger in Sn” and Sn 
than in the other isotopes, whereas cross sections for 
single particle states vary monotonically and generally 
slowly with mass number. A state at 0.90 Mev in Sn!” 
has been reported from Coulomb excitation work,'* so 
that this level might perhaps be strictly a collective 
one. However, it is still difficult to understand why it 
would not have a typical angular distribution pattern. 
The excitation of known collective levels in even-even 
nuclei by (d,p) and (d,/) reactions has been studied 
previously, and the results are not inconsistent with 
theory.'# 

While there might be considerable interest in the 
low-lying, non-single-particle states, it should always 
be kept in mind that their excitation cross sections are 
low, so that no matter how they are interpreted, they 
would not appreciably affect the experimental deter- 
minations of the V’s in Table V. It would seem most 
reasonable to attempt to study them by some other 
type of nuclear reaction in which they are strongly 
excited. 


C. Reactions on Odd Isotopes of Tin; 
the Pairing Energy 


The (d,p) and (d,t) reactions on the odd isotopes of 
tin lead to even-even final nuclei, so that they have 
large Q values. The low-lying states excited in these 
reactions have been studied in a previous paper,'* and 
the excitation of ground states has been discussed in 
Sec. III-C-3 above. 

One would expect the binding energies of a d5/2, d3y2, 
£7/2, and /1/2 neutron to an odd nucleus to be roughly 


the same as to an even nucleus, since they cannot form 


DP. G. Alkhazov, D. S. Andrev, K. I. Erokhina, and I. K 
Lemberg, J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 1346 (1957 
4B. L. Cohen and R. E. Price, Phys. Rev. 118, 1582 (1960). 
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a pair with the odd nucleon (51/2 in both Sn"? and Sn"), 
One therefore expects strongly excited levels at the 
same Q value in odd and even isotopes. There is good 
evidence for this in Figs. 12 and 13 where spectra from 
(d,p) and (d,/) reactions, respectively, in the odd targets 
are compared with those in neighboring even targets. 
The correspondence between groups of levels is readily 
apparent. The levels excited are principally the d3;2 and 
dsj2 forming two quasi-particle states of spin 1* and 
2+, and 2+ and 3+, respectively; the two groups are 
readily distinguishable by their energy difference. O+ 
levels in this region should not be excited by (d,p) and 
(dt) reactions and this is in agreement with 
experiment." 

Since the d3z and $1/2 levels are very close in the odd 
nuclei, the separation between the ground state and 
the (ds/251/2) states in even nuclei gives an accurate 
measure of the pairing energy. This is 2.2 Mev in Sn"*, 
2.6 Mev in Sn"8, and 2.9 Mev in Sn’ [note that 
determination for Sn"'* from Sn"7(d,p) and Sn"*(d,t) 
both give 2.6 Mev]. This variation of pairing energy 
with mass number seems difficult to understand. The 
above results do not take into account the fact that in 
Sn"6 the si2 is ~0.2-0.3 Mev below the d3/2 without 
pairing (this is an average between Sn"® and Sn""); 
this would further enlarge the difference in pairing 
energies between Sn''¢ and the others. 


D. Dependence of Neutron Single-Particle 
States on Coupling with Protons 


It is a long-standing assumption of nuclear shell 
model theory'® that the neutron single-particle states 
are essentially unaffected by the protons so long as the 
proton number is even. Since (d,p) and (d,t) reactions 
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Fic. 14. Energy distribution of protons from (d,p) reactions on iso 
tonic pairs Cd'4-Sn"® and Cd!'®-Sn"8, Detection angle is 45 
18M. Mayer and J. H. D. Jensen, Elementary Theory of Nuclear 

Shell Structure (John Wiley & Sons, Inc., New York, 1955). 
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Fic. 15. Energy distribution of tritons from (d,t) reactions on iso- 
tonic pairs Cd™4-Sn"6 and Cd"™®-Sn"8. Detection angle is 45°. 


strongly excite neutron single-particle states, one would 
therefore expect strong similarities between spectra 
from these reactions when the target nuclei have the 
same number of neutrons but a different (even) number 
of protons. Two good cases for testing this are Cd" and 
Sn! both of which have 66 neutrons; and Cd"* and 
Sn’, both of which have 68 neutrons. 

The energy spectra from (d,p) and (d,t) reactions on 
these isotopes are compared in Figs. 14 and 15. It is 
abundantly clear that the presence or absence of the 
two protons has a very strong effect on the neutron 
single-particle states. The energies of the single-particle 
levels in the Cd isotopes are all within ~ 0.6 Mev of the 
ground state, whereas in the Sn isotopes, they extend 
to about 1.2 Mev; the 51,2 state (the ground state in 
all cases) is relatively weakly excited by (d,p) reactions 
in Cd whereas it is quite strong in Sn; the multiplicity 
of levels is far larger in Cd; the intensity rise in (d,p) 
reactions due to states in the next major shell (dis- 


cussed in Sec IV-A above) is at a lower energy for 
Cd (~2.0 Mev vs 2.6 Mev for Sn). In general, there is 
a much stronger similarity between the two Cd isotopes 
and between the two Sn isotopes than between Cd! 
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and Sn"*, and between Cd"* and Sn"*. Thus, the 
addition of two protons has a much more far reaching 
effect on the neutron single-particle states than the 
addition of two neutrons. This is the exact opposite 
from expectations from shell-model theory; on the 
other hand, it is not unexpected from pairing theory. 
It should be pointed out, of course, that the above 
conclusion is probably not a general one; the two 
protons added between Cd and Sn are those which 
close the major shell, which is something of a special 
case. 


E. Ground-State Reaction Q Values 


No systematic effort was made in these experiments 
to obtain accurate Q values, and in fact, there are some 
little understood experimental difficulties in doing this 
without apparatus. However, better determinations 
than any available in the literature are readily available 
from this work. 

In (d,t) reactions, the deuteron elastic scattering 
peak always appears on the photographic plate at an 
apparent triton energy of § the deuteron energy; thus, 
the Q value can be determined with little error due to 
the uncertainty in the energy of the incident deuteron 
beam. Once (d,/) Q values are determined, the (d,p) 
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TABLE XII. Q values for (d,p) and (d,/) reactions on tin isotopes. 





Isotope 
mass 


Q(d,p) (Mev) 
This work Previous 
116 8 4.97 
117 : 6.98 
118 . 4.56 
119 OS 6.73 
120 AS 3.93 3.00 2.70 
122 3.8: 3.70 2.70 2.46 
124 3.45 ] 2.30 2.16 


Q(d,t) (Mev) 

This work Previous 
3.11 
0.94 
3.15 2.94 
0.35 0.53 





3.40 
0.80 


Q values for the four cases where initial and final 
nuclei are reversed in the two reactions may be calcu- 
lated. Q values for other (d,p) reactions can be deter- 
mined from positions of isotopic impurity peaks on 
plates where (d,p) Q values are known. In one case, a 
check was available from carbon and oxygen impurity 
peaks. 

The Q values obtained are listed in Table XII where 
they are compared with best previously known data.'® 
The error in these determinations is very probably less 
than 0.1 Mev, whereas the uncertainties in previous 


values'* were about 0.3 Mev. 


1% VY. J. Ashby and H. C. Catron, University of California 
Radiation Laboratory Report UCRL-5419 (unpublished) 
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Range of 2- to 60-Kev Recoil Atoms in Cu, Ag, and Auj 
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The ranges of atoms recoiling from photoneutron reactions in Cu, Ag, and Au have been measured 
utilizing foil-sandwich irradiations followed by standard radiochemical detection techniques. Different 
energy spectra of recoil atoms were achieved by varying the bremsstrahlung energy and the angle of emission 
relative to the incident photons. The results have been compared with calculations of Holmes and Leibfried. 
The best fit to the data is achieved by assigning values of the multiplicative parameter of the screening 
radius, a, equal to 1.7 for Cu, 2.0 for Ag, and 3.0 for Au. 


INTRODUCTION 


HE range of atoms recoiling from photoneutron 
(y,n) reactions has been measured by observing 
the fraction of the resultant radioactive atoms which 
recoil out of a target foil into an adjacent catcher foil. 
The preliminary work, which was reported previously,' 
has been extended by irradiating target foils with 
bremsstrahlung spectra of various peak energies between 
11 Mev and 26 Mev. 

A sandwich of foils was constructed in which target 
foils (Cu, Ag, or Au) were inserted between catcher 
foils (Al). The sandwich was irradiated with a brems- 
strahlung spectrum produced by passing the electron 
beam from the General Atomic electron linear acceler- 
ator through a 0.010-in. platinum converter foil. Two 
orientations were used: In one the beam was perpen- 
dicular to the plane of the foils, and in the other it was 
at an angle of 15° to the plane of the foils. 

The gamma rays from the converter foils are absorbed 
in the target foils to produce, among other reactions, 
photoneutron reactions. A compound nucleus in the 
foil receives a momentum from the absorption process 
which equals numerically (in Mev/c) the energy of the 
absorbed gamma ray (in Mev). Experimental evi- 
dence? and evaporation theory* indicate that the 
photoneutrons are emitted isotropically in the center- 
of-mass system. The energy spectrum of the photo- 
neutrons has been measured in some cases and can be 
described by evaporation theory with a small admixture 
of direct-ejection particles. Thereby, the momentum 
distribution of the recoil nucleus is calculable. 

The contribution to the recoil momentum from 
cascade gamma radiation which accompanies neutron 
emission is usually neglected. The principal effect of 
these gamma rays is to broaden slightly an already 
broad momentum distribution. 


+ This work was sponsored by Air Research and Development 
Command, U. S. Air Force. 
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If the recoil atoms were emitted isotropically with a 
unique range R, a simple geometrical argument shows 
that the fraction, f, which recoil out of one surface of a 
foil of thickness ¢ would be 


f=R/4t for t>R. 

In practice, there are two deviations from this simple 
picture: There is an appreciable spectrum of ranges and 
the initial recoil energy is correlated with its direction 
of motion via the momentum imparted by the absorbed 
gamma ray. These problems are discussed in the next 
section. 

The measurement of the fraction of atoms which 
recoil out of the target foils was performed by con- 
ventional radiochemical counting techniques. Since the 
radioactive products of (y,z) reactions in copper and 
silver are positron emitters, the 0.511-Mev annihilation 
radiation was counted. The 0.354- and 0.426-Mev 
gamma rays emitted by 5.6-day Au'® were used to 
determine the foil activity. Beta counting was avoided 
to minimize corrections for self-absorption and back- 
scattering in the sample. 


GAMMA-RAY ABSORPTION 


The electron linear accelerator produces electrons 
which are monoenergetic within 5%. The average 
electron energy was determined by the current in a 
deflecting magnet. 

Gamma rays were produced by passing the electron 
beam through a 0.010-in. platinum converter. The 
bremsstrahlung spectrum was assumed to be a Schiff 
spectrum as evaluated by Penfold and Leiss.‘ The 
experimental energy dependence of the cross section 
for the photoneutron reaction® was used to reduce the 
data. For each bremsstrahlung energy, Eo, the neutrons 
were assumed to be emitted isotropically with a 
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spectrum given by® 
“ d $(Eo,k) 
F(E,)dE,= KE, f dk o4,(k)——— 
ErtEn A 
exp{2[a(k—E.—E,) }'} 
——— _—_—_—__— +b5(k— F,) lak, 
dx x exp{2[a(k—E,—<x) }'} | 


where F(E,,) is the neutron energy distribution function, 
E, is the neutron energy, K is the normalization 
constant, k is the gamma energy, Ey is the peak brems- 
strahlung energy, E; is the gamma energy at the 
photoneutron threshold, o,,(k) is the photoneutron 
cross section, @(£o,k)/k is the bremsstrahlung photon 
spectrum, a is a constant assumed to be a= A/20 (Mev), 
A is the mass number of the product nucleus, and 6 is 
a constant to be specified (assumed values 0.15 for Cu, 
0.10 for Ag, and 0.10 for Au). 

The first term in the brackets represents the evapo- 
ration-neutron spectrum. The second term is the 
contribution from the directly ejected neutrons, leaving 
the residual nucleus in the ground state. This formu- 
lation, with constant 6, assumes the cross section for 
direct ejection is proportional to the total (y,7) cross 
section. Even if this assumption is invalid in the heavier 
nuclei, this term represents only a small correction and 
its magnitude is adjusted to force agreement between 
the theoretical spectrum and measurements. 

To simplify the data reduction, a program has been 
set up for an IBM 704 digital computer to evaluate the 
foregoing distribution for various nuclei and various 
bremsstrahlung energies. This program also evaluates 
the quantities: 


x Eo—E Eo—Et 
E,= dE, F(EnEs | f dE, F(E,), 


E 
J, t 


where E,, is the average photoneutron energy and k is 
the average energy of the gamma rays which produce 
the photoneutron reactions. 

In the experiments, the recoil nuclei are generated 
uniformly throughout the thickness of the target foils, 
but they are not emitted isotropically because of the 
momentum of the absorbed gamma rays. Furthermore, 
the range spectrum is very broad as a result of the large 
variation in the energies of the absorbed gamma rays 
and emitted neutrons. These effects must be considered 
in computing the fraction of the atoms which recoil 
out of the target foils for comparison with experimental 
data. 


In 


) Eo 
dh orn(BO(Eak) / f dh 0 yn(k)b(Eo,k)/k, 
Et 


the Appendix, it is shown that for the absorption 


® G. Cortini et al., Nuovo cimento 14, 54 (1959). 
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of a monoenergetic gamma ray of energy &, followed by 
emission of a monoenergetic neutron of momentum P,, 
the fraction f,, of the atoms recoiling out of a foil of 
thickness ¢ oriented with its outward perpendicular at 
an angle w to the gamma ray is approximately 


fo= (1/40C..R(E 
where, to first order in &/P,,, 


Co,1890°= 14+4(k/Pn), 


1 
Eo, 180°=- [E, t 2k(2E 


Mn)*), 


where E, is the kinetic energy of the neutron, M, is its 
mass, and A is the atomic mass of the recoil nucleus. 

The factor C, is the correction for the increase or 
decrease of solid angle in the center-of-mass system 
corresponding to the laboratory hemisphere. The 
difference between E, and E,/A is the average contri- 
bution of the gamma ray to the recoil energy. 

In the general case, when both the gamma and 
neutron energies are distributed, the recoil fraction 
should be computed by integrating over these distri- 
butions. Within the accuracy of this analysis, it is 
proper to dispense with the integrals over these distri- 
butions and replace & and E,, by their average values, 
k and E,,. For the case in which the gamma momentum 
is neglected, this procedure has been justified by an 
argument presented by Holmes and Leibfried.’ 


EXPERIMENTAL DETAILS 


Foil Preparation 
Because impurities on the surface of the foils could 
affect the measurements, the foils were thoroughly 
cleaned before being assembled into sandwiches. The 
following procedures were carefully followed in cleaning 
the various foils: 


Aluminum Catcher Foils 


The catchers were 1;'g-in. squares of 0.001-in. thick 
aluminum foil (Alcoa 1199-0, 99.98% pure). They were 
cleaned thoroughly with petroleum ether, acetone, and 
detergent and rinsed with conductivity water. Then 
they were dabbed dry with lint-free paper tissues 
(Kay-Pees) and stored in a 
desiccant) until used in the assembly of sandwiches. 


desiccator (silica gel 


Copper Target Foils 
Copper foil, 0.0006 in. thick, was cut into 1-in. 
squares for targets. The foils were cleaned with pe- 
troleum ether and acetone, etched with 3V-HNOs, and 
rinsed with conductivity water. After being dabbed 
dry with Kay-Pees, they were stored in a desiccator 
containing P.2Os. 


7D. K. Holmes and G. Leibfried, J. Appl. 31, 1046 
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Silver Target Foils 


The silver foils were 0.001 in. thick and were cleaned, 
etched, and stored identically as in the copper foil 
treatment. 


Gold Target Foils 


The gold target foils were 1X1X0.0005 in. They 
were cleaned with petroleum ether, acetone, and 
detergent and were thoroughly rinsed with conductivity 
water. They were also stored in a desiccator until ready 
for sandwich assembly. 


Sandwich Assembly 


A typical irradiation sandwich assembly consisted 
the following components: twenty target foils, 
each one between aluminum catchers; twenty 
aluminum foils, prepared exactly as the catcher foils, 
but not placed next to any target foils, to serve as 
background monitors; two copper monitor foils, placed 
on the front and back of the foil sandwich (the 12.8-hr 
Cu® activity in these foils was used to measure the 
integrated gamma exposure of the sandwich); one 
aluminum clamping plate with jg-in. thick center 
section, provided with water cooling around its pe- 
riphery ; and one aluminum clamping plate, ;'g in. thick. 


of 


two 


Accelerator Facility and Irradiation 


Figure 1 illustrates the arrangement of the General 
Atomic electron linear accelerator which was used to 
perform the irradiations. The following procedure was 
used to adjust various magnets and calibrate the output 
energy. 

The accelerator and magnets were tuned at one 
electron energy to deliver a beam of minimum cross- 
sectional area (~} in. diameter) in the center of the 
output window. For any other electron energy the 
steering, deflecting, and focussing magnets were ad- 
justed to a new current which was chosen to be propor- 
tional to the electron’s momentum. The accelerator 
alone was then retuned to deliver the optimum beam 
in the center of the output window. The energy cali- 
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bration was performed by irradiating copper foils with 
bremsstrahlung spectra of various energies from 10 to 
20 Mev. A. plot of square root of the 9.9-min Cu® 
activity of the foils versus the magnet settings was 
constructed.* The energy intercept of the straight line 
fitting the data was assumed to be 10.8 Mev.’ 
The same experiment was repeated with polystyrene 
foils near the 18.7-Mev threshold of the C"(y,n)C™ 
For the sandwich irradiations the 
assumed bremsstrahlung energy was adjusted to take 
account of electron-energy loss in the Pt converter, 
(e,e’n) reactions in the target foils, and bremsstrahlung 
production in the sandwich assembly. 

The irradiation geometry used is illustrated in Fig. 2. 

The irradiations usually lasted 20 min. The average 
bremsstrahlung intensities incident on the sample during 
this period were between 5X10* and 210° R/min. 
After irradiation the sandwiches were disassembled and 
individual components were placed on 3X3X7¢ in. 
aluminum cards and covered with 0.00025-in. Mylar 
foil, which was taped in place. Individual samples for 
counting included all forward catchers, all backward 
catchers, all background monitors, the central target 
foil and the two intensity monitors. 

Counting was performed with a 1}X2 in. NalI(T) 
scintillation crystal, observed by a Dumont 6292 
photomultiplier. To decrease counting background, 
this unit was enclosed in a 4-in. thick steel shield. The 
electronics of a conventional 
single-channel differential pulse-height analyzer, with 
a high-speed scaler and electronic timer. 

The isotopes 9.9-min Cu® and 24-min Ag’ are both 
positron emitters. In these cases, the sample was placed 
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TaB_e I. Copper data. 


Bremsstrahlung Catcher 
energy angle 
Ey (Mev) w (deg) 


11.9 


VAN 


Measured 
range 
4tj (A) 


9543 
7044 
54+5 
3145 


180+7 
94+7 
81+6 
69+5 


254+12 
142+7 
121+6 
101+5 


258+5 
184+5 
162+6 
100+2 


274+10 
194+12 
154+12 
108+6 


270+24 
278428 
142+16 
110+8 


305+20 
250+13 
211+11 
121+8 
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Corrected Calculated 


range 


recoil energy 


4tf/C (A) E (kev) 


60+2 
6143 
64+6 
74412 


125+7 
85+6 
91+7 
12349 


190+9 
130+6 
13347 
15348 


194+4 
169+5 
178+7 
150+3 


209+8 
180+11 
167+13 
156+9 


206+ 18 
258426 
154+17 
159+12 


231+15 
232412 
230+12 
178412 


9.2 
6.7 
4.9 
2.4 


21.9 
16.9 
13.5 

8.5 


between aluminum absorbers on top of the scintillation 
crystal. The detector system was biased to accept 
pulses corresponding to gamma energies between 0.46 


TABLE IT. Silver data. 


Bremsstrahlung Catcher 
energy angle 

Eo (Mev) w (deg) 
11.0 0 
180 


0 
180 


0 
75 
105 
180 


0 
180 


Measured 
range 
4tf (A) 


47+4 
12+1 


85+5 
332 


117+8 
87+4 
6343 
46+3 


103+4 
4343 


132+3 
49+3 


124+4 
5142 


129+4 
8343 
70+2 
55+2 








Corrected 
range 


4tf/C (A) 


101+2 
71+4 


95+3 
74+3 


99+3 
7743 
7642 


Calculated 
recoil energy 


E (kev) 
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and 0.56 Mev. Therefore, the radiation detected was 
predominately the 0.511-Mev gamma rays from the 
annihilation of the positrons. The positrons emitted 
by Cu® are very energetic—up to 2.9 Mev. Since the 
individual samples were of slightly different thick- 
nesses, counting errors were reduced by placing the 
samples between } in. of aluminum (which was on top 
of the crystal) and $ in. of aluminum. In all cases, more 
than 99% of the positrons were annihilated in this 
counting geometry and none penetrated into the Nal 
crystal. 

The product of the (y,) reaction in gold is 5.6-day 
Au'®, The gamma rays following weak negatron or 
electron capture decay have energies of 0.354 and 
0.426 Mev. Therefore, gamma-ray pulses between 0.30 
and 0.50 Mev were counted in the scintillation spec- 
trometer. 


TABLE III. Gold data. 





Calculated 
recoil energy 
E (kev) 
10.7, 

6.1 


Corrected 
range 


4tf/C (A) 


24+2 
16+1 


Measured 
range 
4tf (A) 


3142 
1241 


Bremsstrahlung Catcher 
energy angle 
Eo (Mev) w (deg) 
13.1 ie 
180 


30+2 
3143 
25+2 
13+1 


12. 
10.! 
( 


16.5 


342 
9+3 
7 


He He Hr Ee 
mh 


3842 
16+1 


- ND 


42+2 
17+1 


4443 
19+1 
3342 
23+2 
19+1 
13+1 


Various check experiments have been performed. It 
has been established that less than 0.5% of the Cu®, 
less than 1.6% of the Ag, and less than 2.4% of 
the Au" atoms incident on the aluminum catchers are 
reflected. Furthermore, by neutron activation analysis 
of the catchers, it has been shown that less than 0.3% 
of the activity on the catchers could be ascribed to 
material which may have rubbed off the target onto 
the catchers. It was further established by irradiating 
sandwiches in vacuum that the presence of small 
amounts of air between the target and catcher foils 
has no effect on the range measurement, which were 
normally performed on tightly clamped sandwiches in 
normal atmosphere. 


EXPERIMENTAL RESULTS 


Tables I, II, and III summarize the results of the 
range measurements on copper, silver, and gold, 
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400 
11.9 MEV 
14.0 MEV 
16.9 MEV 
17.5 MEV 
20.8 MEV 
22.5 MEV 
26.0 MEV 


THEORY 


Fic. 3. Copper data. 


CORRECTED RANGE (A) 








| 
40 
E (KEV) 





respectively. The calculated average recoil energy, FE, magnitude are as follows: 1. Thickness of target foils 
shown in the last columns of these tables is derived derived from their weight and area: +1%. 2. Possible 
from the average neutron energy, E,, and the average reflection of recoil atoms from catcher foils: <0.5% 
absorbed-gamma energy, k, and corresponds to the 
average recoil energy in the particular direction. The 
measured range values have been divided by the factor WLoMEV A 236 MEV 
C. to calculate the corrected range values. The second- 131 MEV © 258 Mev 
order terms proportional to (k/P,)? have been neg- 
lected. At angles other than w=0°, 90°, and 180° the 
calculation of the C, and E, has not been performed, 
but an interpolation was used assuming the correction 
terms to be proportional to cosw. This interpolation 
has the proper value for the calculated angles and is 
sufficiently accurate compared to the other assumptions 
which have been made. 

The range-energy data which result from these 
experiments have been plotted in Figs. 3-5 for copper, 
silver, and gold, respectively. 

The errors which have been indicated in Tables 
I-III represent one standard deviation of the counting 
statistics only. In most cases, the counting statistics | L 
are the most important source of error. Other possible a nee ae 
sources of error in the recoil fraction and their estimated Fic. 4. Silver data. 
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+ 13.1MEV 
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Fic. 5. Gold data. 
© 17.0 MEV 
O 19.5 MEV 
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O 24.2 MEV 
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for Cu, <1.6% for Ag, and <2.4% for Au. 3. Transport 
of part of target foil onto catcher foil: <0.3%. 4. 
Correction for relative counting geometry, including 
absorption and backscattering, between target and 
catcher foils: +4%. 

Therefore, the errors in the results are limited by 
counting statistics down to a lower limit of about 4%. 

The errors in the average recoil energy are much 
greater than this value. Errors in the average recoil 
energy due to various causes are estimated as follows: 
1. Calibration of accelerator energy: +3%. 2. Calcu- 
lation of neutron energy spectrum: +15%. 3. Energy 
loss of electron beam in converter foil: +4%. 4. 
Approximations in formula for deriving average recoil 
energy : +10%. 


DISCUSSION 


Holmes and Leibfried’? have deduced a theoretical 
range-energy relation for recoil atoms moving in a 
lattice of the same atoms based on an assumed screened 
Coulomb potential 


V (r) = (Ze?/r) exp(—r/a), 


where r is the internuclear distance, Z is the atomic 
number of the atom, e¢ is the electronic charge, and a is 
a screening radius. Bohr® suggested that a should have 
the value, 

@Bohr= 4, (v2Z3), 
where do is the Bohr radius of the hydrogen atom, but 
in the analysis of Holmes and Leibfried it was left as 


9N. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
18, No. 8 (1948). 


an adjustable parameter in the form 
d= AdRohr- 


In analyzing the data of Schmitt and Sharp! for copper 
at 22 Mev, Holmes and Leibfried concluded that the 
best fit was achieved by assuming a=2. In Figs. 4-6 
their theory has been used to draw theoretical curves 
corresponding to a= 1.5, 2, and 3. 

These data indicate that the best fit value of a 
increases from approximately 1.7 in Cu, to 2.0 in Ag, 
to 3.0 in Au. 
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APPENDIX. CALCULATION OF RECOIL FRACTION 


Assume a gamma ray of energy k to be absorbed by 
a nucleus of mass A4+1, and a neutron to be emitted 
with momentum P,, and angle (7—@) with the incident 
gamma in the center-of-mass system.'® At the energies 
involved, nonrelativistic mechanics can be used for the 
nucleus and the neutron. The gamma ray is incident 
in the Z direction. The momentum of the recoiling 
nucleus in the laboratory system, P, is 


Pz=P, cos6+k, 
P,=P, sind, 


P=(P,2+2P,k cos0+k?)'= P,,+k cosd+ 


Re 
— sin’é, 
2Pn 


10 Units are chosen so that the velocity of light is unity. 
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where the last equation assumes that terms higher than 
second order in k/P,, can be neglected. Within the same 
approximation, the direction of motion of the recoil 
atom in the laboratory system is determined by 


cos0; = (P, cosd-+-k)/P 
k 3 Rk 
= cosé-+—— sin’?@— — —— sin’6 cos@. 
> > 2 


n n 
This equation can be inverted: 


k 1 FR 
cos@ =~ cos@#;,— —— sin’?@,— ——— sin’@, cos@_. 
P. 2P3 
Assume that the range at any momentum can be 
described adequately by a first-order Taylor expansion 
about P,: 


dR 
R(P)=Ro(P.)+|—| (P—P,). 
Pp=Ppn 


( 


Also assume that on the average a recoil atom will 
escape from a foil if its range is greater than the distance 
to the surface along its initial direction of motion. At 
the lower starting energies this assumption may not be 
valid because the atom may lose knowledge of its 
original direction of motion and approach the surface 
by diffusion. 

Using the foregoing assumptions, the fraction of the 
recoil atoms which escape from a foil of thickness, /, 
in the forward direction (0°) through a surface perpen- 
dicular to the gamma-ray beam is 


1 
fo = -g dQ RUP(6:) | cos6,, 
Art lab hemisphere 


where dQ. is the element of solid angle in the center-of- 
mass system. 


1 
for — f 
d 7 


ys p=0 


1 
( 


dR : 
+P,- {nu—3n?(1—Sy*) ’ 
dP J 


where n=cos6, and n=k/P,. Integrating, we have 


Ro P, dR 
fo=—(1+$n+in) ++— —(n+ir’). 
41 4t dl 
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For the backward direction, fig’, it is necessary only 
to reverse the sign of n. 

If the foil is parallel to the gamma beam, the polar 
angles describing orientation relative to the normal to 
the foil (6’,6’) are related to 6, by the equation 


cos6, = sind’ cos¢’, 
and integration over a hemisphere 0<6’<-2/2 yields 


Ro P, dR 
—(1—1?/8)-+— —+. 
4t 32t dP 


Soo = 


The form of these answers can be changed for 
convenience in analyzing experimental data: 


fo= (1/4I)C.R(P.), 


where C, is a multiplicative constant and the range R 
is evaluated at the corrected momentum P,,. Comparing 
with the foregoing equations: 


Corso"= 1 $n td, 
Po 180 


Coo = 1—}7’, 
Po = P,(1+$n’), 


where the upper sign refers to the 0° angle. Within the 
same approximation the kinetic energy E,, corre- 
sponding to P,, can be calculated. 


1 2En\! 2 
AL M,/ 12M, 


1 1 RP 
Ego°= & - | 
A 8 M,, 


= P,[1+3n— (5/36)n? |, 


where £, and M, are neutron kinetic energy and mass, 
respec tively. 

The assumption that the atom’s range is measured 
along its initial direction of motion can be changed to 
the opposite extreme; namely, the initial direction of 
motion is immaterial. In other words, no matter which 
direction the recoil atom moves initially, it is equally 
likely to come to rest in any direction at a distance 
determined only by its initial energy. In this case, the 
effect o: the extra momentum imparted by the gamma 
ray is to broaden the range distribution in all directions, 
but it does not introduce any angular asymmetry. The 
average range should still be equal to Ro( P,). However, 
it has been shown that the experimental data are 
inconsistent with this assumption. It is possible that a 
tendency toward isotropy at low recoil energies can be 
explained by severe scattering of the recoil atom. 
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The lifetimes of Coulomb-excited states in Ti*?, Mn®*, Fe®’, Zn®’, Ge’, Se?’7, and Mo” have been measured 
by a pulsed-beam technique. The observed mean lifetimes were between 0.1 and 12.7 mysec. By combining 
these data with the measured Coulomb-excitation cross sections, we obtained the partial mean life for 
magnetic-dipole radiation and the ratio (£2/M1) for these transitions. The partial 1 lifetimes are 20 to 


200 times as long as the single-particle estimates. 





I. INTRODUCTION 


N this paper we describe the measurement! of the 

lifetime of levels that can be reached by Coulomb 
excitation in odd-mass nuclei. From these measure- 
ments we can obtain the ratio of electric-quadrupole 
to magnetic-dipole radiation in the decay of the state 
as well as the partial transition rates for electric- 
quadrupole and magnetic-dipole radiation. 

For these excited states in odd-mass nuclei, a spin 
difference of two between excited state and ground 
state allows only quadrupole or higher order radiation. 
For these transitions only the electric-quadrupole 
transition is important and the observed lifetime 
(allowing for internal conversion) should be equal to 
the £2 lifetime deduced from the Coulomb-excitation 
cross section. In many cases, however, in odd-mass 
nuclei the spin of the excited state differs from that of 
the ground state by one or zero. Here, both electric- 
quadrupole (£2) and magnetic-dipole (4/1) radiation 
are allowed. The observed decay constant of these 
states may be written as 


\(obs) =A (£2) (1+a2)+A(M1) (1+ 8,), (1) 


where \(£2) and A(M1) are the partial decay rates for 
electric-quadrupole and magnetic-dipole radiation and 
a2 and 6; are the corresponding internal-conversion 
coefficients. Usually only \(£2)(1+ar), where ar is 
the total internal-conversion coefficient, is known from 
the cross section for Coulomb excitation since the 
internal-conversion coefficient has not been measured. 
By using the relation 


a2\(E2)+8,\(M1) 


\(E2)+d(M1) 


and the measured quantities \(obs) and (1+ar)A(E£2) 
together with theoretical values? for a, and 8, we have 
three independent equations with three unknowns. The 
solution of these equations gives \(£2), \(M1), and ar 

* This work was performed under the auspices of the U. S. 
Atcmic Energy Commission. 

1 Preliminary reports of this work have been given by F. J. 
Lynch and R. E. Holland, Bull. Am. Phys. Soc. 3, 380 (1958); 
R. E. Holland and F. J. Lynch, Bull. Am. Phys. Soc. 4, 232 (1959). 

2R. E. Rose, Internal Conversion Coefficients (North-Holland 
Publishing Company, Amsterdam, 1958). 


as well as the ratio \(/2)/A(M1)=(E2/M1). The latter 
quantity may be compared to the values obtained by 
measuring the internal-conversion coefficients or by 
measuring the angular correlation. In one case only 
E2 radiation was allowed and here we could compare 
our results directly with that obtained from the meas- 
ured cross section for Coulomb excitation. 

The procedure used in these experiments was the 
following. In each case a gamma ray from a state with 
very short lifetime was observed alternately with the 
gamma ray from the state whose lifetime was to be 
measured. The data from the short-lived state gave the 
time resolution of the system. These two sets of data 
were then analyzed to obtain the lifetime of the un- 
known state. Sources of systematic error were investi- 
gated in some detail. A description of the method of 
measurement, an analysis of the data, a discussion of 
the sources of systematic error, and the results follow. 


Il. EQUIPMENT 


These measurements were made with an externally 
pulsed beam of singly-ionized He‘ ions from the 4-Mev 
electrostatic accelerator at Argonne National Labo- 
ratory.* Pulses were produced by passing the beam 
between two plates which were part of a resonant 
circuit driven in most cases at 7.5 Mc/sec. The beam 
pulses produced had a width of 0.7 musec as determined 
from the reduction in average target current when the 
deflecting voltage was applied. The average current at 
the target after pulsing could be as large as 0.3 wa, but 
it was usually less than this in order to reduce electronic 
effects which occurred when the counting rate was high. 

The detector consisted of a NalI(TI) scintillator, 
usually } in. thick and 1 in. in diameter, connected by 
a Lucite light pipe ? in. long to an RCA-7251 photo- 
multiplier tube. Some data were also taken with 
scintillators } in. thick and 3 in. thick, both with and 
without a light pipe. We monitored the anode current 
of the photomultiplier and kept the anode current 
below 0.2 ua to limit fatigue effects in the photomulti- 
plier tube. The output of the phototube was amplified 
by two Hewlett Packard 460A distributed amplifiers 

* Additional experimental details are given in previous papers: 
R. E. Holland and F. J. Lynch, Phys. Rev. 113, 903 (1959); F. J. 
Lynch and R. E. Holland, Phys. Rev. 114, 825 (1959); R. E. 
Holland, F’. J. Lynch, and S. S. Hanna, Phys. Rev. 112, 903 (1958). 
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before being presented to the trigger circuit of a time- 
to-pulse-height converter. The triggering level of this 
circuit corresponded to 3 photoelectrons in most cases. 
A parallel slow amplifier and single-channel analyzer 
were used to gate the 256-channel analyzer which 
stored the pulses from the time-to-pulse-height con- 
verter. The 256-channel analyzer was used as two 
128-channel analyzers and pulses from the time-to- 
pulse-height converter were stored in one or the other 
depending on which of two targets was under obser- 
vation. Targets and storage were changed automatically 
upon a signal from a beam-current integrator set to 
accept a fixed amount of beam charge. This procedure 
gave a first-order cancellation of drift in the electronic 
equipment. Both the target assembly and the detector 
were enclosed in a lead box 18 in.X15 in.X 24 in. and 
with walls 3 in. thick. The interior of the box was lined 
with iron plate } in. thick which acted as a filter for the 
75-kev K x rays produced in the lead by the absorption 
of higher energy gamma rays. The shield was effective 
in reducing the background of low-energy x rays pro- 
duced by the accelerator. 

In this work it was essential to obtain a “prompt” 
time spectrum, corresponding to a short-lived state, by 
bombarding a target under conditions identical to those 
used to obtain the time spectrum of the state under 
investigation. This prompt time spectrum then gave 
the time resolution of the system. If possible, the energy 
of the prompt gamma ray should be close to the energy 
of the state whose lifetime is to be measured. In the 
region below 80 kev, one may use x rays as comparison 
sources. For higher energies, no targets are available to 
supply gamma rays that have arbitrary energy and are 
known to come from a state with very short lifetime 
(less than 10-" sec). In the latter case we have used the 
Compton pulses from the 480-kev gamma ray from the 
first excited state of Li’ (mean life 7.7X10-™" sec), 
which is easily excited by a-particle bombardment of a 
thin Li target. Except for the lithium targets, the targets 
used in this work were thick and of normal isotopic 
composition. Two targets were mounted in an assembly 
which allows either to be placed in the beam. 

Calibration of the time-to-pulse-height converter was 
made in the following manner. The full time spectrum 
from the converter was recorded with a prompt target. 
The time between gamma-ray peaks of this double 
display of the time spectrum is very close to half the 
period of the rf deflecting voltage. By delaying the 
signal from the detector, the peaks could be reversed 
and the other half of the rf cycle measured. The cali- 
bration was taken from the average of these two 
measurements. Deviation of the measurements from 
the mean was less than 2%. Over a period of two weeks, 
the calibration was checked daily and remained within 
1% of the mean. 


4F. Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. 11, 1 
(1959). 
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A series of measurements consisted of (1) observing 
the pulse-height spectrum of the Nal scintillation 
counter and setting the window of the single-channel 
analyzer to correspond to a particular photopeak ; and 
(2) recording a pair of time spectra (one from the 
“unknown” target and one from the prompt target) 
in the two halves of the 256-channel analyzer. The 
targets were alternated after accumulation of a definite 
amount of charge from the beam (which required 
approximately 1 min). 

Backgrounds were determined from the counting 
rate in channels far from the peak in the time spectrum. 
In a typical case the background was one count per 
channel compared to 500 counts per channel at the 
peak of the time spectrum. After subtraction of back- 
ground, the data were analyzed according to the pro- 
cedures described in Sec. ITT. 


III. ANALYSIS OF DATA 


Analysis of the data from this experiment was based 
on the equation® which describes the folding of the 
prompt curve (giving the over-all time resolution) with 
the decay function f(¢), namely, 


x 


d,(i)= f f)P(t—t)dt. 


0 


Here d;(/) is the curve to be expected for a state 
decaying according to f(t), and P(t) is the prompt 
curve. We have used the methods of analysis described 
below, one of which is new. 

One well-known method obtains the mean life from 
the centroids of the prompt and unknown time spectra. 
If one knows that the delayed time spectrum is due to a 
simple decay of the form e~™, it has been shown? that 


1 M,(D) M,(P) 


\ M)(D) M,(P) 


? 


M.(P), and M,(P) are the zeroth and first 
moments of the measured prompt time spectra and 
M,(D) and M,(D) are the corresponding moments for 
the measured delayed time spectra. Similar expressions 
can be developed for higher moments and we have 
relations involving moments as high as the fifth for 
computations of this sort. The presence of unsuspected 
components of other lifetimes makes itself felt in these 
computations by a deviation in the computed value of 
7 as higher moments are used, since they weight the 
tail of the time spectrum more heavily. 

Monahan® has developed a second method based on 
the method of least squares. By use of Eq. (2), the 
delayed spectra for an arbitrary mean life r may be 
calculated from the prompt spectra; and by using an 
iterative procedure one may then search for that value 


where 


5 Z. Bay, Phys. Rev. 77, 419 (1950). 
6 J. E. Monahan (unpublished), 
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of rt which minimizes 
| D(j)—d(j) |? 
0= 
i [o(i)? 
where D(j) is the measured count in channel j of the 
delayed spectrum, d(j) is the corresponding quantity 
for the spectrum calculated from the observed prompt 
spectrum P(j) according to Eq. (2), and o(j7) is a 
statistical weight based on D(7) and P(j). The calcu- 
lated values of d(j) which minimize Q are plotted in the 
figures in Sec. IV of this paper. From this analysis one 
obtains values of x? and of an error to be associated 
with the 7 which best fits the data. This computed error 
in rt is smaller than that derived from the centroid 
computations; it does not reflect strongly errors due to 
the presence of other gamma rays or other systematic 
effects. Such systematic errors, however, do make 
themselves felt as nonrandom variations between the 
computed and observed spectra d(7) and D(j). In some 
cases (see discussion of Zn® in Sec. IV), the behavior 
of the variations between D(j) and d(7) was investi- 
gated in some detail. The frequency distribution of the 
quantity [D(j)—d(j) ]/E(j), where E(j) is the ex- 
pected error in [D(j)—d(j)], was a Gaussian curve. 
In general the values of x? were larger than the expected 
mean values but less than the expected value for a 1% 
chance of occurrence, even for cases where some system- 
atic errors were known to be present. 
In applying Eq. (2) or relations derived from it, one 
is not always allowed to simply replace the integral by 
a summation over channels. This procedure was satis- 


AND F. 


J. LYNCH 


factory for the moment computations but in applying 

the least-squares fitting procedure, Eq. (2) was replaced 
é A 2 J 

D PlkeM*-A, 


k=] 


when f(/)=Ae™. 

A simple least-squares fit of an exponential function 
to the tail of the delayed time spectrum was used in 
those cases in which the ratio of lifetime to resolution 
time was large enough. Although the statistical ac- 
curacy was usually low for our data, this method was 
not subject to some of the difficulties involved in those 
described in the following section. 


IV. RESULTS 


Table I summarizes the data for the nuclei which we 
have studied. The columns give the isotope, the ex- 
citation energy of the state, the spin of the ground 
state, the reduced (upward) transition rate B(£2) from 
the cross section for Coulomb excitation from other 
experiments, the partial mean life for a downward £2 
transition as deduced’ from B(/2), the experimental 
mean life, the £2 conversion coefficient, the M1 con- 
version coefficient, the partial M1 mean life, the ratio 
7(M1)/r(E2), and a calculated value for the mean 
life. The meaning of this calculation is described in 
detail in the discussion of individual cases below. 

The spins of the ground states and excited states 
must be known in order to obtain 7(#2) from B(E2). 


TABLE I. Summary of results of lifetime measurements. Listed are the isotope, energy of excitation of the level, spin and parity of 
ground state, spin and parity of excited state, reduced transition probability (uncorrected for internal conversion) taken from the work 
of others, the observed mean life, partial mean lives for E2 and M1 decay, the conversion coefficients used in the calculations, the ratio 
\(£2)/A(M1), and the mean life (for Fe®”) calculated from other data. 
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® See reference 8. 

b See reference 9. 

© These reduced transition probabilities have been corrected for internal conversion. 

4 Nuclear Data Sheets (National Academy of Sciences, National Research Council, Washington, D. C., 1959). 
¢ See reference 14. 


"1K, Alder, A. Bohr, T. Hus, B. Mottelson, and A. Winther, Revs. Modern Phys. 28, 432 (1956). 
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CHANNEL NUMBER 
Fic. 1. Time spectra from Mn target showing the prompt curve 


(open circles), delayed curve (closed circles), and the least-squares 
fit to the delayed curve. One channel is equivalent to 0.50 musec. 





When direct evidence on the spin of the excited state 
was not available, we used the value given in paren- 
theses. For B(E£2), we took the published value which 
seemed most reliable. Conversion coefficients for these 
transitions are small and were obtained by interpolation 
in Rose’s tables.? 


(1) Titanium-47 


A 0.010-in. foil of normal titanium bombarded with 
a particles showed very clearly the 160-kev gamma ray® 


associated with the first excited state of Ti‘’. The 


Compton spectrum due to higher energy gamma rays 
from Coulomb excitation of states in the even titanium 
isotopes was not large, and no corrections were made 
for it. Since only the 160-kev gamma ray was present, 
time spectra were also taken with a plastic phosphor. 
These were in agreement with the NaI data. The 


average of all measurements was a mean life of 
0.32+0.10 mysec. Using Eq. (1), we have caiculated 
the partial M1 mean life, r(./1)=0.326 mysec, and the 
ratio of £2 to M1 transitions, E2/M1=0.013. 


(2) Manganese-55 


A chip of manganese metal, when bombarded with 
a particles, emitted the 128-kev gamma ray® associated 
with the first excited state of Mn*®. Compton events 
from higher energy gamma rays due to reactions or 


’G. M. Temmer and N. P. Heydenburg, Phys. Rev. 104, 967 
(1956). 
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impurities were not numerous and were neglected. 
Again data with a plastic phosphor agreed with the data 
from NaI. Data obtained with a NaI detector are 
shown in Fig. 1. The average of several measurements 
gave a mean life of 0.34-+0.10 musec. 


(3) Iron-57 


A 0.010-in. iron foil, when bombarded with a particles, 
showed the 122-kev gamma ray associated with the 
second excited state of Fe®’ at 136 kev. The data for 
this gamma ray were taken with rf deflector frequencies 
of 2.0 Mc/sec and 3.5 Mc/sec. Since the lifetime is so 
long, the usual alternation of targets was not used but 
a short run was taken after the iron data with a Ta 
target to show the position of the prompt peak. Analysis 
was made by a least-squares fit to the tail of the time 
spectrum, although all methods described in Sec. II 
gave results within the assigned error. The time spectra 
are given in Fig. 2. The average of all measurements of 
the mean life was 12.7++0.5 musec. 

We can also calculate the lifetime of this state from 
the Coulomb excitation cross section and the branching 
ratio of the 122-kev and 136-kev transitions, if we 
assume that the 136-kev transition is pure £2. The 
observed transition rate should be given by 


(obs) = Aj22(1+ e122) +A136(1+ aise). (3) 


Ferguson, Grace, and Newton’ obtained the branching 
ratio 





COUNTS 
3 











CHANNEL NUMBER 


Fic. 2. Time spectra from Fe target showing the prompt curve 
(closed circles), delayed curve (open circles), and the least-squares 
fit to the tail of the delayed curve. One channel is equivalent to 
1.00 musec. 

A. T. G. Ferguson, M. A. Grace, and J. O. Newton, Nuclear 
Phys. 17, 9. (1960). 
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Fic. 3. (a) Time spectrum obtained with a Zn target showing 
the prompt curve (closed circles), delayed curve (open circles), 
and least-squares fit to the delayed curve. One channel is equi- 
valent to 0.262 mysec. (b) The difference between the calculated 
curve and experimental points of (a) divided by the expected 
error, plotted as function of time. (c) A frequency curve of the 
errors of (b) plotted against the error. The Gaussian curve which 
should be expected is also shown. 


and reduced upward transition rate 
B(E2)= (0.043+0.005) X 10~* cm‘. 


We obtained internal conversion coefficients by inter- 
polation in Rose’s tables’: 


122=0.028 and 0.152. 


1136 
When we insert these values in Eq. (3), we find 
\(obs) = 12.0+1.4, 


in good agreement with our value of 12.7+0.5 and the 
value 12.5+0.5 obtained by Ferguson ef al! 


(4) Zinc-67 


When a thin plate machined from reagent grade zinc 
was bombarded with 3.3-Mev a particles, it showed the 
184-kev gamma ray as well as an indication of the two 
gamma rays at 90 kev. Figure 3(a) gives results of a 
measurement and shows in addition the time spectrum 
of the prompt gamma ray from a lithium target. The 
solid curve is the best least-squares fit calculated ac- 
cording to Sec. III. The difference between the experi- 
mental points D(j) and the calculated line d(7) divided 
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by the statistical error expected from the number of 
counts is given in Fig. 3(b). No systematic behavior is 
seen. Figure 3(c) shows a histogram of the distribution 
of errors, which should be a Gaussian curve, and, for 
comparison, the expected Gaussian curve. The value 
of x? for this set of data is 44 compared to the expected 
value of 61. In general, the values of x? are higher than 
the expected value but seldom above the 2% 
tation. 

The calculation of partial transition rates is compli- 
cated for this case by the two modes of decay (either 
91-kev or 184-kev radiation). The observed transition 
rate can be written as 


expec- 


\(obs) =Arsal 1+ \ 184) +Agil_1 +ayz (91) l, 4) 


where Agi and Aj are partial transition rates for 
emission of a gamma ray of the corresponding energy. 
We know from the relative numbers of gamma rays 
emitted by this state that 


Ais4 Noi = 53.0, 


where we have averaged measurements by Meyerhof 
et al.,° Ketelle et al.," and Rietjens e/ al."* By using the 
measured value a7(91)=0.074 and Eq. (5) in an 
iterative procedure, we can find the partial rates \(M1) 
and A(£2) for the 184-kev gamma ray. The corre- 
sponding partial mean lives for the 184-kev transition 
are given in Table I. 


(5) Germanium-73 


A chip of metallic germanium was bombarded with 
a particles. It showed the strong gamma ray at 68 kev 
first observed by Temmer and Heydenburg.* By using 
the lead x ray as the prompt gamma ray, we obtained 
a mean life of 2.33--0.20 musec. 


(6) Selenium-77 


Gamma rays of 246 and 457 kev were observed as 
well as some unresolved lines of lower energy from a 
target of pressed Se powder. The photopeak at 246 kev 
showed a small shift of centroid corresponding to a 
mean life of 0.10++0.05 musec. 


(7) Molybdenum-95 


A 0.010-in. foil of molybdenum showed the 204-kev 
gamma ray from Mo” as well as some Compton events 
from higher energy gamma rays. We obtained a mean 
life of 1.034+0.1 mysec. A previous measurement on 
Mo*® has been given by Quidort’® as 1.10 mausec. 


10 W. E. Meyerhof, L. G. Mann, and I. H. West, Jr., Phys. Rev. 
92, 758 (1953). 

11 B. H. Ketelle, A. R. Brosi, and F. M. Porter, Phys. Rev. 90, 
567 (1953). 

2 L. H. Th. Rietjens and H. J. Van den Bold, Physica 21, 701 
(1955). 

13 J. Quidort, Compt. rend. 246, 2119 (1958). 
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McGowan and Stelson" also obtained a mean lifetime 
of 1.10 musec from angular distribution measurements. 


(8) Tantalum-181 


Measurements were also made with a tantalum 
target to check on the reliability of our procedures. 
The level at 137 kev is known to have a mean life of 
0.06 mysec from the work of Blaugrund, Dar, and 
Goldring.'® The mean life of 0.04 musec obtained by 
us as an average of 50 measurements taken at various 
times indicates the average of the systematic errors is 
very small. The sources of these errors are discussed in 
Sec. V. 


V. SOURCES OF ERROR 


The statistical accuracy of these measurements is 
usually good enough so that the main sources of error 
were due to a number of systematic effects. The origins 
and magnitudes of these errors as well as methods of 
reducing them are discussed below and summarized in 
Table II. In this table, column one gives the source of 
error; column two, the largest correction applied to 
any of the centroid shift calculations from this source ; 
column three, the estimated error in the measurement 
corrected according to column two. Several of the 
errors (c, g, and h) become less serious as the energy 
of the gamma ray approaches that of the prompt 
gamma ray. The errors assigned to the measurements 
are standard deviations and are based both on internal 
consistency and on our estimate of the systematic 
errors. Since the latter vary considerably depending 
on the energy of the gamma ray and the complexity 
of the gamma-ray spectrum, the assigned errors show 
considerable variation. 


(a) Electronic Equipment 


Effects in the electronic equipment may alter both 
the shape and the displacement of the time spectra 
(centroid shift). Since the electronic equipment is ac 
coupled, bias changes occur in amplifiers and trigger 
circuits at high counting rates and these changes lead to 
a spurious centroid shift. Mean lives reported in this 
paper were measured with several values of beam 
current, the usual current leading to a spurious shift 
of less than 0.03 musec. 


(b) Effective Window Position 


The distribution of pulses in the slow-channel 
“window” may not be the same for the two targets. 
Such a difference in the effective window positions for 
the two targets can lead to a 0.2 musec error in the 
centroid calculation for a slow-channel window width 


4F,. K. McGowan and P. H. Stelson, Phys. Rev. 109, 901 
(1958). 

16 A. E. Blaugrund, Y. Dar, and G. Goldring, Phys. Rev. 120, 
1328 (1960). 
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TABLE II. Sources of error. A more complete discussion of each 
source of error is given in the text. The first column gives the 
source of error; the second, the correction applied to centroid 
calculation; the third, the estimated error in the corrected data 
from this source. 


Typical 
estimated error 


Typical 
Source of error correction 


“0.03 mysec 
0.03 myusec 
0.03 myusec 

= 


(a) Electronic 
(b) Window position 

(c) Scattering 

(d) Complex spectra 

(e) Calibration, etc. 

(f) Target position 

(zg) Nonuniform scintillation 
(h) Gerenkov radiation 


0.1 mysec 
0.04 myusec 
10% 


2% 
2% 


<0.01 mysec 
0.05 mysec 
<0.02 mysec 


of 15%. We have corrected for this error in one of two 
ways. In the first method, a lifetime measurement was 
made with a series of windows of different size to make 
sure that at the smallest window the effect was neg- 
ligible. In the second method, we recorded the distri- 
bution of pulses in the slow-channel window. The center 
of gravity of these distributions gives the effective 
window level. Then by using an experimentally deter- 
mined curve of centroid position vs window level, we 
computed a correction to the centroid difference. The 
methods gave results in good agreement. The data 
shown in the figures were taken with a window small 
enough so that this effect was less than 0.03 muysec. 


(c) Scattering 


When the prompt and unknown gamma rays differ 
sufficiently in energy, then the higher energy one can 
be scattered and still have sufficient energy to fall in 
the single-channel window. The largest part of such 
events in our arrangement come from the shield box 
installed to reduce the x-ray background from the 
accelerator. These events are delayed a few millimicro- 
seconds and are numerous enough to shift the centroid 
0.2 musec when the distance from target to detector is 
13 in. and one is comparing a 160-kev gamma ray to 
the 480-kev prompt gamma ray. For window levels 
below 100 kev, multiple scattering in the box becomes 
important and the effect becomes much more pro- 
nounced. This error was minimized by taking data 
with the detector at the closest practicable distance 
(+ in.) from the target and then estimating the effect 
by repeating the measurement at 1 in. The resulting 
correction was less than 0.04 musec. This procedure is 
not effective in estimating the effect of gamma rays 
scattered from the target holder. However, data taken 
with various target holders of various masses showed 
no effect larger than the statistical accuracy of 0.03 
mysec, 


(d) Complex Gamma-Ray Spectra 


When more than one gamma ray is emitted by the 
target, it is not possible with a Nal detector to select 
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events due to only one of the gamma rays, except for 
the one of highest energy. However, the number of 
unwanted events could be estimated from the pulse- 
height spectrum. If they were prompt, they were sub- 
tracted before the least-squares fitting was performed. 
In some cases, uncertainty as to the lifetime and number 
has forced us to increase the error assigned to our 
measurement. 


(e) Calibration of the Time Scale 


The time-to-pulse-height converter was calibrated 
daily in terms of the rf period of the deflector, as 
described in Sec. II. Variation in converter calibration 
leads us to assign an upper limit of 1% to errors from 
this source. The error due to nonlinearity of the con- 
verter is taken as 2%. 


(f) Effective Position and Uniformity 
of Targets 


The target position (the point at which the beam 
impinges on the target) was constant to 0.005 in. so 
that the errors from this source were less than 0.01 
mysec. A nonuniform target could also easily lead to 
large errors. Although we had no reason to suspect such 
a nonuniformity in either the solid targets or the 
evaporated targets, this effect was checked both by 
inverting one target and by using the other peak in 
the time spectrum, where the order of sweeping is 
inverted. In all cases, no difference larger than the 
statistical error was observed. 


(g) Effects in Scintillator and Phototube 


Gamma rays of different energy are absorbed at 
different rates in the scintillator. Thus a variation in 
scintillator efficiency, or in the manner in which the 
photocathode was illuminated, could lead to a system- 
atic error. Such an effect is difficult to calculate or to 
measure. We have observed a small effect which depends 
on scintillator size and a larger effect which depended 
on the orientation of a particular scintillator with 
respect to the phototube. There was a repeatable and 
consistent difference in position of the centroid of 0.05 
mysec depending on orientation of the scintillator 
relative to the photocathode when comparing the 
tantalum 137-kev gamma ray with the 480-kev gamma 
ray from Li. 


(h) Cerenkov Radiation 


An effect due to Cerenkov radiation in the scintillator 
should be expected when comparing gamma rays of 
different energy. This arises in the following manner. 
We compare the time spectra of a portion of the 
Compton pulses from the higher energy (prompt) 
gamma ray with pulses in the photopeak of the lower 
energy gamma ray. All pulses which are above the 
threshold for the Cerenkov effect (108 kev in Nal) 
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will have some Cerenkov radiation (which is very fast) 
associated with them. However, some of the pulses in 
the Compton spectrum will have more than the normal 
amount of Cerenkov radiation because they are due to 
higher energy electrons which escaped from the scin- 
tillator. For these events, the fast circuit will “see” a 
higher number of electrons from the photocathode and 
will therefore trigger earlier than it would on a ‘‘normal”’ 
pulse. This in turn leads to an anomalous number of 
early pulses in the prompt time spectrum. This effect 
would be particularly 
computations. 


annoying in centroid 


We have observed such an effect, highly exaggerated, 
when comparing a 1600-kev prompt gamma ray with 
a 450-kev one. As one would expect, the fraction of 
early pulses was strongly dependent on the size of the 
scintillator. A computation, which involved several 
simplifying assumptions, gave results in fair agreement 
(within 50%) with the data obtained with these high- 
energy gamma rays. On the basis of these computations 
the effect for the measurements reported here was 
estimated to be less than 0.02 musec. 

The magnitude of this effect decreases the closer the 
energy of the two gamma rays, ‘the larger the scin- 
tillator, and the faster the scintillator. An effect which 
is probably due to Cerenkov photoelectrons was 
observed by Bell and Jorgensen'® while using di- 
phenylacetylene scintillators. 


16 R. E. Bell and M. H. Jorgensen, Nuclear Phys. 12, 413 (1959). 
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VI. DISCUSSION 


Figure 4 shows the reduced partial M1 mean life 
plotted with respect to mass number. The single- 
particle estimate of Moszkowski is shown as a hori- 
zontal line. In this very smal! sample there appear to 
be two groups, one about 20 times the single-particle 
estimate. Preliminary results on slightly heavier nuclei 
show some cases that fall between the two groups. The 
group of longer lifetime have the same reduced life- 
times as the group of L-forbidden transitions measured 
by DeWaard and Gerholm." 

In general the reduced partial M1 mean lives fall 
in the same region as among the heavy elements, and 


17H. DeWaard and T. R. Gerholm, Nuclear Phys. 1, 281 (1956). 
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are somewhat longer than those found in the light 
elements.'® 
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The mean ranges in uranium of 28 fission products have been determined by radiochemical measurement 
of the fraction escaping from the surface. Several factors affecting the precision and accuracy of the method 
are discussed. A semiempirical equation was developed which gave an excellent correlation between the 
ranges of fragments from a specific mass chain and their average initial velocity. The average total kinetic 
energy of the fragment pairs is about 30 Mev less for the products of symmetrical fission than is expected 
from comparison with the asymmetrical products. The low momenta of the symmetrical fragments are not 
readily explained by particle emission unless the concept of isotropic neutron evaporation is abandoned. The 
results may be interpreted by assuming that the symmetrical and asymmetrical products result from two 
modes of fission which involve different critical shapes of the fissioning nucleus, and that the choice between 
modes is dependent on the closing of the 50-proton shell in the heavy fragment. The 10% decrease in range 
observed for two shielded nuclides is also examined in some detail. 


I, INTRODUCTION 


ANY studies have been made of the ionization 

produced by fragments from various types of 
fission and a few studies of the ranges of various frag- 
ments in light mass absorbers. Previous work on the 
kinetic energies of fission fragment recoils was sum- 
marized by Walton in 1957.! 

Most of the previous radiochemical work has involved 
considerable experimental difficulty in the handling of 
many samples collected in very thin absorbers. In 1955, 
a preliminary survey of the ranges of some of the frag- 
ments formed in the fission of uranium by high-energy 
particles was begun by a different technique which gives 
the mean range of a specific mass chain in metallic 
uranium. This method is based on radiochemical de- 


* This work was performed under auspices of the U. S. Atomic 
Energy Commission. 

1G. N. Walton, Progress in Nuclear Physics (Butterworths— 
Springer, London, 1957), Vol. 6, pp. 192-232. 


termination of the fraction of the fission fragments 
escaping from the surface of a ‘“‘thick”’ fission source of 
known area.” These exploratory measurements did not 
readily lend themselves to interpretation, and it was 
decided to initiate a calibration program during which 
the reproducibility of this method could be studied. 
Since range measurements on fission produced by high- 
energy ‘particles are affected by center-of-mass motion 
and by anisotropic angular distribution of the frag- 
ments, it was felt that the method should give results 
reliable to about +1% to permit adequate inter- 
pretation. 

Measurement of the ranges of fragments from thermal 
neutron fission of U** offered a convenient means of 
evaluating other experimental variables, and these 

2 This “integral range method’ has been used by Batzel, 
Sugarman, and others in studies of high-energy recoil fragments. 
See, e.g., R. E. Batzel and G. T. Seaborg, Phys. Rev. 82, 607 


(1951); and N. T. Porile and N. Sugarman, Phys. Rev. 107, 1410 
(1957). 
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Fic. 1. Schematic diagram of foil assembly. 


ranges are of considerable theoretical and practical 
interest in themselves. A fairly detailed picture of the 
relation between the mean ranges of various mass chains 
and their mass number was sought for two reasons. 
Average “‘smooth curve’’ values were needed for com- 
parison with the ranges of specific fragments (i.e., the 
“shielded nuclides”) formed directly in fission. Also, it 


seemed desirable to establish whether or not the range 
vs mass curve for U** would show a significant decrease 
near symmetrical mass division as found by Katcoff 
et al.* in the case of Pu®® fission. Kinetic energy studies 
of U* and Pu” fission*® have also indicated, although 
with considerable. uncertainty, that the average total 
kinetic energy decreased for mass ratios below about 
1.25. This point is of some importance in connection 
with various theories of fission; see, e.g., Fong.® 


II. GENERAL EXPERIMENTAL PROCEDURE 


The source foils were taken from 0.001-inch rolled 
stock of normal or enriched uranium by cutting carefully 
with a scalpel around the edge of a 4-cm X 4-cm hardened 
steel block. The first few runs were made using foils 
cleaned in dilute nitric acid and in acetone, but most of 
the foils were electropolished to a smooth, bright sur- 
face, washed in acetone, and air-dried before weighing. 
Most of the catcher foils were 0.001-inch aluminum and 
were washed to remove surface impurities. The oxide- 
free uranium foil was then centered between the two 
2}-in. X 2}-in. catcher foils. This sandwich was backed 
up by 0.005-inch aluminum foils on each side for 


3S. Katcoff, J. A. Miskel, and C. W. Stanley, Phys. Rev. 74, 631 
(1948). 

4W. E. Stein, Phys. Rev. 108, 94 (1957). 

5D. C. Brunton and G. C. Hanna, Can. J. Research A28, 190 
(1950) ; D. C. Brunton and W. B. Thompson, Can. J. Research 28, 
498 (1950). 

6 P. Fong, Ph.D. dissertation, University of Chicago, 1953 
(unpublished) ; see also Phys. Rev. 102, 434 (1956). 
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rigidity, and the whole clamped tightly in a “picture 
frame” aluminum clamp for irradiation (Fig. 1). The 
rate of oxidation of uranium in this arrangement was 
quite slow compared with that of exposed metal. Four- 
teen of the irradiations reported here were made in the 
Water Boiler thermal column and thirteen in the higher 
and more uniform flux of the new Livermore Pool Type 
Reactor (LPTR). 

After an amount of irradiation and cooling appro- 
priate to the nuclides being studied, the two catcher 
foils and the uranium foil were dissolved separately. The 
solvents varied from 6N HCl (usually containing a few 
drops of H,O, or HNO;) to concentrated HNO; (con- 
taining a little Cl-, F-, or Hg,** 
dissolution of aluminum). A known amount of the ap- 
propriate inactive isotopic carrier was then added to 
these solutions, or to aliquot portions of them. Each 
solution was then subjected to the usual radiochemical 
operations of forcing “exchange” between the carrier 
and the various possible chemical species of the fission 
product, removal of undesired elements, and precipita- 
tion of the carrier in a form suitable for weighing, 
mounting, and counting. 

Details of the radiochemical purification procedures 
used are outlined in Appendix II. Most of these were in 
current use in this Laboratory,’ and were well estab- 
lished. Occasionally, additional steps were taken to 
ensure very high purity or to separate from other 
carriers added simultaneously. For some of the elements 
studied, special precautions were necessary in the initial 
operations to prevent loss of some of the fission product 
activity before exchange with the isotopic carrier was 
complete. For example, tellurium is readily lost as 
H,Te when highly electropositive metals such as alumi- 
num and uranium are being dissolved, unless the solvent 
is a powerful oxidizing agent. Consistent results were 
obtained, however, when the foils were dissolved slowly 
in concentrated HNO; containing a few drops of HC] 
and the resulting solutions fumed down to produce 
Te! before making the initial reduction to Te metal. 

No procedure for ruthenium was available in the 
literature which would ensure solution of the metal and 
give exchange between carrier and fission product 
ruthenium before some losses occurred. After numerous 
trials, the following procedure was devised which gave 
more consistent results: The foils were dissolved in aqua 
regia, the entire solution plus carrier was made basic, 
oxidized carefully to Ru’! and RuY", divided into 
aliquots and reduced before preparing for the usual 
purification by distillation of RuO,. The operations up 
to this point were carried out in a quantitative manner. 

After purification, the final precipitates were dried 
and transferred to aluminum dishes, weighed on a 
semimicrobalance for determination of the relative 
chemical yields, and mounted on heavy aluminum 


ion to catalyze the 


7 Several of these procedures were described in the University of 
California Radiation Laboratory Report UCRL-4377, August 10, 
1954 (unpublished). 
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plates for counting. The mounting plates used after the 
first four early experiments had been machined to give 
a tolerance of about 0.001 inch in the distance between 
the sample and the counter. This distance varied from 
about } in. to 2} in., but was usually about 7 in. The 
relative activities of most of the nuclides were de- 
termined by counting gamma and bremsstrahlung radia- 
tions by means of NalI(T1) scintillation crystals. The 
crystals were shielded from beta particles by a heavy 
beryllium absorber and pulses of less than 15 kev were 
not counted. These counters were quite stable and were 
used wherever possible in order to avoid the uncer- 
tainties involved in counting beta particles from samples 
of varying thickness. Small corrections were applied to 
the gamma-counting data for Mo”, mounted as PbMoO,, 
because of absorption by the lead of low-energy gamma 
radiation. A proportional counter was used for counting 
the beta radiations from Sr*’, Sr®, Ag! Pd'®-"? (first 
run) directly and from Rb**, Y*, Ru, and Ce™ 
through appropriate absorbers. (Y”, Ru'®®, and Ce™ 
were also determined by gamma counting.) In the case 
of Sr**, Pd'®-"2, and Ce’, it was possible to make ap- 
proximate corrections for the relative variation of self- 
scattering and absorption of the beta radiations with the 
mass of the sample. 

After sufficient counting data were accumulated, the 
decay curves were analyzed to obtain the relative 
activity of a given nuclide in each sample at a fixed 
time. In nearly all cases the analysis was made with the 
aid of an IBM 650 computer using a code which gives a 
least-squares fit to an exponential decay curve. This 
method of counting and analysis proved to be more 
reliable and more convenient than rotation counting for 
obtaining relative counting rates at a specific time. The 
relative activities were, of course, corrected for chemical 
yield of the carrier and size of aliquot taken. 

It is easily shown (see Appendix IA) that one-fourth 
of the fragments produced in a layer whose depth is 
equal to the range will escape from the surface of the 
source foil. (Corrections necessary for nonuniform ‘pro- 
duction through the foil are discussed in Sec. IIIG and 
Appendix IB.) The range of a given nuclide is then 
simply four times the ratio of its activity in one catcher 
to the total activity in all three foils multiplied by the 
thickness of the uranium foil in mg/cm?. 


Ill. EVALUATION OF SOURCES OF ERROR 


A. Determinate Errors of the 
Radiochemical Procedure 


The primary sources of error considered in this section 
are pipetting, weighing and mounting of samples, 
counting statistics, radioactive purity, resolution of 
decay curves, and self-scattering and absorption of beta 
radiation in the samples. Some problems usually as- 
sociated wit h’radiochemical work, e.g., determination of 
counting efficiencies for the radiations and standardiza- 
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tion of carrier solutions, did not appear in this study 
because only relative activities were needed. 

The final samples were weighed by a technique for 
which a standard deviation of about +0.01 mg has been 
established and most of the samples used weighed from 
10 to 25 mg: The errors from statistical variations in 
counting rate were kept low by preparation of highly 
active samples wherever feasible. The chemical pro- 
cedures used have been shown to give adequate radio- 
active purity and the radioactive decay of the samples 
was carefully monitored. 

The range calculation also involves the thickness and 
area of the uranium foils. Any errors in weighing these 
foils should be completely negligible and their areas are 
believed to be consistent to about +0.1%. 

In nearly all the runs the catcher foils were analyzed 
in duplicate and the uranium foil in quadruplicate. The 
agreement between these replicates was used to calcu- 
late a standard deviation in the activity ratio which 
included the effect of random variations in the weighing 
and mounting of samples, pipetting technique, and 
analysis of the radioactive decay. In addition, for each 
experiment a separate estimate was made of the effect 
of possible errors in the factory calibration of any pipets 
and volumetric flasks used and in the area of the 
uranium foil. These errors were combined to give an 
estimated standard deviation for the individual range 
determination. 

The errors associated with self-scattering and absorp- 
tion of beta radiations in the samples are extremely 
difficult to evaluate and may result in larger deviations 
than those indicated by the statistical agreement of 
replicate samples. All determinations based on beta 
counting have been so labeled. 


B. Activation of Impurities 


Neutron activation of impurities present in the 
catcher foils could result in erroneous range values for 
certain nuclides or at least interfere with the resolution 
of the decay curves for isotopic or chemically similar 
species. The amount of each element which could be 
tolerated as an impurity was calculated from the esti- 
mated ranges and from published values for isotopic 
abundances, neutron capture and fission cross sections, 
and fission yields. Most of the possibilities were easily 
eliminated by spectroscopic analysis of a sample catcher 
foil. In many cases blanks were determined by analysis 
of an extra piece of foil placed behind a catcher during 
the irradiation. In general, no corrections for impurities 
were necessary. 


C. Surface Condition of the Uranium Foils 


The cleaning procedures employed were described 
above. The necessity of removing the heavy coating of 
oxide frequently found on uranium was confirmed by 
one experiment in which the apparent range of Mo” 
determined for an oxide-covered foil was at least 3% 
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lower than in other runs. There is some indication that 
somewhat higher range values were obtained with 
electropolished foils than in the early runs with acid- 
cleaned foils, but the introduction of other improve- 
ments in technique at about the same time forestalled 
any definite conclusions. 


D. Uniformity of Source Foils and Neutron Flux 


No critical study was made of the uniformity in 
thickness of the uranium foils. One set of nine foils cut 
from a single piece of uranium had a consistent pattern 
of weights (taken after electropolishing) which implied 
a maximum thickness variation of about one percent 
across the 4-cm width of one foil. The flux patterns in 
the thermal columns were mapped roughly by activa- 
tion of small copper disks, and a maximum fluctuation 
of about +3.5% across a foil diagonal was found. The 
most unfavorable combination of such uniform fluctua- 
tions across the foil would not affect the measured 
ranges appreciably. 

In the few experiments made at the LPTR with 
enriched uranium, the activity of the catcher foils 
differed by about 2 to 4%. Copper neutron detectors 
centered on the outside of the catchers showed a similar 
effect. These variations were attributed to flux depletion 
(Sec. IIIG) and orientation towards the reactor core and 
they were averaged out in the calculation of ranges and 
standard deviations for these runs. 


E. Thermal Diffusion of Fission Fragments 


The possibility of errors resulting from diffusion of 
fission products in the metallic foils was considered to be 
negligible. The most obvious possibility, thermal diffu- 
sion of the short-lived rare-gas precursors of Sr**, Cs!*’, 
and Ba, should be quite negligible at ordinary temper- 
atures.* The foil assembly was such as to provide good 
thermal contact with the environment, but, as a pre- 
caution, the temperature rise of an enriched-uranium 
foil was measured during a run by means of a thermo- 
couple. Under conditions estimated to produce 1.4 watts 
in the foil, the maximum temperature rise of only 1°C 
was the same as that expected for the ambient air. 


F. Nuclear Scattering Effect 


The theoretical equations of Bohr and others*" for 
range and straggling of fission fragments in the nuclear 
stopping region near the end of their range do not cover 
the present case of stopping by atoms heavier than the 
fragments. The last part of the path will be dominated 
by diffusion effects’ with large deflections and large 

§ K. E. Zimen and L. Dahl, Z. Naturforsch. 12a, 167 (1957). 

* N. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 18, 
No. 8 (1948). 

10 J. Lindhard and M. Scharff, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 27, No. 15 (1953). 

4 R, B. Leachman and H. Atterling, Arkiv Fysik 13, 101 (1958). 

2K. O. Nielsen, in Electromagnetically Enriched Isotopes and 
Mass Spectrometry, edited by M. L. Smith (Butterworth and 
Company, London, 1956), pp. 68-81. 
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energy losses occurring in the collisions. The “mean 
range” measured in these experiments is, of course, an 
arithmetical average of the distance between the origin 
and the final resting place of the fragment. Large angular 
deflections could cause more fragments to scatter out of 
the uranium foil than would scatter back from light 
mass catchers and the calculated mean range would then 
be too high. Cloud chamber photographs of fission 
fragment tracks sometimes show significant bending," 
and it was suggested" that this effect might be a serious 
source of error in the uranium range measurements. 

Three additional runs were carried out using normal 
uranium surrounded by lead catcher foils to check this 
effect. Lead was chosen as the nearest to uranium in 
mass of the convenient heavy elements. The ranges 
obtained in this way were lower than the aluminum 
catcher results by ~5% for light fragments (Sr,Zr) and 
~3% for heavy fragments (Ba,Ce). This is about the 
effect to be expected for hard-sphere collisions near the 
end of the range (see Sec. VA). 


G. Corrections for the Enriched 
Uranium Experiments 


In order to compare the ranges measured in highly 
enriched uranium with those determined in ordinary 
uranium, the former values must be corrected for the 
difference in masses and for the depression of neutron 
flux by U**. If one assumes that the two materials have 
the same number of atoms per cm*, and will stop any 
given fragment in the same number of collisions, then 
the equivalent range in norma] uranium (in mg/cm?) is 
higher by the ratio of the average atomic weights. 

The flux depletion inside highly enriched uranium 
foils is quite large and a nonlinear function of depth. 
Correction factors for the resulting apparent increase in 
range were calculated for each experiment (see Ap- 
pendix IB) and varied from about 0.085% to 1.46%. 
When these factors were combined with the opposite 
correction for the U**/U** mass ratio, the net correction 
for range measurements made in the enriched foils was 
usually very small. 


IV. RESULTS 


The range values obtained are given in Table I. 
Standard deviations were assigned to the results of 
individual runs by the somewhat arbitrary procedure 
described in Sec. IIIA. These estimates were used as 
weighting factors in obtaining the final averages. 

The initial objective of studying the reproducibility 
of the experimental method has been fairly well satisfied. 
Two or three determinations appear to be sufficient for 
about one percent reliability in the range of a nuclide 
when such radiochemical criteria as reasonable counting 


3 J. K. Boéggild, O. H. Arrge, and T. Sigurgeirsson, Phys. Rev. 
71, 281 (1947). 
4 J. M. Alexander (private communication). 
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TABLE I. Fission fragment ranges in 
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b All based on unpolished foils 


rate, radioactive purity, exchange, and known counting 
corrections and half-lives are satisfactorily met. No runs 
meeting these criteria were excluded from the table. 

The weighted average of seven determinations of 
Mo” appears low in relation to the nearby mass chains 
but the spread of values obtained suggests further study 
for possible radiochemical difficulties, especially since 
most of the values were lower than that for the single 
run with a lead catcher. There is also some indication of 
possible surface effects in that a number of other meas- 
urements in the five early runs made with acid-cleaned 
rather than electropolished uranium foils were 1 to 3% 
lower than in the later runs. In the absence of more 
information on the statistical agreement to be expected, 
however, they were included in the final averages. 

The experiments with lead catchers show that the 
actual “mean range” in uranium (see Sec. IIIF and VA) 
varies from 5 to 3% less (see Fig. 2) than the values 
given for aluminum catchers. However, the latter values 
will be equally useful for most of the correlations which 
are made below. It should be noted that they are also of 
practical use in any calculations of the escape of 
fragments from a uranium surface which is not in con- 
tact with material of high atomic weight. 

The plot of ranges versus mass numbers shown in 
Fig. 2 definitely indicates a considerable lowering in 
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Pb catchers 
Weighted 
average 
(mg/cm?) 


Std 
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Std 
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+().2 
+0.1 
+0.05 
+0.3 
+0.07 
+£0.08 
+0.04 
+-0.03 
+-0.06 


11.05 +0.05 
10.80 
10.84 
11.3 


+0.05 
+0.05 
+().1 


+0.05 
+0.1 

+0.09 
+0.08 
+0 06 
0.05 
+0.09 
+0.04 
+0.03 
+0.03 


+0.04 
+0.04 
£0.05 
+0.02 
+0.04 
+0.10 
+0.05 
+£0.07 
+0.1 


+0.03 
+0.05 


total kinetic energy release for U**® in the region of 
nearly symmetrical fission between mass numbers 104 
and 130. One can draw in a definite peak in the range 
curve at a mass ratio of about 1.25. The general shape 
of the curve bears a relation to the fission yield vs mass 
number curve’ for U*® similar to that which can be 
seen for the data of Katcoff e¢ al. on the ranges of 
plutonium fission fragments in air’ and the correspond- 
ing fission yield curve for Pu. 

The ionization studies of Brunton and 
Hanna’ and the direct velocity measurements of Stein‘ 
also indicated a maximum total kinetic energy release in 
U fission at a mass ratio of about 1.25. A simple 
normalization of the present measurements to their data 
indicates, however, that their kinetic energy values for 
mass ratios less than 1.2 were not low enough. This 
would not be surprising in view of the small number of 
coincidences which they measured in this region of low 
fission yield, especially in the velocity studies. 

The range of the shielded nuclide Cs® was found to 
be almost 10% lower than would be predicted for this 
mass number on the basis of a smooth curve. There 


chamber 


15 FE. P. Steinberg and M. S. Freedman, Radiochemical Studies: 
The Fission Products (McGraw-Hill Book Company, Inc., New 
York, 1951), Paper No. 219, National Nuclear Energy Series, 
Plutonium Project Record, Div. IV, Vol. 9. 
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2. Measured ranges 








0 ~ 120 
seems to be no reason to question the validity of this 
number since the radiochemical procedure has been used 
many times with exceptionally good results and also 
because the range of Cs!’ was determined simultane- 
ously. For similar reasons, the single determination 
from one of the same runs of the range of the other 
shielded nuclide, Rb**, can also be reported with reason- 
able confidence. The range deficiency for Rb** appears 
to be slightly greater but the exact location of the 
smooth curve value in this region is less certain as yet. 
The low ranges for the symmetrical fission region and 
for the two shielded nuclides will be discussed below. 


V. DISCUSSION 


A. Correlation of Range with 
Charge and Velocity 


Theoretical analysis of the stopping of fission frag- 
ments in matter is difficult because of the continual 
capture and loss of electrons along the path and the 
importance of elastic collisions between screened nuclei 
in the low-energy region after the ionic charge has been 
neutralized. The subject was treated extensively by 
Bohr’ and his approach has been applied to data on 
ionic charge and energy loss of fission fragments in gases 
by Lassen.'* Bohr divides his stopping power equation 
into two parts representing the major effect of electronic 
stopping and the additional effect of collisions without 
ionization when the velocity, V, has become less than 
Vo=e/h, the “velocity” of an electron in the hydrogen 
atom. As mentioned previously the second part is 
applicable only when the stopping atoms are lighter 
than the fragment. However, near the end of the range 
in a very heavy stopping material such as uranium there 


“I8N, O. Lassen, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 25, No. 11 (1949). 
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will be rapid loss of energy and large angle scattering as 
in the diffusion of neutrons.” The vector sum of these 
small parts of the path should, on the average, make 
only a minor perturbation in the total range. 

With this in mind, it is interesting to correlate the 
present range measurements with published velocity 
data using only the part of Bohr’s equation for the 
stopping power due to electronic collisions in heavy 
materials [see Eq. (3.5.7) in reference 9 |. This equation 
is derived from the Fermi-Thomas statistical model of 
the atom and, although approximate, is supposed to be 
valid for comparison with alpha particle ranges and, 
therefore, should be valid for comparisons between 
fission fragments. 


— (AE/AR) ion = NBon.(3H'*+H (1) 


where 


B,=2nxe'Z,**/(mV?), ne=2Z25V/Vo, H=2Z,*V./V. 
N represents the number of atoms per unit range, e and 
m are the electronic mass and charge, and Z; and Z» are 
the nuclear charges of the fragment and the stopping 
atoms. The effective average charge is considered to be a 
function of the velocity, Z7;*=KV/Vo, where K=kn,, 
and », is the effective quantum number of the outer 
electrons of the ion. This number was estimated to be 
about Z;! for the heavy fission fragments slowing down 
in gases and somewhat less for light fragments because 
of a proposed limitation” that Z* must be less than Z/2. 
These considerations (with k=1) appeared to fit the 
data of Lassen fairly well.'’:'’ The effective charge of the 


17N. Bohr and J. Lindhard, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 28, No. 7 (1954) 
18 N. O. Lassen, Proceedings of the International Conference on 


Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 


New York, 1956), Vol. 2, p. 214. 
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fragments in solids is much more difficult to evaluate, 
but it is expected to be higher because of the much 
shorter time between collisions’? and/or because of 
polarization of the environment.’ A qualitative esti- 
mate of Z*=1.5y,V/Vo was made by Bohr 
Lindhard.'? 

It should be noted that the data on the average 
charge of fragments emerging into vacuum!” from a 
uranium source require K to be about 1.4Z,' for the 
heavy fragments but require K = Z,! or else K = 1.4Z,°** 
for the light fragments. 

Using Eq. (1) and dE= AVdV, where A is the mass of 
the fragment observed, and integrating between the 
initial velocity and the velocity at which ionization 
becomes negligible, Vo, to get the range equation, one 
finds 


and 


1} I A(V.—Vo) 
— | dV =—— 
CNZAf(Z,)V 2v; CNZ,4f(Z;) 
where {(Z,)=(K+4.7622K*"*). Substituting suitable 
constants such that A is in units of mass number, V in 
units of 10° cm/sec, and R in mg/cm? of uranium, one 
obtains 
A(V:—Vo) 


-2.411(K +4.7622K®/3) 


As a first approximation, ranges in uranium were 
calculated from this formula using the relatively simple 
relation K=Z,'. The nuclear charge values were taken 
from Nethaway’s empirical table*! of the most probable 
charges (Z,) for each mass chain, or were calculated”! 
from the equal charge displacement hypothesis.” The 
initial velocities, V ;, were obtained from Stein’s plot of 
total kinetic energy versus mass ratio (see Fig. 6 in 
reference 4) by taking into account his assumption that 
1.25 neutrons were lost isotropically from each frag- 
ment. The ranges calculated for the peak yield light 
masses were about 4% higher than the measurements 
made with aluminum catchers, and those for the heavy 
masses were less than 1% higher. This is a remarkably 
good agreement considering the number of uncertainties 
involved in the derivation of the equation, in the rather 
crude estimation of Z*, in the lower limit used in the 
integration (Vo), and in the contribution of nuclear 
scattering to the total range. Although the agreement 
may be somewhat fortuitous, a modified form of the 
equation will be very useful for comparative purposes 
(Sec. VB and VC). Several comments should be made 
first on the effective charge function and on scattering. 

It is apparent that as an ion loses most of its charge, 
the effective quantum number », must decrease toward 

19 J. Neufeld and W. S. Snyder, Phys. Rev. 107, 96 (1957). 

*” B. L. Cohen, A. F. Cohen, and C. D. Coley, Phys. Rev 
1046 (1956). 

1D. R. Nethaway (private communication), and Ph.D. disser 
tation, Washington University, St. Louis, Missouri, 1959 (un 
published). 

2 QL. E. Glendenin, C. D. Coryell, and R. R. Edwards, Paper 
No. 52, reference 15, 
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unity for the outermost electrons. The agreement be- 
tween the calculated and measured values can be im- 
proved by arbitrary choice of an average 7, less than 
Z,', k greater than one, and different limits of integra- 
tion for dV. However, the range data and the published 
average charges of fragments emerging from solids into 
a vacuum!*** mentioned above do not appear to fit the 
same function of Z,. If K=1.5Z;,' is substituted in 
Eq. (3), following the suggestion of Bohr and Lindhard!” 
mentioned above, the ranges calculated are about a 
factor of two lower than those observed. It should be 
noted also that Leachman and Schmitt® obtained three 
data points for the initial slowing of median-heavy 
fragments in gold foils which will fit Eq. (2) approxi- 
mately if A is assumed equal to Z;' as in the above 
calculations. 

Bohr’s limitation that Z* should always be less than 
Z/2, which would cause even higher calculated ranges 
for masses less than 106, does not seem to apply, except 
perhaps for the single high point at As’’. Also, the 
stopping power found for the other light fragments is 
about 30% greater than for the heavy, in contrast to 
Lassen’s data for argon gas'® but in agreement with 
Northrop and Broliley’s data** for UOs. 

The slightly lower ranges obtained by using lead 
rather than aluminum to catch the escaping fragments 
imply that significant scattering occurs along the path 
of the fragments in heavy materials. This should occur 
largely for the fully screened atoms near the end of their 
range, since Rutherford scattering is predominantly at 
small angles, and the difference in the two measurements 
should provide some measure of the volume through 
which the diffusion occurs (see also Sec. IIIF). The 
scattering in the transition region for velocities near Vo 
is difficult to treat theoretically. According to Bohr, 
isotropic scattering should begin when the “collision 
diameter” 6 [b=2Z,Z,.e?/(uV*) | is greater than the 
‘screening radius” @ [a= a/(Z,'+Z,')*], which occurs 
for the average fragment at about 3 Vo. (u is the reduced 
mass of the system and ay is the “first Bohr radius” of 
the hydrogen atom.) 

By equating } and a, one can calculate for any frag- 
iment a critical energy, E., corresponding to a critical 
velocity, V., below which the scattering may be as- 
sumed to be of the hard-sphere type. Nielsen has esti- 
mated” the penetration of low-energy particles (45 kev) 
into materials of greater atomic weight by calculating 
the Fermi age, 7, in analogy with neutron diffusion 
calculations. Although the average number of collisions 
required to stop fission fragments of energy £, in 
uranium is too small for true diffusion behavior, the use 
of the appropriate values of 7 in the range calculation 
(Appendix IA) will account for the differences between 
ranges measured with lead and aluminum catchers. This 


3 R. B. Leachman and H. W. Schmitt, Phys. Rev. 96, 1366 
(1954). 

J. A. Northrop and J. E. Brolley, Jr., Bull. Am. Phys. Soc. 28, 
19 (1953). 
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\NGE (MEASURED WITH AL CATCHER) 
=== RANGE (CALCULATED FROM EQUATION 4) 


Fic. 3. Measured ranges vs 
Eq. (4). The line was calculated 
from the semiempirical range 
equation [Eq. (4)] by using 
initial velocities from reference 
4, Z, calculated from the equal- 
charge-displacement hypothe- 
sis, and the effective charge 
function K =1.077Z,}!. 








appears to support a rough model of the slowing down 
process in which it is assumed that scattering occurs 
predominantly near the end of the path and is nearly 
isotropic and, therefore, that the path length calculated 
for ionizing collisions can be a fairly good measure of the 
effective mean range in heavy materials. 

Determination of better parameters for range and 
velocity correlations with this model would seem to re- 
quire more information on the variation of the average 
effective charge and on the scattering behavior of the 
fragments. Nevertheless, it is possible to adjust these 
parameters arbitrarily to obtain a very useful semi- 
empirical equation. If the integration [of Eq. (2) ] with 
respect to velocity is carried down to V, rather than to 
Vo, the shape of the calculated range curve corresponds 
to the measured values much more closely: 


A(V;—V.) 


D ann 


2.411(K+4.762K*/3) 


The measured ranges can now be reproduced quite 
well by appropriate adjustment of the parameter & in 
the effective charge function, K=kZ,'. The choice of 
k=1.077 gives calculated ranges in excellent agreement 
with the aluminum catcher measurements (see Fig. 3) 
for fragments of high fission yield (i.e., well-known 
velocities). The average deviation for the light frag- 
ments (about —0.4% for masses 89 to 97) is now within 
the precision of the range and velocity data. The large 
deviation at mass 77 and the questionable value for 
mass 99 have already been discussed. The actual “‘mean 
range in uranium,”’ as measured with lead catchers, may 
be reproduced satisfactorily by substituting K=1.1Z,! 
in Eq. (4). 


B. Symmetrical Fission 


The striking dip in the range vs mass number curve 
in the region of symmetrical fission (Fig. 2) can now be 
examined in greater detail. The initial velocity of each 
primary fragment, and then the corresponding fragment 
energy (E,), may be calculated from the range measured 
with aluminum catchers by using Eq. (4) and the rela- 
tion K=1.077Z,!. The total kinetic energy release (Er) 
is now readily obtained from conservation of momentum 
if the average initial mass (M) of the observed mass 
chain (A) is known. Such calculations are based on the 
apparently reasonable assumption®® that the prompt 
neutrons are evaporated from the fully-accelerated 
fragment in such a way that the fragment velocity in the 
laboratory system is unchanged, on the average. 

The total kinetic energies calculated for mass chains 
between 103 and 132 by assuming that the observed 
fragment lost 1.25 neutrons on the average (M—A=vp, 
= 7/2) are plotted versus mass ratio in Fig. 4 along with 
a reproduction of Stein’s curve‘ which has been adjusted 
slightly in the region of high mass ratios by using data 
obtained in this work. 

A distinction has been made in plotting points calcu- 
lated from the ranges of fragments whose masses are 
greater (M,) or less (M) than 118, in order to simplify 
discussion of the limitations on y,. If, for example, 
v,>1.25 the corresponding Ez is greater but My/Mr 
is less and the plotted point (X) must be moved in the 
“eleven-o’clock direction” from the location shown. On 
the other hand, if vy>1.25 both Er and the mass ratio 
are larger and the corresponding point (@) must move 
toward ‘“‘one-o’clock.”’ As plotted, the Er values ob- 
tained from heavy and light masses form self-consistent 


26 J. Terrell, Phys. Rev. 113, 527 (1959). 
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Fic. 4. Average total kinetic 
energy vs mass ratio. Energies were 
calculated from velocities by as- 
suming that the observed fragment 
lost 1.25 prompt neutrons. Veloci- 
ties were calculated from ranges by 
means of Eq. (4). The errors shown 
include a postulated variation in 
average nuclear charge near Z=50 
(see text). Above My/M,= 1.25, 
the solid line is based primarily on 
the data of reference 4 but has been 
adjusted slightly at high mass 
ratios by comparison with the re- 
sults obtained in this work. 
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sets with an apparent discrepancy between them which 
might imply a somewhat different distribution of neu- 
tron numbers (at least »y,<1). This discrepancy is 
completely removed, however, if one assumes that a 
strong tendency to form a closed shell of fifty protons 
increases the average charge of the primary fragments 
in any mass chain for which the predicted distribu- 
tion”':* around Z, contains a significant fraction of 
elements 48 and 49. The positive and negative limits of 
error assigned to Er (estimated from the uncertainties 
in range and charge) for A = 106, 109, 125, and 127 have 
been adjusted accordingly. It should be noted that these 
errors are no longer independent and that the location 
of the best line through the present data is not very 
sensitive to this correction.?® 

From Fig. 4 it is apparent that the drop in total 
kinetic energy release for mass ratios below 1.2 is much 
sharper than would have been anticipated from Stein’s 
data. Fong has made calculations® based on the liquid- 
drop model of the nucleus of the Coulomb energy release 
vs mass ratio by assuming a particular nuclear con- 
figuration during fission. It seems reasonable to use 
these Coulomb energies as a standard for comparison 
because they are nearly equal to Stein’s Ey at the mass 
ratio for peak kinetic energy (1.25+-0.01). On this basis 
Er is about 31 Mev less than expected for mass ratios 
below 1.1. 

In seeking an explanation of this kinetic energy de- 
ficiency for nearly symmetrical fission, one may first 
examine hypotheses involving loss of additional neu- 

*6 Tf the data shown in Fig. 4 are recalculated using the recently 
published distribution of vz and vq [V. F. Apalin, U. P. Dobrinin, 
V. P. Zaharova, I. E. Kutikov, and L. A. Mikhaylan, Atomnaya 
Energ. 8, 15 (1960)], the steep portion of the curve shifts to 
slightly lower mass ratios and the sets of points calculated from 
light and heavy mass chains diverge considerably. Use of the 
proposed shift in Z brings most of these points into agreement but 
leaves a discrepancy of ~2 standard deviations at the peak Er. 


trons or other particles. If there is an unusual amount of 
distortion in the compound nucleus at the moment of 
scission, this extra energy may be expended by evapora- 
tion of additional neutrons from one or both of the 
fragments, or an alpha particle may split off.?”*8 The 
most critical test of these hypotheses is found at 
M y/M,~1.15 where the deficiency in Er is still 25-30 
Mev. The data in this region are somewhat uncertain 
for a definitive momentum balance, but they do imply 
that not more than four mass units could have been 
lost, if the assigned errors are realistic. An inspection of 
which is changing 
rapidly in the mass region of interest here, shows that 
the fission yields of corresponding heavy and light 
fragments cannot be matched if more than about three 
mass units have been lost. 

With this limitation on the masses, the low kinetic 
energies cannot be accounted for by the loss of small 
particles unless the concept of isotropic evaporation of 
neutrons from fully accelerated fragments* is aban- 
doned, at least for this mass region. If there is excessive 
distortion, the separated fragments may be more likely 
to contract in such a way as to concentrate their energy” 
and eject high-energy neutrons in the forward direction. 
It is possible to account for the missing energy and also 
balance the momenta in the entire region below mass 
ratio 1.25 (peak Er) if one makes the rather extreme 
assumption that one high-energy neutron was ejected 
from each fragment. 

In this connection it should be observed that the 
sharp decrease in Ey is closely related to mass ratios for 


the fission yield vs mass curve,'>*. 


27 1). L. Hill and J. A. Wheeler, Phys. Rev. 89, 1102 (1953). 

28 The ‘long-range alphas’’ are emitted in a direction nearly 
perpendicular to the fragments with a most probable energy of 
about 15 Mev and in an abundance roughly equal to the total 
fission yield in the mass region under discussion. 

7S. Katcoff, Nucleonics 16, No. 4, 78 (1958). 
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which the equal charge displacement hypothesis gives 
most probable charges of 48.5 to 49 for the heavy 
fragment. If one postulates a strong tendency for the 
heavy fragment to be built up around a 50-proton core, 
it seems reasonable to suppose that those critical shapes 
which tend to result in an incomplete proton shell would 
involve excessive distortion. It was noted above that the 
total kinetic energies calculated from the ranges of 
masses 106, 109, 125, and 127 are in better agreement if 
it is assumed that the closed proton shell has a signifi- 
cant effect on the average nuclear charge. The data 
available on Er vs mass ratio for several other fission 
processes, Pu*(n, f),>-> U*3(n,f),4> Th?®(m, f),% Ch 
(spontaneous fission),*' also seem to be consistent with 
the idea that the decrease in energy for the symmetrical 
fission mode is related to the closing of the 50-proton 
shell. It is also of interest that there are other indica- 
tions from fission yield data*—** that symmetrical and 
asymmetrical fission may involve somewhat different 
processes, perhaps with different configurations for the 
fissioning nucleus. 

Many of the above considerations about possible 
neutron losses depend on the validity of the ranges for 
the two mass chains 109 and 125. Further work on these 
and other nearby chains should be carried out, along 
with a consideration of the fact that they are both 
isomeric states. 

In connection with the two-mode-of-fission hypothesis 
and the effect of the 50-proton shell, it should be of 
interest to study the range behavior of symmetrical and 
asymmetrical fission products from compound nuclei 
with varying amounts of excitation energy. 


C. Shielded Nuclides 


The low ranges of Cs'** and Rb*® were also evaluated 
with the aid of the stopping power equations. Of course, 
the range will be somewhat less tlfan expected for the 
normal chain, even for the same initial velocity, pri- 
marily because of the increase in Z*(Zshietdea>Z p). 

About one-fourth of the 10% deficiency in range for 
Cs can be accounted for by the increased stopping 
power for the actual nuclear charge of 55 as compared 
with the Z, of 52.5 for the mass chain 136. The energy 
calculated for the Cs'* fragment, using Eq. (4) and 
Z,=55, is 61.6 Mev, and £7 is about 148.6 Mev, if an 
average loss of 1.25 neutrons is assumed. This is still 


*® A. Smith, P. Fields, A. Friedman, and R. Sjoblom, Phys. Rev. 
111, 1633 (1958). 

31 J. C. D. Milton and J. S. Fraser, Phys. Rev. 111, 877 (1958); 
W. E. Stein and S. L. Whetstone, Jr., Phys. Rev. 110, 476 (1958). 

® The distribution of fission yields for Cf is such that the 
sharp drop in Er, if any, should be confined to about two mass 
splittings and difficult to detect. See W. E. Nervik, P. C. Steven- 
son, H. G. Hicks, H. B. Levy, J. B. Niday, and J. C. Armstrong, 
Bull. Am. Phys. Soc. 4, 372 (1959); and (to be published). 

% A. Turkevich and J. B. Niday, Phys. Rev. 84, 52 (1951). 

* G. P. Ford, Phys. Rev. 118, 1261 (1960). 

* H. B. Levy, H. G. Hicks, P. C. Stevenson, J. B. Niday, and 
J. C. Armstrong, Bull. Am. Phys. Soc. 5, 347 (1960). 
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about 20 Mev less than Stein’s velocity measurements‘ 
gave for this mass ratio. 

For such atypical mass splittings (representing about 
10-* and 10-5, respectively, of the total yield for these 
mass chains), some of the potential energy of fission 
normally available as kinetic energy may be released in 
other ways. A thermodynamic analysis was made, from 
the total masses of the various products, of the differ- 
ence in the amount of energy available as kinetic energy 
for the two processes: (a) the “normal” splitting for 
mass 136, with Z;=Z, and the usual average number of 
prompt neutrons emitted (7= 2.5); and (b) the shielded 
mass splitting, with Z,;=55 and various numbers of 
neutrons (v) evaporated from the two fragments. Each 
process must follow the equation 


M (993®) * = M (z,"*8) +M (02 _2)'-») 
teM (i) +B. +E,+Er, (5) 


in which £, represents the average total prompt gamma 
emission, and E,, represents the average c.m. (evapora- 
tion) energy of the neutrons. The values used for 
M(z4), the ground-state masses of the fragments after 
prompt neutron emission, were based on Levy’s em- 
pirical mass equation.*® 

The evaporation energy of the neutrons was esti- 
mated from Terrell’s relation,?> F,,=0.621(»+1)!, but 
E, was assumed to be the same for the two processes. 
By subtraction, a series of values was obtained for the 
difference in Er between processes (a) and (b) as a 
function of v for process (b). Next, Er for process (b) 
was calculated from the observed Ei35 (61.6 Mev) for 
each of various possible numbers of neutrons evaporated 
from the Cs fragment itself. These total energies were 
subtracted from Stein’s* Er of 168.3 Mev for process (a). 

Comparison of these two sets of energy differences 
then showed that » for process (b) must be 4(+1) and 
the number from the Cs fragment alone must be be- 
tween 0 and 3. 

In the region of Rb** the position of the range curve 
for typical fragments and the behavior of the effective 
average charge are somewhat uncertain. However, 
similar calculations gave essentially identical results for 
the permissible variation in prompt neutron losses. 

The low ranges of the shielded nuclides may thus be 
attributed to the combined effect of higher distortion 
energy with lower Coulomb repulsion, and higher total 
beta-decay energy (because the partners of the shielded 
fragments are very far from stability), in addition to the 
effect of the nuclear charge on the stopping power. 
Further work is planned on the ranges of shielded 
nuclides. 
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APPENDIX I 


A. Escape of Fission Fragments from 
the Uranium Foil 


The following is generalized from the derivation of 
Walton and Croall.*? The probability that a given fission 
fragment originating in the layer dx will move in the 
angle increment dé from the foil normal and d@ in the 
plane of the surface (see Fig. 5) is sinOd@d@/4r for 
isotropic emission. The number of fragments formed in a 
layer of unit area and dx cm thick is J;,)dx, and those of 
range R directed between 6=0 and @=cos"'(x/R) will 
emerge from the surface. 

For the general case, the number of fragments 
escaping from unit area of the surface into the catcher is 


1 R arc cos(z/R) Qn 
Nce=— f f Ind (0,6) sinédxdéd¢. 
4a r= * O=( 0 


o= 


For fission induced by high-energy particles, any pre- 
ferred orientation of the fragment direction in the 
laboratory system is included in the function J (6,@), and 
any center-of-mass motion along the foil normal may be 
analyzed by appropriate changes in the limits of inte- 
gration (with respect to x) for the “forward” and 
“backward” directions. The total number of fragments 
formed in a foil of thickness ¢ is 


t 


Nr= f T¢2ydx. 


zr==( 


For the case of thermal neutron fission with constant 
flux throughout the foil, J(@,6)=1, the function J;,) is 
constant, and 


R arc cos(z/R) 
Nc= ir f f sin6dxd@ 
r= 6—=0 
R x 
ws ir f (1-—)ae=47R, 
z~0 R 


t 
Nr= rf dx= It. 


z=0 


Then the range in uranium is calculated from the 
activity ratio 
Ac/Ar=Nc/Nr=R/At. 


37 G. N. Walton and I. F. Croall, J. Inorg. & Nuclear Chem. 1, 
149 (1955). 
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Fic. 5. Diagram for calculation of fractional escape. 





B. Effect of the Flux Depletion in 
Enriched Uranium 


When highly enriched uranium is irradiated with 
thermal neutrons the flux is significantly higher near the 
surface than in the interior of the foils and the function 
I;2) must be included in the integration with respect to 
« of the equations given above for Nc and Nz. This was 
done by first calculating the fraction of the surface flux 
(1:2) varies directly as the flux) which will reach the 
layer dx from each side of the foil for various values of x. 
After compiling a table of these fractions, the equations 
for Vc and V7 given above were integrated numerically 
by Simpson’s rule for various total thicknesses of 
uranium. 

The relative flux in the laye r dx is 


i xaN 
f exp(- ) a cose 
0 cosw 
I (ti—x)oN 
+f exp( _ ——}¢ COSw, 
) cosw 


where NV is the number of atoms per cm’, is the average 
total absorption cross section of the material used, and 
x/cosw is the path length in uranium of a neutron 
entering the foil at an angle w from the perpendicular. 
Numerical evaluation of these integrals proved to be 
awkward because of the sensitivity to small values of 


cosw, so the following transformation was made.**§ Sub- 
stituting c=xoN and cosw=1/Z and then integrating 
by parts, this becomes 


0 .—cZ 


€ 
f -——dZ=€-*—¢ 
co 2 : 


With another substitution of y=cZ, this becomes 


x 


€ u 
é ef —dy =e-°—cEj(c). 
y 


c 


38 This transformation was kindly pointed out by R. E. Shafer. 
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The expansion of the £,(c) function, 


2 (—1)%" 
E\(c)=—y—Inc— >} ———-, 


n=l nXn! 


converges well enough for small values of c. Then the 
relative flux from one surface at the layer dx is 


ee ¢ 
e “e( 0.577216-+Ine—e-+———+ a) 
4 18 96 


Detailed numerical integrations of Nc and Nr were 
then made for selected high, medium, and low values of 
R at three. different total foil thicknesses using a table of 
75 values of relative flux vs c. Then the ratio of Vc to 
that which would be expected if the corresponding Nr 
represented a uniform average flux through the foil is 
very nearly the ratio of the measured range to that 
which would be obtained if there were no flux depletion. 
These corrections were plotted and interpolated values 
were used to correct the various ranges measured in 
enriched uranium. 


APPENDIX II. OUTLINE OF CHEMICAL PROCEDURES 


The anion columns referred to in several of the 
following procedures consisted of 6-mm X 10-cm beds of 
Dowex 1X8, 50-100 mesh resin equilibrated with the 
first reagent to be used. The “mixed hydroxide” 
scavenges used in several procedures were made by 
adding a mixture of iron, zirconium, tellurium, and 
lanthanum carriers before making the solution basic. 
The final precipitates were washed thoroughly with the 
appropriate acids, water, or other solvents before drying 
at 110-125°C. 

Arsenic was precipitated as As.S; from a 9M HCl 
solution containing iodide ion, and dissolved in conc. 
HC] containing chlorate ion. The solution was adjusted 
to 9M HCl and passed through a column of anion resin. 
The eluate was treated with conc. HNO; and HCI1O, and 
fumed to a small volume of HCIO,. The arsenic was 
extracted into benzene from 3M HCI containing HI and 
back-extracted into water. The sulfide was precipitated 
again from 9M HCl, dissolved, and fumed to a small 
volume of HCIO,. Finally, arsenic was reduced to the 
metal with chromous chloride. 

Strontium was separated along with barium in most 
cases by means of anion columns, ammoniacal scav- 
enges, and/or precipitation of strontium and barium as 
nitrates or carbonates. Three or more barium chromate 
precipitations were made at pH 5. Strontium was re- 
covered as the carbonate, passed through an anion 
column in 6-~9M HCI solution, scavenged with mixed 
hydroxides, and finally precipitated as SrCO3. 

Zirconium was separated as the hydroxide, dissolved 
in 4M HNOs, extracted into benzene which was 0.1M in 
TTA, washed four times with 4M HNO; (containing 
nitrite the first two times), and back-extracted into 
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9M HCl which was 2M in HSO,-. After this solution 
was diluted with an equal volume of water, zirconium 
was recovered as the phosphate, and ignited to ZrP.O;. 

Molybdenum was adsorbed on anion resin from a 
4-6M HCl solution. The column was washed with 
0.1M HCl and 3M NH,OH and the molybdenum eluted 
with 4M HNO;. The solution was scavenged with mixed 
hydroxides by adding enough conc. NH,OH to reach 
pH 10. After a preformed scavenge with iron and lantha- 
num hydroxides the supernate was acidified with acetic 
acid and PbMoO, was precipitated. 

Ruthenium was determined successfully by the follow- 
ing procedure : The metal foils were dissolved in 6M HC! 
which was about 1M in HNO; and contained the Ru! 
carrier. After some digestion the solution was made 
1.5-2M in OH- (conc. K2CO; solution was used for the 
uranium solution), enough KIO, was added to produce 
a red color (RuV!), and the solution was heated and 
allowed to cool. At room temperature just enough 5% 
NaOCl was added to give a greenish tint (RuY!') and 
the solution was digested cold. After division into 
aliquots of roughly equal size, more base, some solid 
NaeS204, and a few glass beads were added. The re- 
sulting precipitate was coagulated by gentle boiling, 
separated, and dissolved in 6.V HC] containing a few 
drops of conc. HNO;. Conc. H2SO, was then added and 
the solution boiled to copious fumes. This solution was 
diluted to 5-6N in H.SO,, solid NaBiO; added, and 
RuO, distilled into cold 12M NaOH. The trap solution 
was diluted to 2-3.V in NaOH and ruthenium reduced 
with ethyl alcohol. The precipitated oxides were dis- 
solved in the minimum volume of 6V HCl and Ru?® 
precipitated with magnesium metal. 

Pailadium was separated as PdI», dissolved in conc. 
HC] containing a drop of HNOs, and the nitrate ion 
reduced with formic acid. The palladium was then 
adsorbed on Dowex-1 resin, washed with 0.1M HCl and 
with 4M HNOs, and eluted with 3M NH,OH. The 
eluate was scavenged with mixed hydroxides and with 
zirconium phosphate. The final precipitation of pal- 
ladium was made with dimethyl glyoxime. 

Silver was separated initially as AgCl from a 4M 
HNO; solution or as AgeS from a 6N HCl solution 
followed by precipitation of AgCl. The precipitate was 
dissolved in NH,OH, scavenged with Fe(OH); after 
adding a trace of iodide ion, and silver sulfide was 
precipitated in the presence of EDTA. Further hydroxide 
scavenges and two precipitations of AgCNS were made 
before the final reduction to Ag® with ascorbic acid. 

Cadmium was precipitated as the hydroxide in the 
presence of molybdenum and antimony carriers, dis- 
solved in 2M HCl and the solution scavenged with 
antimony and palladium sulfides. The cadmium was 
then adsorbed on Dowex 1 resin, washed with 0.1M HCl 
and eluted with 1.5M H,SO,. The eluate was scavenged 
with mixed hydroxides in the presence of excess NH,OH 
and a final precipitation of CdS was made from slightly 
acid solution. 
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Tin was separated from foils dissolved in a strongly 
oxidizing acid medium and was precipitated initially as 
the hydroxide or the sulfide. In the first experiment 
hydroxide, iodide, and sulfide (in the presence of 
fluoride) scavenges were made. Tin was then precipi- 
tated as the sulfide, dissolved in a polysulfide solution, 
and passed through an anion column. Tin was recovered 
as the hydroxide and ignited to SnOz. In the second ex- 
periment the tin was extracted into hexone from 6M 
HCl containing holdback carriers of antimony, mo- 
lybdenum, and tellurium and back-extracted into 1M 
HC1 containing fluoride. Scavenges with arsenic sulfide 
and molybdenum a-benzoin oxime were alternated with 
precipitations of SnS». This precipitate was dissolved in 
saturated sodium sulfide. The tin was adsorbed on 
Dowex 1 resin from dilute sulfide solution and then 
eluted with saturated NaS before the final precipitation. 

Antimony was separated from foils dissolved in two 
different ways. In the first experiment they were dis- 
solved in conc. HNO; containing a little hydrochloric 
acid and antimony was separated initially as the sulfide. 
In the second run the foils were dissolved in KOH 
solution containing H,O2 which was then acidified for an 
initial separation of metallic antimony (by reduction 
with hydroxylamine and chromous chloride) before the 
sulfide step. The rest of the procedure involved pre- 
cipitations of the metal and the sulfide in the presence of 
various holdback carriers, and scavengings with tel- 


lurium and arsenic sulfides. The antimony was adsorbed 
on anion resin from strong HCl, washed with 1M HCl 
and 9M H,SO,, and eluted with boiling 2M NaOH 
solution. The final precipitation to the metal from 
1M HCl was made with chromous chloride. 


Tellurium determinations were made from foils dis- 
solved slowly in nitric acid (containing a little chloride 
or other catalyst for the aluminum foils). Tellurium was 
reduced from Te¥! to Te'Y by heating with hydrochloric 
acid. Two reductions of tellurium to the metal with 
stannous chloride were alternated with caustic hydroxide 
scavenges and a final reduction was made with gase- 
ous SOs». 

Cesium and rubidium were separated and purified 
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together by a procedure whose essentials have been 
published.*® This procedure used several hydroxide 
scavenges, made first with ammonia and then with 
sodium hydroxide, and a sulfide scavenge. The cesium 
and rubidium were precipitated as the perchlorates, dis- 
solved' in water and separated on a Duolite C-3 cation 
column with 0.3N HCl, and finally precipitated as the 
perchlorates. 

When cesium alone was determined, separation from 
rubidium was unnecessary and a shorter procedure was 
used. Cesium was precipitated initially as cesium 
silicotungstate which was then dissolved in a minimum 
volume of 2M LiOH. The cesium was absorbed on a 
short column of Dowex-50 cation resin, eluted with 
6 HCl, and the eluate passed through an anion column. 
After scavenging with hydroxide (using sodium hy- 
droxide), the final precipitate of cesium perchlorate was 
prepared and washed thoroughly with ethyl acetate. 

Barium was separated from strontium (see above) as 
the chromate, precipitated as the chloride three times 
from an ether-HCl mixture, scavenged in the same 
manner as strontium and finally recovered as barium 
chromate. 

Cerium was separated initially as the hydroxide after 
passing through an anion column and carried through 
two cycles of the customary zirconium iodate scavengings 
and ceric iodate precipitations and passed through an 
anion column in conc. HCl. The final precipitate of 
cerium oxalate was ignited to ceric oxide. 

The rare earths and ylirium were precipitated as the 
fluorides in the presence of dichromate and numerous 
holdback carriers, redissolved in the presence of boric 
acid, scavenged with barium sulfate, and recovered as 
the hydroxides. They were then dissolved in conc. HCl, 
passed through an anion column, and scavenged with 
zirconium phosphate from 4.V HCl. A second hydroxide 
precipitate was dissolved in 6 drops of conc. HNOs, 
diluted to 30 ml, and adsorbed on Dowex-50 resin. The 
elements were separated by gradient elution with am- 
monium lactate, precipitated with oxalic acid and 
ignited to the oxides. 


39 J. B. Niday, Phys. Rev. 98, 42 (1955). 
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The g value of the 0.123-Mev 2+ state of Gd is found to be g=0.36+0.06. The hyperfine structure con 
stant of the same nuclear state in the °S7/2 ground state of Gd** in aqueous solution is determined as a=26.4 
+5 Mc/sec. The perturbation of the angular correlation of gamma-ray cascades proceeding through this state 
was studied. It is found that the perturbation in aqueous solution can be decoupled by magnetic fields either 
parallel to one of the gamma rays or perpendicular to the plane of observation. The perturbation in molten 
GdCl;, is found to be much weaker than in solution and to be unaffected by magnetic fields. Auxiliary meas 
urements involving the first 2+ states in Sm' and Gd!®** are described. 


i. INTRODUCTION 


HE measurement of the gyromagnetic ratio g of 

the so-called rotational nuclear states, especially 
the first 2+ state of highly deformed nuclei, has re- 
cently attracted considerable interest since it provides 
an important additional parameter to test the more 
refined theories of collective excitation. The simplest 
quasihydrodynamic model! necessarily predicts g=Z/A 
or possibly g=Z’/A’, where Z’ and A’ are the number 
of protons and the total number of nucleons outside 
closed shells, respectively. A recent calculation con- 
sidering pairing correlations? makes specific predictions 
for the deformed nuclei between Sm and Os, generally 
indicating g<Z/A. 

Several experimental determinations have been 
published*~* or are in process of publication.*.” Their 
results seem to agree at least roughly with expectations 
but all of them are subject to very considerable correc- 
tions involving the influence of atomic electrons on the 
nuclear orientation. The mechanisms by which angular 
correlations of nuclear radiations are reduced by extra- 
nuclear effects have been discussed by several au- 
thors.*~” It is not obvious that the assumption of cor- 
relation coefficients decreasing exponentially with time 
is sufficiently accurate in the case of large attenuations 
to which it has been applied. The present work*shows 
that it may not even be automatically assumed that 
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this attenuation is independent of an applied magnetic 
field H, required for the measurement of g. 

In the case of nuclei forming paramagnetic ions the 
effective value of H, must be calculated with a correc- 
tion involving the hfs (hyperfine structure) interaction 
and the paramagnetic susceptibility. Heretofore there 
has been no experimental basis for the use of the prop- 
erties of the ground state of the daughter ion in a radio- 
active decay for these calculations. 

We have studied these questions in some detail for 
the case of the first 2+ state of Gd'®, and we believe 
that we have arrived at an adequate understanding of 
the mechanisms involved and have obtained values of 
g and of the hfs splitting in the Gd* ion. Our experi- 
ments measure the angular correlation between gamma 
rays involving the 2+ intermediate state following the 
beta decay of Eu'* and, in some auxiliary measure- 
ments, of Eu!®* and Eu'®*. The 
decay schemes are shown in Fig. 1. Most of the measure- 
ments concerned the 1.28-0.123 Mev cascade in Gd'™ 
and the subsequent discussion refers to 
otherwise indicated. 

We shall write® for the angular correlations 


relevant features of the 


unless 


this 


W (6,0) = 1+G,(1)A2P2(cosé) T G,(t) 1,P,(cos@), 
W (60) =1+G2A oP 2(cos@) +G4A 4P4(cos6). 


The first of these equations gives the correlation as a 

function of delay time / between formation and decay 
of the 2+ state. In the usual approximation Gx(?) 
=e~/*K, This defines rx. The second equation gives 
the correlation including all gamma rays, regardless of 
delay. For exponential attenuation Gc=1/(1+7wn/rk), 
where ry is the mean life of the 2+ state. For the 
Sm! cascade and the 1.28-Mev Gd'™ cascade Ayo0 
and we have A »=[ W (x) —W (9/2) |/[W (4/2)+4W (x) |. 
Most of our results are presented in terms of this 
quantity. 

Angular correlations from aqueous solution sources 
have been known to be markedly perturbed (G<1) for 
Gd'**,3 but believed to be unperturbed for Sm!®.3."' This 
is confirmed by our experiments described in Sec. 3. 
The difference in behavior of two very similar nuclear 


1S. Ofer, Nuclear Phys. 4, 477 (1957). 


1484 





Hfs COUPLING 


Fy'5é6 


= 


Fy '52 =< s\ 
L 
ECG " \ 
\ 


~1LI4— 


Sm'52 
27% 
.54— 2- 


now 2 





0.122 —+— 2+ 2+ 
o— 


0.089 
Or 18) Or 1) 


Fic. 1. Relevant features of the radioactive decay 
schemes involved in the experiments. 


states must be due to the different electronic structure 
of the ions. Goldring and Scharenberg? called attention 
to the fact that the §S7/2 ground state of the Gd** ion 
with a spherical half-filled 4/ shell shows an abnormally 
long spin relaxation time so that the magnetic hfs 
coupling, although quite weak, may be sufficient to 
reorient the nuclear spin direction. This conjecture is 
proved correct in Sec. 4, where we show that a magnetic 
field #7,, of a few hundred gauss applied in the direction 
of one of the gamma rays substantially increases the 
angular correlation. A field 47;,=3300 gauss raises G» 
to 0.964+0.077 from its zero-field value of 0.82+-0,02 
for a water solution source. 

From the fact that we have achieved substantially 
complete decoupling together with the observation that 
in the Gd'** cascade G,(¢) falls nearly to zero in about 
5 nanoseconds (nsec), we conclude that after beta decay 
the great majority of the atoms reach the ground state 
of the Gd* ion in a time considerably less than ry. 

In another type of magnetic decoupling experiment 
described in Sec. 5, we find that a magnetic field 1, 
perpendicular to the plane of the counters reduces G2 
below its zero-field value. For fields H,>15 000 gauss 
G~0.5. This is interpreted as indicating that the re- 
laxation mechanism in water ceases to be effective 
when the separation between electronic m states due to 
the external magnetic field is sufficiently large. The hfs 
coupling constant for the 2+ state may then be calcu- 
lated from this value of Gp. The calculations are pre- 
sented in Appendix I. The result is a= 26.4+5 Mc/sec. 
The unperturbed Sm!” cascade resulting from the decay 
of Eu'® showed no effects due to magnetic decoupling. 

Since the rapid, field-dependent, nuclear spin re- 
laxation in aqueous solutions makes such sources un- 
suitable for direct g-value measurements we searched 
for another, more suitable medium. As shown in Sec. 6, 
a melt of anhydrous GdCl; at about 1000°C shows only 
relatively weak (G.=0.93+0.01) and field-independent 
attenuation. With such a source a measurement of g by 
the method of the rotation of the angular correlation 
pattern in a transverse field H,= 15 000 gauss (Sec. 7) 
yielded g=0.36+0.06. This is in good agreement with 
the value g=0.41-0.08 derived from the hfs coupling 
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(Sec. 5) and spectroscopic estimate”: of the internal 
magnetic field. 


2. APPARATUS AND PROCEDURE 


(a) Source Preparation 


Eu'* and Eu’ (12.5 yr) sources with a specific 
activity of about 0.5 mC/mg were prepared from iso- 
topically highly enriched oxides by slow-neutron bom- 
bardment. These sources were used without chemical 
purification. Eu'®* was prepared by exposure of enriched 
Sm! to a high neutron flux by the process Sm'*-+-n — 
Sm! — Eu!®+6, Eu’ +n— Eu'®6, Europium was 
separated from samarium and other rare earths by re- 
duction of the sulphate on zinc amalgam. 

Aqueous solution sources were sealed-in very thin 
Pyrex tubes of about 1-mm diameter. Melt sources 
were prepared in similar ‘“‘Vycor” tubes by drying a 
hydrochloric acid solution to which about 0.5 mg of 
GdCl,; had been added, in vacuum. The solid chloride 
appeared somewhat dark after heating, perhaps indi- 
cating a change in composition. The source capsules 
were heated in vacuum by means of a 0.001-inch thick 
niobium ribbon which completely surrounded the source. 


b) Magnets 


Longitudinal decoupling fields H,, (Sec. 4) were pro- 
vided by Alnico horse-shoe magnets as shown in Fig. 2. 
The pole-piece and source assembly was held fixed and 
various field strengths were obtained by interchanging 
magnets. A brass mockup was used for zero-field data. 

Conventional C-yoke electromagnets were used for 
the transverse field H, (Sec. 6). In all cases sufficient 
magnetic shielding was provided for the counters to 
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Fic. 2. Magnet for longitudinal decoupling experiment. One 
of the gamma rays reaches the counter through the thinned-down 
area in one pole piece. 


12, W. Low and D. Shaltiel, J. Phys. Chem. Solids 6, 315 (1958). 
8D. R. Speck, Phys. Rev. 101, 1725 (1956). 
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Fic. 3. Pulse-height spectra. The horizontal arrows indicate the 
pulse-height intervals used in the coincidence experiments. (a) and 
(b): Spectra observed with the 3-in. X3-in. crystal. (c): Spectrum 
observed with the nonactivated Nal crystal. 


reduce magnetic field effects on either pulse height or 
timing below detectable levels. Small counting rate 
changes (of the order of 0.1%) introduced by mechani- 
cal motion of the magnet and the heating filament were 
accounted for in the usual fashion by interpreting them 
as a change in counter efficiency, 
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(c) Electronics and Detectors 


The only major departure of our instrumentation from 
conventional designs is the use of a pure (nonactivated) 
Nal scintillator cooled to liquid N» temperature, to de- 
tect the 0.12-Mev and 0.089-Mev radiations in the 
delayed-coincidence experiments. A }-in. thick by 1-in. 
diameter crystal was coupled to a quartz-faced RCA 
14-stage photomultiplier with S-20 response cathode by 
means of a four-inch long quartz light pipe in an arrange- 
ment very similar to that described by Beghian ef al." 
When the faster response of the pure iodide was not 
needed, a crystal of NaI(T1) of similar dimensions was 
used with a 7265 RCA photomultiplier. The high- 
energy gamma rays were detected by a 3-in.X3-in. 
crystal mounted on an RCA 7046 photomultiplier. The 
pulse height and time resolution of the arrangement is 
illustrated in Figs. 3 and 4. 

The electronic circuits consisted of a generally con- 
ventional fast-slow coincidence arrangement with the 
usual single-channel and pulse-height 
selectors. A time-to-pulse-height converter based on the 
design of Bell and Graham" was used with some modi- 
fications utilizing solid-state electronic components. 
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Fic. 4. Decay curve of the 0.123-Mev state in Gd'* observed 
with the time-to-pulse-height converter. The solid line illustrates 
the time resolution for prompt coincidences between gamma rays 
of the same energies. 


4. E. Beghian, G. H. R. Kegel, and R. P. Scharenberg, Rev 
Sci. Instr. 29, 753 (1958). 
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Fic. 5. Dependence of the angular correlation on delay time. The horizontal arrow indicates the instrumental time resolution. 
(a): 1.28 Mev—0.123-Mev cascade in Gd!**, Aqueous solution source with and without longitudinal decoupling field. (b): 1.03 


Mev-0.123-Mev cascade in Gd'™ with decoupling field. (c): Sm'® cascade without field. (d 


(e): Gd'** aqueous solution source. 


The gain of the pulse-height selecting ‘‘slow” chan- 
nels was stabilized by a device similar to that published 
by deWaard'* but the feedback was applied to the slow 
amplifier gain rather than the photomultiplier voltage 
supply in order to avoid changes in electron transit 
time. As a further protection against drifts in the 
apparatus, the data for each experiment were taken 
automatically according to a suitable schedule in which 
counter positions or magnetic field directions were 
changed at intervals of ten or twenty minutes. 


3. PERTURBATION IN AQUEOUS SOLUTIONS 


In none of the gamma-ray cascades studied is the 
unperturbed angular correlation known a priori. The 
only method of determining the attenuation G and the 
unperturbed correlation coefficients A is a measure- 
ment of W(6,t), i.e., the delay-time dependence of the 
angular correlation. 

Figure 4 illustrates a decay curve of the Gd'** cascade 
observed with the time-to-height converter. The ordi- 
nate represents log[ W (a#/2)+4W (x) ] which should be 
independent of the angular correlation since no terms 
higher than A» appear in W(@). At all values of ¢ for 


16 H, deWaard, Nucleonics 13, 36 (1955). 


Molten chloride sources at 1000°C. 


which the decay curve in Fig. 4 is a straight line, the 
slope of an exponential G2(/)A» should be correctly 
given by the data. The effect of the finite time resolu- 
tion is only a constant shift of the time axis. Figures 
5(a) and (c) show G2A2 as a function of delay time for 
aqueous solution sources of Eu'® and Eu’. A correc- 
tion for finite angular resolution of the counters was 
applied to the data according to the procedure of Rose.!” 
The Sm! state is seen to be unperturbed within the 
accuracy of our measurement, i.e., t2/tw>20 or Ge 
>0.95. This confirms Ofer’s" conclusion that there is 
an admixture of M2 radiation to the 2~ —> 2+ transition. 

The Gd'™ correlation is obviously perturbed. 

Figure 5(e) shows G,(¢)A, for the correlation in Gd!*6 
under the same conditions as Figs. 5(a) and (c). Ag in 
this case was too small to yield significant data. Here 
the attenuation is even more marked. We note that 
neither Fig. 5(a) nor 5(e) shows evidence of the oscilla- 
tory behavior of G;(t)A,x expected from the hfs coupling 
to a free ion. On the other hand, the ratio of the attenua- 
tion rates for A, and A, is quite plausible for a magnetic 
interaction’ (assuming g to be similar in Gd'™ and Gd"*®) 
but not for an electric quadrupole interaction. The fact 
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Rose, Phys. Rev. 91, 61 (1953) 
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. 6. Effect of longitudinal and transverse decoupling 
fields on the angular correlation. 


that G,(/) falls to zero in Fig. 5(e) indicates that all of 
the atoms have reached a “perturbed” ionic state 
presumably the ground state of Gd** in a time short 
compared with ry. The nonperiodic behavior of G(?) is 
probably due to electronic spin relaxation. In fact, a 
measurement!® of the linewidth at 9 kMc/sec of the 
Gd** paramagnetic resonance in the source used to 
obtain Fig. 5(a) gave a result consistent with a relaxa- 
tion time of the order of 10~" sec. The effects entering 
into the resonant linewidth are not quite the same as 
those relevant to our experiment but the order of 
magnitude is clearly correct to cause an exponential 
behavior of G(/). We cannot at this point rule out the 
possibility that different Gd** ions reach the ground 
states at different times after formation within, say, the 
first nanosecond. This also would tend to destroy the 
periodicity of G(/). Finally, there may be a contribution 
from electric field gradients either due to charges associ- 
ated with the solvent or due to polarization of the ion. 
The evidence presented in the following sections indi- 
cates that the two last-named effects do not contribute 
in an important manner. It must be admitted that none 
of our experiments would detect a true “impulse” per- 
turbation, i.e., loss of nuclear orientation within a 
fraction of a nanosecond. There is no indication, ex- 
perimental or theoretical, for the existence of such 
perturbation, however. 

Assuming, then, an exponential attenuation, we find 
from Fig. 5(a) r2=(7.8+1.0)X10- sec, 7o/rw=4.6 
+0.6. This yields G.(154)=0.82+0.02. The time inte- 
gral correlation coefficient for this source is A»G, 


18 We are indebted to Professor M. W. P. 
measurement. 


Strandberg for this 
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=(0.184+0.005 so that we deduce A.=0.224+0.018. 
Combining this determination with a similar value 
obtained from the curve in Fig. 5(d), we arrive at the 
value A»=0.227+0.006. 

The source used in Fig. 5(a) was a strong solution 
of Gd(NOs3)3. Other sources containing, instead, EuCl; 
in concentrations ranging from 5X10 mole/liter to 
0.05 mole/liter gave the same values of G, within 
about two percent. The same was true, with lesser 
statistical accuracy, for sources containing HoCl; or 
concentrated HNO;. The ionic relaxation phenomenon 
thus seems to be primarily a function of the solvent. 


4. MAGNETIC DECOUPLING OF THE 
PERTURBATION 


It is well known theoretically® that the perturbation 
of an angular correlation by the hfs interaction with a 
free paramagnetic atom or ion can be removed by apply- 
ing a magnetic field in the direction of one of the radia- 
tions but this phenomenon does not seem heretofore to 
have been observed experimentally. 

Figures 5(a) and (b) show G,(/) for a Eu'™ source in 
aqueous solution in the magnet shown in Fig. 2 with 
H,,= 3300 gauss. Points are shown for both gamma cas- 
cades indicated in Fig. 1. The solid lines are drawn for 
to/tN=27+47 which gives the best fit to the data. 

Figure 6 shows the value of G, for various values of 
H,,. No measurable effect of H;, was observed in the 
case of Eu'® sources or in the case of solid crystalline 
Eu'™ sources. If the attenuation of the correlation were 
due to hfs interaction in free Gd** ions, the magnitude 
of H;, required for reaching substantially G.=1 would 
be of the order of 10 a/uo gauss, where a is the hfs 
coupling constant defined by 


E(hfs)=al- J. 


We know from nuclear magnetic resonance measure- 
ments” that for the expected g value of the 0.123-Mev 
level, the upper curve in Fig. 6 should reach its satura- 
tion value for H,,~100 gauss. In fact, a value about ten 
times larger is required. This is undoubtedly due to the 
fact that the electron spin must be decoupled from the 
perturbing interaction. The condition for longitudinal 
decoupling is a sufficiently rapid averaging of the trans- 
verse component of the hfs field. For a free ion this 
implies simply that the electronic Larmor frequency be 
much greater than the hfs constant a. No calculation 
has ever been made of the form which the curve in 
Fig. 6 should take in the case of relaxation times com- 
parable with the reciprocal hfs frequency. The nature of 
the relaxation mechanism probably plays a role in this. 
For a relaxation by collisions capable of transferring an 
energy large compared with w,H,,, the decoupling con- 
dition is probably u.H,,>>%/t-, where ¢, is the mean time 
between collisions. Although the order of magnitude of 
the relaxation time is correct in our case to fit Fig. 6, 
we shall see in Sec. 5 that the true relaxation mechanism 
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probably involves interactions with a definite cutoff in 
the energy-transfer spectrum. 

It should be kept in mind that the value of Gz which 
has to be brought to unity by the decoupling field is 
not the zero-field value in Fig. 6, but the value indicated 
by the lower arrow in the figure. This value corresponds 
to G» for free Gd** ions as deduced from the experiments 
described in Sec. 5. The small residual attenuation in a 
3300-gauss field is not fully understood. Some of it may 
be an experimental artifact. In view of the small dimen- 
sions of the pole pieces (Fig. 2), we cannot be sure 
that #H,, is truly parallel to one counter axis for all 
parts of the source. It is, however, also possible that 
the lack of complete saturation represents the spectrum 
of the relaxation interaction. 

The fact that substantially complete saturation can 
be reached shows that none of the ions spend an appreci- 
able fraction of ry in any state with either much stronger 
hfs interaction, much longer relaxation time or much 
smaller electronic g value than the Gd** ground state. 
The behavior of the attenuation with H,,=0, on the 
other hand, shows also that there is not any appreciable 
time interval in which a significant fraction of the 
nuclear spins are unperturbed. We conclude therefore 
that the ionic ground state is reached in less than 1 
nanosecond by the great majority of the ions. 


5. TRANSVERSE DECOUPLING 


The lower curve in Fig. 6 shows the dependence of 
G2A- for an aqueous solution on a transverse field H,. 
For sufficiently large H,, G, approaches 0.5 compared 
with 0.82 in zero field. The field H, required to reach 
saturation is almost one order of magnitude larger 
than A:. 

The saturation value of G2 in Fig. 6 presumably cor- 
responds to the effect of a Paschen-Back decoupled hfs 
interaction for the direct effect of H, on the magnitude 
of Gz is negligible. If the ionic spin relaxation time were 
long even in zero field, the effect of H, would be ex- 
pected to be quite small (see Appendix I). We must 
therefore assume that the effect of the field is here again 
as in Sec. 4 a decoupling of the electron spin from the 
relaxation interaction The difference in field strength 
required in the two cases is somewhat analogous to the 
transverse and longitudinal relaxation times T; and T, 
in nuclear magnetic resonance experiments. In order to 
reach saturation (Fig. 6), it is presumably necessary 
that transitions between electronic m states be slow 
compared with the nuclear lifetime, which is a much 
more stringent condition than that for “longitudinal” 
decoupling. Thus the separation between the Zeeman 
components in the strong field H, is greater than any 
abundant frequency in the perturbing interaction 
spectrum. 

Assuming that the saturation value of Gz=0,50+0,06 
represents the effect of a fully decoupled hfs interaction, 
we can calculate the hfs constant a (see Appendix I). 
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The result is 
4 ary =0.28+0.05. 


Using ry= (1.70+0.05) K 10~ sec (see Sec. 7), we find 
a=264+5 Mc/sec. This compares with 11.9+0.4 
Mc/sec and 16.0+0.3 Mc/sec, for the ground states of 
Gd’ and Gd'®’, respectively.” The magnetic moments 
of the stable nuclei are known only quite roughly. 
Speck" from a spectroscopic determination of the hfs 
of the 5015 A line obtains 


Miss= —0.30+0.04 nm, wis7= —0.37+0.04 nm. 


These values assume L-S coupling and involve ques- 
tions of configuration mixing. The older values of 
Murakawa"™ were calculated on the assumption that 
I =3 and are therefore not applicable since J= }. Low” 
calculates wis5= —0.24 nm, uis7= —0.32 nm from the 
ratio of paramagnetic resonance values of a for Gd'®>.157 
to that for Eu'®'. Assuming identical configuration mix- 
ing in Eu®+ and Gd* and the values of (1/r*) for the 
two ions calculated by Bleaney, he uses spectroscopic 
determination of 15; to deduce the above values. If we 
adopt Speck’s value for the moment of Gd'*’, we obtain 
go,'§=0.41+0.08. 


6. PERTURBATION IN AN IONIC ENVIRONMENT 


It has been shown in the preceding sections that aque- 
ous solutions do not provide a suitable medium for the 
direct determination of the g value since the electronic 
spin relaxation is both too slow and magnetic field de- 
pendent. Sources in ionic crystals are known to yield, 
in general, strongly perturbed angular correlations. We 
also found this to be true for Eu’ sources and showed 
that this perturbation could not be decoupled, within 
the precision of measurement, by a field of H,,=3.3 
kilogauss in agreement with expectation. Perturbed 
crystalline sources are, of course, unsuitable for direct 
moment determinations, but it seemed plausible that 
the same strong interactions might fluctuate sufficiently 
rapidly in an ionic melt to produce a short electronic 
relaxation time under all conditions. 

Figure 5(d) shows the result obtained with a source 
of GdCl; at 980°C, well above its melting point. The 
best exponential fit to the data, indicated by the solid 
line in the figure, yields rz2=(24+5)X10~ sec or 
14+3, about three times the value obtained in 
aqueous solution. More important than the reduced 
attenuation, however, is the fact that the value of Ge 
was not changed (within the statistical accuracy of 
about 3%) by a field of H,=15 kilogauss. This source 
was deemed suitable for a direct determination of g. 
The nature of the small remaining attenuation is not 
fully understood. It may reflect a time-dependent quad- 
rupole interaction in the liquid. In any case it can be 
accounted for in the g-value measurement with an un- 
certainty which is surely smaller than ry/7T». 


T2/ TN 


19K. Murakawa, Phys. Rev. 96, 1543 (1954). 
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7. DIRECT MEASUREMENT OF g 


The gyromagnetic ratio of the Gd'™ state was meas- 
ured by observing the change in coincidence rate of the 
1.28- and 0.123-Mev gamma rays emitted at 135° to 
each other when the direction of a field H,=15 kilo- 
gauss was reversed. This method has been described 
repeatedly in the literature. In our experiment the 
counting rate difference between the two field directions 
was 2.16+0.28%. In order to evaluate the results of 
this measurement, it is necessary to know with pre- 
cision the angular correlation under the conditions of 
the experiment, the attenuation G,(/), the nuclear 
lifetime ry, and the magnitude Hs of the average 
magnetic field at the nucleus. 

The mean life of the 2+ state has been reported by 
Sunyar™ and by Birk ef al." to be 1.72+0.15 nsec and 
1.78+0.15 nsec, respectively. We have carefully re- 
measured this quantity using delayed coincidences be- 
tween beta rays from Eu'™ and conversion electrons 
from the 0.123-Mev level. The time analysis was cali- 
brated against the velocity of gamma rays in air using 
annihilation radiation. The experimental part of the 
decay curve beyond the range of possible contributions 
from “prompt” coincidences was analyzed by Peierls’ 
method. The time resolution was better than 1 nsec. 
The result is ry= (1.70+0.05) X 10- sec. The error in- 
dicated represents primarily the uncertainty of the time 
calibration. 

The stability, uniformity, and calibration of H, are 
better than two percent. The paramagnetic correction 
to the field at the nucleus is presumably due to the 
field of a penetrating s-wave function and therefore 
positive. The ionic g value is known to be very close 
to 2." 

The additional field at the nucleus is given by 


(J 2) 2uo 
AH =(H(0))as-——= (H (0) as —(J +1), 
3kT 


and (H(0)).,y is the value used in Sec. 5 to calculate gy, 
namely, 


\ 


)dav, (H(0))ay= 2.9105 gauss, 


T=1.2X108 °K. 
Thus 
AH=0.05H,. 


The diamagnetic reduction of the field at the nucleus is 
AH = —0.0071H,. Thus, we obtain H.s;= 1.042AH,. 

The attenuation of the angular correlation was deter- 
mined in Sec. 6: 


G,(t)=e—*/", 7 in nanoseconds. 


*” A. Sunyar, Phys. Rev. 98, 653 (1955). 
1M. Birk, G. Goldring, and Y. Wolfson, Phys. Rev. 116, 730 
(1959). 
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The proper value of the angular correlation to use in 
our experiment requires some discussion. From the 
several curves in Fig. 5 and the integral values of G2A» 
we obtain an average A.=0.227+0.006. The experi- 
mentally observed correlation in the actual geometry 
used differs from this for several reasons. The effect of 
the solid angle subtended by the counters and of the 
value of G: are readily understood. In addition, there is 
an appreciable effect of scattering by the pole pieces of 
the magnet, the vacuum system and the filament. Care- 
ful comparison of the value of G.A» obtained in a nearly 
scatter-free geometry and with the source located be- 
tween the pole pieces indicates a reduction of Az by 
about 5%. We verified experimentally that the form 
of the angular correlation remained the same in the 
presence of the scattering effects, i.e., 

W (0)=1+A2,P2X (cos), 

where we find. A,.’=0.180+0.004. We assume that 
A, (t)=A2' (Oe tir2) where ro=1l4ry (see Sec. 6) 
and that at any time / it is the instantaneous correlation 
which rotates with the Larmor frequency w 


W (6,t, +H.)=1+ 


A.’ (t)P [cos(@ tw t) | 


A?! (0)=A2'/G,= ar(1 + ‘) - 1.07Ao'=0.192. 


r 


This procedure of using an empirical value of A» 
implies that the effect of a physical rotation of one 
counter on the coincidence rate is the same as that of a 
precession of the nuclear spin through the same angle. 
This is not necessarily true in a situation such as ours 
in which the scattering material is not distributed with 
cylindrical symmetry. In particular, an appreciable con- 
tribution to the counting rate due to Compton scatter- 
ing of quanta with initially higher energy than the 
radiations investigated may cause serious distortions. 
It is clear from Figs. 3(a) and 3(c) that this cannot occur 
in our case since the only gamma ray in coincidence with 
the 1.28-Mev gamma ray is the 0.123-Mev ray and, on 
the other hand, the most energetic gamma ray in 
coincidence with the 0.123-Mev ray is the 1.28-Mev 
ray. Lower energy gamma rays are easily separated 
from this by pulse-height selection. Elastic scattering of 
the 0.123-Mev gamma ray is therefore the main cause 
of the reduction in A». In determining the angular cor- 
relation with the source located in the magnet, we 
rotated the large counter, detecting the high-energy 
gamma ray, leaving the 0.123-Mev gamma detector 
stationary. Under these circumstances the use of the 
observed correlation in the manner described is justified. 

Integrating over / we obtain, after some simple 
manipulation, 


R=AW/W =4Be'wr7'/[1+ (2wz7’)?]. 
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Here r’=Gory, wr=gnHepn/h, Bo! =3A2'/(44+A,’), 
AW =[W (30/4; +H)—W (39/4; —H)], 


W 


LCW (34/4; +H)+W (30/4; —H)]. 


Using the experimental value R 
w.= (2.66+0.35) 107 and 


gauss, 


0.0216+0.003, we get 
with Here=15 600+400 


go*4=0.36+0.06. 


8. CONCLUSIONS 


0.36+0.06 obtained from 
the direct determination and the value g=0.41+0.08 
from the hyperfine structure measurement are rather 
close to Z/A, but the errors are still too large to allow 
any far-reaching conclusions. It is gratifying that the 
agreement between the two determinations is so good. 
In fact, it may be that one can determine the moments 
of the stable isotopes by using our directly determined 
value and proceeding backwards through the calcula- 
tions in Sec. 5. 


The gyromagnetic ratio g 


The main source of the uncertainty in our result 
arises from the statistical counting error of the direct 
moment determination. Measurements in a stronger 
magnetic field are now planned and should reduce the 
error somewhat. It appears, however, that the uncertain 
nature of the residual attenuation, the difficulty of 
measuring 7 with great precision and uncertainty con- 
cerning the nature of the ionic state during the initial 
fraction of a nanosecond after beta decay will make it 
difficult to reduce the error much below ten percent. 
This is true despite the fact that the conditions of this 
experiment are probably more thoroughly investigated 
than for previous measurements of this type. It is obvi- 
ous that the usual procedure of applying corrections for 
perturbed angular correlations cannot be employed 
without detailed study of each case, at least in the case 
of paramagnetic ions. The incidental observation that 
at least in liquids, the ground state of the daughter ion 
is reached after beta decay in less than one nanosecond 
may be of general interest. The technique of obtaining 
short electronic relaxation times by the use of ionic 
melts may also be of general applicability. Another 
incidental result is the fact that the unperturbed angular 
correlations of the 2— — 2+ — 0+ cascades in Gd'™* 
and Sm! are nearly identical. Ofer" concluded that the 
Sm! correlation was best fitted with a }% admixture 
of M2 radiation to the £1 transition. Our value for 
Gd'* indicates an admixture of the same order of 
magnitude. 

We note that our result for the field-free attenuation 
in Sec. 3 is not in complete agreement with that of 
Goldring and Scharenberg* who used Coulomb excita- 
tion to produce the 2+ state, and found an attenuation 
corresponding nearly to the free hfs case for Gd'™. 
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APPENDIX I 


The attenuation of angular correlations by a free ionic 
hyperfine structure has been given explicitly by Alder." 
We have carried out the numerical calculations for the 
J =}, 1=2 appropriate to our case. Since the 
calculations are somewhat tedious we present the re- 
sults in Figs. 7(a) and 8(a). 


case of 


In the case of transverse magnetic decoupling (Sec. 5) 
the appropriate expansion of W’(@) is of the form 
W (@)=1-++ GB. cos20+G,B, cos4é, 


rather than in Legendre polynomials since the inter- 
action now has cylindrical symmetry. The relation be- 
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Fic. 7. Effect of magnetic hfs on the time-integrated angular 
correlation for J=7/2,7=2. (a): Without magnetic field. (b): 
Strong transverse magnetic field. The meaning of the symbols is 
explained in Appendix I. 
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Fic. 8. Time dependence of the attenuation coefficients due to 


magnetic hfs interaction. (a): Without magnetic field. (b): Strong 
transverse field. 


tween the two expansions is 
48A.+20A,4 
B,=—— —, 
64+16A2+9A, 
1+0.25A2+0.141A,4 ) 


G.-6.(—— le 
1+0.25G2A 2+0.141G4A4 


By=— -- , 
64+16A.0+9A,4 
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If Ay=0, B,=3A2/(4+A2) and G.=G.(4+A:2)/ 
(4+G2A2). 

G., G, are easily calculated for a purely magnetic hfs 
coupling with J=j in a strong transverse field. 


G.(t) 


: cos(2v-+1)at, 


cos(4v+2)at, 


G,(t) - > 


and the time integral values are 


1 


Gi,= 4 ; 
=o 1+[(2v+1)arw P 


ie 1 
G4= i Zi 


m0 1+[ (4v+2)ary | 


where the hfs coupling constant @ is expressed in 
radians/sec. These expressions are plotted in Figs. 7(b) 
and 8(b). It should be kept in mind that the curves (a) 
and (b) in Figs. 7 and 8 are not strictly comparable be- 
cause they correspond to different expansions of W(@). 
We note that for the zero-field case, after the first rapid 
drop G2(t) oscillates around the “hard-core” value 
G2(min)=0.22. In the decoupled cases G. oscillates 
around zero and there is no limit. For 
strong hfs coupling (large ary), transverse decoupling 
will therefore always result in a reduction of the angular 
correlation. On the other hand, the initial slope of the 
attenuation curves is steeper in the field-free than in 
the decoupled case so that for ary<0.5 the transverse 
field will cause an increase in the correlation. 

The time dependence shown in Fig. 8 will, of course, 
lose its periodic character if the quadrupole hfs inter- 
action is not negligible. In our analysis in Sec. 5 we 
have also tacitly assumed that there are no residual 
perturbations due to the surrounding medium. 
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Gamma-Ray Correlation Function in the Adiabatic Approximation*t 


J. S. Biarr anp L. WILETs 
University of Washington, Seattle, Washington 
(Received October 13, 1960) 


The gamma-ray correlation function following inelastic excitation of an even-A nucleus by a spinless 
projectile has been analyzed employing only the adiabatic approximation and theorems relevant to elastic 
scattering. The direction making equal angles with the incident and scattered directions in the scattering 
plane, the adiabatic recoil direction, is a convenient axis for quantization. In particular, the intermediate 
(excited) nucleus is populated with only even-M states, from which follows that the gamma distribution 
is unchanged by a rotation of wr about this axis. For a 0*—2*—0O* excitation de-excitation, the gamma 
distribution in the scattering plane reduces to the form sin*{2(@,—49) ], where 4 is the adiabatic recoil axis. 
Comparison is made to the similar predictions of plane-wave Born approximation theories (in which the 
recoil direction for finite energy transfer is the symmetry axis) and to distorted-wave Born approximation 
calculations (for which, in general, there is no simple expression for the symmetry axis). Analysis of experi 
ments verify the general features of the model, but further data obtained from forward scattering would 
be desirable to distinguish between the predictions of the adiabatic and Born approximations. Brief com- 


ments are made regarding gamma-ray polarization. 


1. INTRODUCTION 


N the process in which a medium-energy nuclear 
particle is inelastically scattered and excites a low- 

lying nuclear state, the angular correlation of the 
succeeding gamma ray with the inelastically scattered 
particle frequently has been found to lie close to the 
predictions of rather simple direct-interaction theories, 
such as plane-wave Born approximation (with no finite 
range exchange term in the perturbing potential)! or 
inelastic diffraction scattering models.?* In particular, 
both models predict that the angular correlation pattern 
in the scattering plane for a 0+—2+—O* excitation 
de-excitation is proportional to sin*20,, where 6, is 
measured from an appropriate recoil axis. 

It is paradoxical that such an angular correlation 
pattern has been observed even in cases where the 
angular distribution of the inelastically scattered parti- 
cles deviate markedly from the results of the simple 
direct theories. It is the primary purpose of this note to 
point out that gamma-ray correlation patterns very 
similar or equivalent to the above predictions follow 
from the single, less sweeping assumption that the 
inelastic scattering amplitude may be calculated in the 
adiabatic approximation for the relevant nuclear 
coordinates. 

Somewhat analogous conclusions recently have been 
obtained independently by Satchler* using the adiabatic 
approximation plus the further assumptions that the 
scattered amplitude may be calculated in the distorted- 
wave Born approximation and that the perturbing 
potential be local. Correlation functions have been 


Commission. 

+ The contents of this paper were first presented at the 1959 
winter meeting of the American Physical Society [Bull. Am. 
Phys. Soc. 4, 460 (1959) ]. 

1G. R. Satchler, Proc. Phys. Soc. (London) A68, 1037 (1955). 

2J.S. Blair, Phys. Rev. 115, 928 (1959). 

3 J. S. Blair, D. Sharp, and L. Wilets, Bull. Am. Phys. Soc. 5, 
34 (1960), and to be published. 

4G. R. Satchler, Nuclear Phys. 18, 110 (1960). 


computed by Banerjee and Levinson’ in the distorted- 
wave Born approximation (without use of the adiabatic 
approximation) ; the predictions of such arduous calcu- 
lations for the symmetry angle of the correlation 
functions in the scattering plane are close to those 
resulting from the use of the adiabatic approximation 
in their best cases, but for some parameters, significant 
deviations from the adiabatic approximation (and 
experiment) are obtained. 

The theory is developed in the next section while 
application to experiment will be made in the third 
section. Particular attention will be given in the third 
section to the differences between the predictions which 
follow from the plane-wave Born approximation and 
our results based on the adiabatic approximation. 


2. THEORY 


We consider the scattering of a spinless projectile 
with coordinate r nucleus whose relevant 
coordinates are represented by (the set) a and take for 
the Hamiltonian of this system 


from a 


H=K+V(r,a)+H (a), (1) 


where K is the kinetic energy of the projectile, V (r,a) 
is the (complex) interaction potential, and H(a) is the 
Hamiltonian for the nuclear coordinates. The formal 
solution for the scattered amplitude® from initial state, 
a, to final state, 0, is 


1 


(b|T a= 0+ —_—_____—-¥ 0); (2) 
E~K-—V—H(a)+ie | 

5 M. K. Banerjee and C. A. Levinson, Ann. Phys. 2, 499 (1957). 

6 The scattered amplitude we employ, (b| 7| a), is more properly 


termed the ‘“‘T matrix” and is related to the differential cross 
section by dotq/dQ= (2x/hvq) |(b| T | a) |2ps, where v, and p» are the 
incident flux and energy density of final states, respectively. 
Thus, for the elastic scattering problem with fixed a the more 
customary scattered amplitude, f(k»s,k.,«) is related to our 
scattered amplitude by /(ks,ka,a) = — (u/2rh*)t(ky,kayax), where 
u is the reduced mass of the projectile target system. 
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here |a) and |6) are the eigenfunctions for the free 


Hamiltonian, Hp = K+AH (a), so that 
a)= exp(ikg:1)Pa(a)= | ka) | Pa(a)). 


The adiabatic approximation neglects nuclear motion 
during the period of collision [which is equivalent to 
setting H(a)=0 in the denominator of Eq. (2) ] and 
disregards the difference between the initial and final 
kinetic energies of the particle, ie., sets kRa=k,=k. 
We then may write 


Tya(adiab) = (4, (a) | (ky, ka) | Pa(a)), (3) 


where ¢(k,,k.,@) is the exact scattered amplitude® for 
the elastic scattering problem with static a, 


Vik.). (4) 


t(k,,.ka,a) = (k V+V 
E—K-—V-+ie 


In principle, the coordinates a could refer to any 
nuclear coordinates; the usual criteria for the validity 
of the adiabatic approximation’* suggest, however, 
that the approximation is most relevant when these 
coordinates have a collective character. 

The importance of the adiabatic approximation is 
that theorems and results pertaining to purely elastic 
scattering may now be employed in discussions of 
inelastic scattering. (Indeed, the adiabatic approxima- 
tion enables one to understand the many qualitative 
similarities between elastic and inelastic scattering.) Of 
particular importance is the reversibility (reciprocity) 
theorem, as stated by Glauber,’ 


t(ky,k.,a) ses ai _ k,, a); (5) 


i.e., the elastic scattered amplitude from the incident 
direction k, into the final direction k, is the same as 
the scattered amplitude from —k, into —k,. The 
reversibility theorem (5) is satisfied by a large class of 
physical potentials, both real and complex. The 
property of the potential required for spinless projec- 


verter = fi Via)vrdr, 


which is not the usual Hermiticity condition, since 
complex conjugation is not employed. 

It is convenient to expand the scattered amplitude 
in eigenfunctions of the angular momentum, X, of the 
relevant nuclear coordinates, 


(ky, kaa)= > Cyr, (ke, ka)v,, (a), (6) 


yAu 


tiles is 


where other quantum numbers are specified by y. Now, 
the scattered amplitude, as can be seen from (4), is 


7D. M. Chase, Phys. Rev. 104, 838 (1956). 

8S. I. Drozdov, Soviet Phys.—JETP 1, 591, 588 (1955). 

9R. J. Glauber, in Lectures in Theoretical Physics (Interscience 
Publishers, Inc., New York, 1959), Vol. 1. 
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Fic. 1. Schematic representation of the symmetry properties 
of the scattering process. Sketch (a) represents the original 
scattering process. The scattered amplitude is unchanged when 
the entire physical system is rotated by x about the recoil direc- 
tion, as is shown in sketch (b). By the reversibility theorem, this 
latter amplitude is equal to that corresponding to sketch (c). 
Thus, the scattered amplitudes of (a) and (c) are equal, which is 
the content of Eq. (8). 


invariant with either a rotation of the 
coordinate system or a rigid rotation of k,, k,, and the 
potential. Refer to Fig. 1 for the following. A rotation 
by w about the k,—k, direction 


respect to 


z axis) leads to 


t (ky, k.,a) t(—k,, —k;, a’), (7) 


' . . 
where a’ are the rotated nuclear coordinates. But using 
the reversibility theorem, Eq. (5 


t(—k,, —ky, a’) 


). in the form 


L{ k,,k,.0’ oi 


we obtain 


¥. Cyru (ke kar, (a = ph ( y ru (Ke, k Wyru(a’ ). (8) 


yhe yA 


Since Vyru(a) = (— »Ps+r,(a’), we conclude that only 
even-p are contained in the sum (6). 

For the special case, ©,(a) I=0, M=0) (which is 
appropriate to excitation of even-even nuclei), the 
above result requires that the matrix element of the 
scattered amplitude, 


T 1m:00(adiab) = (IM L( k,,.k,.0 )}} 00 


vanish if M is odd. 


Tim (9) 
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These conclusions may be illustrated by consideration 

of the simple example of an axially symmetric scattering 
potential which is a function of the quantity R= Ro[1 
+-8,¥ (6) |, where 6 is the polar angle referred to the 
body axis, which is oriented in the direction of the 
unit vector d. The scattered amplitude for a fixed 
orientation of the nucleus will be a function of the 
various parameters of the potential, including Ro and 
8,, and the scalar quantities K?, x, K-d, x-d, where 
K=k,—k, and nx=k,+k,. {The combination [(K-«) 
-d may be expressed as a combination of the pre- 
ceding.} Since x changes sign (while K does not) under 
the interchange, k, > ky, k, ~ —k,, the reversibility 
theorem, Eq. (5), requires that no terms odd in x«-d 
eccur in the scattered amplitude. Comparison to the 
explicit form of the spherical harmonics shows that this 
is equivalent to the statement that only even-M states 
of an even-even nucleus will be excited. 

Let us now apply these results to the angular corre- 
lation of the gamma ray from the excited nucleus; we 
restrict ourselves to the excitation of an even-even 
nucleus and subsequent gamma-ray decay to the ground 
state. For a given-scattering angle, 6, the probability 
for finding the gamma-ray radiation at angle 6,, ¢, 
with respect to adiabatic recoil axis, K (¢,=0 and 7 
correspond to a gamma ray in the scattering plane), 
is proportional to the correlation function 


W (0,0,,0y) = > Aye Quem. (10) 


M’ M’’ 


Here, the nuclear statistical matrix, A yy’ar’’7, is defined 


as 


Tiw*Tim. (11) 


Ameo A 


The corresponding statistical matrix for unpolarized 
gamma rays, @y’a’, is well known: 


- (27+1)(4r)1(—)¥' 


Quem! 


Py 1 
x 7. Vy u’ (Oy,o) 


v,.even 


(2v-+1)! 


(7,1, —M’, M" |v, M”—M’)(I, I, —1, 1|», 0). 


(12) 


Since states with odd M’ are not populated and 
V y,m(0>,07)= (—)"Vo,m(0,, y+), we may verify ex- 
plicitly the anticipated result that the gamma-ray 
distribution is unchanged by a rotation of r about the 
adiabatic recoil direction and in the scattering plane is 
symmetric about that axis. These results have been 
obtained also by Satchler* for the special case when the 
adiabatic scattered amplitude is calculated in the 
distorted-wave Born approximation. 

For the interesting case where a 2+ level is excited, 
we now show in the adiabatic approximation that the 
correlation function in the scattering plane assumes the 
simple form 
(13) 


W (0, 0,, 6y=0)=6 sin*(26,). 
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t 

As noted earlier, this is also the prediction of direct 
interaction theories based either on the plane-wave 
Born approximation! or the inelastic diffraction model.?* 

To obtain the correlation function given by Eq. 
(13), crucial use is made of the additional symmetry 
property 
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(14) 


Tim=(—)™”T1_m, 
which holds quite generally for spinless projectiles 
exciting a “natural parity” level of an even-even 
nucleus.’ This lemma may be established as follows: 
From the symmetry of the scattering process and the 
absence of any projectile spin, the asymptotic wave 
function describing inelastic scattering, 


Wse® Dom T1rm|I,M), (15) 
is unchanged (except for a possible over-all change in 
phase) when the coordinate system is reflected through 
the scattering plane. Such a reflection is equivalent to 
an inversion through the origin and a rotation of 
about the axis perpendicular to the scattering plane, 
so that the transformed wave function is 


— Sa Trad durum! (m)| TM’ 
Dau Tra 


ms \MI7T—M), (16) 


7 
dygeu'! (w)=6m u(—)! F 


since Comparison of the 
coefficients of the nuclear wave functions in Eq. (15) 
and (16) yields the stated symmetry property. This 
lemma also may be proved from inspection of partial 
wave decomposition of T;,. 

The above lemma alone permits us to use, for spinless 
projectiles, a form of the 0—2—0 correlation function 
given first by Banerjee and Levinson, 


W (0, 0,, 6y=0)=a+6 sin*[2(0,—4») ], (17) 


where a, b, and 6, which are functions of 6, are defined 
in Eqs. (4.5), (4.6), and (4.7) of reference 2. With the 
aid of this result we may derive Eq. (13) in exactly 
the same manner as is indicated in the steps preceding 
Eq. (4.8) of reference 2. However, we can see directly 
how the general form Eq. (17) reduces to the special 
form Eq. (13) when only even-M intermediate states 
exist in a O—2—0 excitation-de-excitation. Indeed, the 
existence of an even-M state assures symmetry about 
the z axis, since then all components of the photon 
function have the same symmetry with respect to 
rotation by mw about z. The absence of an isotropic 
component—or radiation along the z axis—can be seen 
as follows: The (L=2, M=+2) photons clearly have a 
node at the poles, since the angular dependence of the 
vector potential only contains components V,,y4 and 
Vr,m41- The (2,0) photon has no intensity along the 
5 axis since it has no component of angular momentum 
in that direction, and a photon must have +1 units 
in its direction of propagation. 

It is worthwhile to consider the correlation function 


10 A. Bohr, Nuclear Phys. 10, 486 (1959). 
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for circularly polarized gamma rays decaying to the 
ground state of an even-even nucleus. In this case the 
gamma-ray statistical matrix is given by Eq. (12) with 
the change that the vy sum runs over only odd values of 
v from 1 to 27—1. The necessary condition for the 
circular polarization correlation function to be identi- 
cally zero is that the nuclear statistical matrix, Eq. 
(11), be multiplied by (—1)”’~-™’ under the exchange 
M'—> —M”, a result which follows from the anti- 
symmetry property of the gamma-ray statistical matrix 
with respect to this exchange. This condition is trivially 
satisfied in the plane-wave Born approximation since 
only the M=0 state (with respect to the recoil direc- 
tion) is populated. In the adiabatic approximation, 
this condition on the nuclear statistical matrix is equiva- 
alent to the requirement that Tray*T yume =T rT im* 
where use is made of Eq. (14) and the result that Ty 
vanishes for odd M. The preceding requirement is not 
satisfied in general although it is obeyed for those 
adiabatic approximation models in which the phase of 
the scattered amplitude is independent of M, in 
particular for the Fraunhofer? or the sharp-cutoff* 
models. For a 0—2—0 excitation de-excitation, the 
circularly polarized gamma-ray correlation function in 
the adiabatic approximation is proportional to 


(T20*T 22— T 20T 22*) L¥'3,2(01,6y) — V's,-2(07,67) | 


x (T20*T 22— T29T 22*) (xyz/r*), (18) 


where x, y, and z are the coordinates of the gamma-ray 
counter in a coordinate system where the adiabatic 
recoil axis is the z axis and the x axis lies in the scattering 
plane. Satchler* has given a detailed discussion of 
circularly polarized gamma-ray correlation functions in 
the distorted-wave Born approximation. 


3. APPLICATION TO EXPERIMENT 


There is one rather important distinction to be made 
between the predictions of this paper and those resulting 
from use of the plane-wave Born approximation. For 
a theory based on the adiabatic approximation, the 
symmetry axis is the direction of momentum transfer 
that would obtain were the excitation energy equal to 
zero. Hence, the symmetry axis makes an angle of 
(x/2—6/2) to the incident beam where @ is the scattering 
angle in the center-of-mass system (both the angle of 
the symmetry axis and the scattering angle are taken 
to be positive although they lie on opposite sides of the 
incident beam direction). 

On the other hand, for plane-wave Born approxi- 
mation theories, the symmetry axis is predicted to be 
the actual recoil direction for finite energy transfer 
K=k,—k,. The actual recoil direction will frequently 
lie close to the adiabatic recoil direction but will differ 
significantly from it for scattering in forward directions 
when the excitation energy is non-negligible compared 
with the initial projectile energy. Indeed, as the 


uG. R. Satchler, Nuclear Phys. 16, 674 (1960). 
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Tasie I. Calculated and observed angles between symmetry 


axis and direction of incident beam 


Scattering 
angle 
inthe Actual 

laboratory recoil 
system angle 
Oiab 
(deg) 


Adia 
batic Observed 
recoil symmetry 
angle angle 
rk  O@nr(ad) 00 
(deg) (deg) deg) 
C, 4.43 Mev 2§ 65 71 69 
) 49 52 57 


43 Mev, Shook® 


Me™, 1.37 Mev 68 43 Mev, 


Sho yk 
Me™, 1.37 Mev 70 16.6-Mev ?, 
y hikit 


5? 


C, 4.43 Mev 15 
30 


45 
60 
80 
110 


® See reference 12. 


> See reference 16. 
¢ See reference 18. 


scattering angle diminishes to zero, the adiabatic recoil 
angle approaches 2/2 
approaches 0. 

A striking feature of most of the observed 0—2—0 
correlation functions when the gamma rays are in the 
scattering plane has been their correspondence to Eq. 
(17), whether the projectiles be spinless alpha particles 
or protons. In Table I we compare the angle of the 
observed symmetry axis 9, to the actual recoil angle, 
Or, and to the adiabatic recoil angle, @eg(ad)= (2/2 
—0/2) for various experiments involving medium- 
energy projectiles. (All angles are measured with respect 
to the incident beam direction.) The same information 
is given in Table II for some experiments involving 
protons of rather low energy; while the adiabatic and 
the plane-wave assumptions are both clearly unjustified 


while the actual recoil angle 


TABLE II. Calculated and observed angles between symmetry 
axis and direction of incident beam 


Scattering 
angle \dia 
in the Actual batic Ol 
laboratory recoil recoil sy 
system angle angle 
Oiab Or @r(ad) 
(deg) (deg) leg) 


C, 4.43 Mev 90 24 
120 16 


Ne”, 1.63 Mev 60 51 
90 39 
120 26 


S*, 2.24 Mev 60 48 


120 5 
Mg™, 1.37 Mev 68 19 6.2-Mev ?, 
92. 38 38.5 Lackner, Dell, 
121 28 an ausman> 
Me™, 1.37 Mev 45 5 : 7.01-Mev >» 
60 ; Sewarde 
90 


* See reference 21. 
> See reference 20. 
* See reference 22. 
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Fic. 2. Plot of symmetry angle, 60, 


versus laboratory scattering angle, 6, 
he circles represent the experimental points of Sherr and Hornyak. The solid curves correspond to (a) @p, 


, for 16.6-Mev protons exciting the 4.43-Mev level of C®. 
the prediction of the 


plane-wave Born approximation with no finite range nucleon-nucleon exchange interaction, (b) @g(ad), the adiabatic recoil angle, 
and (c) the symmetry angle computed by Banerjee and Levinson®!* in the distorted-wave Born approximation using the parameters 
which give the best fit to the angular distributions of the inelastically scattered protons 


for low-energy protons, it is interesting to observe that 
some correspondence is found between 69 and either @z 
or @e(ad). Further comments on the experiments are 
given below for various and bombarding 
particles. 


targets 


C” and Mg**—43-Mev Alpha Particles 


Shook” has observed the angular distribution of 
gamma rays following excitation of the lowest’ 2+ 
levels of these nuclei as well as the alpha-particle 
angular distributions. The correlation patterns are 
reasonably consistent with the simple result given in 
Eq. (13). This should be no surprise since it has been 
noted in previous papers’ that the elastic and inelastic 
scattering cross sections of alpha particles at this energy 
correspond, particularly at moderately small scattering 
angles, to the predictions of the strong absorption dif- 
fraction model for inelastic scattering; one of the as- 
sumptions of this model was the adiabatic approximation. 
Since the uncertainties in the determination of 4 are 
comparable to the differences between 6g and @z(ad), 
it does not appear possible to say which predicted 
symmetry angle is favored in this experiment. 


C'-~—16.6-Mev Protons 


A detailed study of the dependence of correlation 
pattern on the scattered angle has been provided by 
Sherr and Hornyak.’ Their measured correlation 


12 G. B. Shook, Phys. Rev. 114, 310 (1959). 

13 J. S. Blair, G. W. Farwell, and D. K. McDaniels, Nuclear 
Phys. 17, 641 (1960). 

4R. Sherr and W. F. Hornyak, Bull. Am. Phys. Soc. 1, 197 
(1956). 


functions were of the form given by Eq. (17) for 
spinless projectiles. The isotropic contribution, however, 
was distinctly different from zero in contrast to the 
simple prediction, Eq. (13); the ratio a/b attained a 
value as large as 0.5. The results for @ are not included 
in Table I, but rather are indicated in Fig. 2. Also shown 
are curves corresponding to (a) 6g, the prediction of 
the plane-wave Born approximation when there is no 
finite range exchange term in the perturbing potential, 
(b) @x(ad)= (4/2—80/2), the adiabatic recoil angle, and 
(c) the symmetry angle computed by Banerjee and 
Levinson®"® in the distorted-wave Born approximation 
using the parameters which give the best fit to the 
angular distributions of the inelastically scattered 
protons. (By construction there will be no exchange 
term in the perturbing potential when it is assumed 
that the proton interacts with a collective potential ; 
however, such an exchange term does arise when the 
perturbing potential is taken to be the sum of two-body 
interactions between an incident proton and the target 
nucleons and the total wave function is appropriately 
antisymmetrized.®) It will be observed that the adia- 
batic result is here superior to the plane-wave Born 
approximation prediction and to the curve computed 
in distorted-wave Born approximation. (The adiabatic 
result also provides a markedly better fit than some 
other distorted-wave calculations shown in Fig. 16 of 
reference 15; in these calculations the correlation 
function is rather sensitive to the choice of parameters 
in the distorted-wave calculation.) 


15 C, A, Levinson and M. K. Banerjee, Ann. Phys. 3, 67 (1958). 
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Mg**—16.6 Mev Protons 


Yoshiki'® has observed that for the smaller scattering 
angles, @:4»= 30°, 42.5°, and 70°, the correlation pattern 
is well approximated by the simple form given in Eq. 
(13). For larger angles it is necessary to take into 
account in the correlation function a term proportional 
to sin?(@,—69'); such a term may be present for the 
case of projectiles with nonzero spin®!®'? and is indi- 
cative of spin-flip processes. Because of this compli- 
cation, we believe that the comparison between adia- 
batic recoil angle and the observed symmetry angle is 
significant only for the first three angles listed in 


Table I. 
C!*—39.3-Mev Protons 


The results of Adams and Hintz!® at this higher 
energy are similar to those of Sherr and Hornyak in 
that the correlation functions are consistent with the 
general formula for spinless projectiles while at the 
same time they contained a substantial isotropic 
component. The observed symmetry angles tend to lie 
between @z and @r(ad) and, indeed, are closest to @p. 


Adams and Hintz have shown that the observed 


symmetry angle is in good agreement with that dis- 


torted-wave Born approximation calculation which 
uses parameters which give the best fit to the inelastic 
angular distribution of 40-Mev protons.'* 

C”, Ne®®*, S®, and Mg**—6.2—-7.01 Mev Protons 

The correlation patterns observed by Hausman, 
Dell, Bowsher, and Lackner”?! and also by Seward” 
conform well to the spinless form, Eq. (17). The 
isotropic contributions are generally quite large, how- 
ever. Further, the correlation patterns computed by 
Seward” on the basis of the Hauser-Feshbach” com- 
pound nuclear model suggest that the compound 
nuclear model may provide a satisfactory explanation 
of the correlation patterns where 4 is close to 90° or 
45°. (Seward makes the interesting observation that 
the Hauser-Feshbach compound nuclear model does not 
necessarily imply that the correlation pattern is sym- 
metric about 90°; his computed correlation functions, 
however, approximate such symmetry.) Thus, compar- 
ison between the direct-interaction predictions and 
experiment is most relevant when the predicted sym- 
metry angles are distinctly different from 45° and 90°. 


16 H. Yoshiki, Phys. Rev. 117, 773 (1960). 

17 J. Sawicki, Nuclear Phys. 7, 503 (1958). 

18H. S. Adams and N. M. Hintz, University of Minnesota 
Linear Accelerator Annual Progress Report, 1959 (unpublished). 

19S. Chen and N. M. Hintz, University of Minnesota Linear 
Accelerator Annual Progress Report, March, 1958 (unpublished). 

2% H. A. Lackner, G. F. Dell, and H. J. Hausman, Phys. Rev. 
114, 560 (1959). 

21H. J. Hausman, G. F. Dell, and H. F. Bowsher, Phys. Rev. 
118, 1237 (1960). 

2 F. D. Seward, Phys. Rev. 114, 514 (1959). 

23 W. Hauser and H. Feshbach, Phys. Rev. 87, 366 (1952). 
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Not listed in Table II are (i) the data of Hausman, 
Dell, and Bowsher*! on the gamma correlations follow- 
ing proton excitation of the 1.78-Mev level of Si?, 
which exhibited symmetry about 90°, and (ii) the data 
of Seward” on excitation of the 1.37-Mev level of Mg”! 
by 6.66-Mev protons, which for the two smallest proton 
scattering angles also gave a correlation pattern sym- 
metric about 90°. The observed symmetry angles given 
by Lackner, Dell, and Hausman” for Mg™ are not best 
fit values but rather are the actual recoil angles, which 
were found to be in good agreement with experiment; 
this accounts for the exact equivalence between @ and 
49 indicated in Table IT. 

Before summarizing should 
emphasize that most of the experiments have involved 


our conclusions, we 
proton scattering and that for such cases the theoretical 
results of the preceding section are relevant only to the 
extent that the spin of the proton does not affect the 
scattering. This is not a generally valid assumption; 
it is a familiar fact that the spin-orbit potential plays 
a large role in determining elastic scattering amplitudes 
so that we anticipate that it will similarly affect the 
inelastic scattering. Further, Yoshiki’s correlation pat- 
terns for large-angle scattering show explicitly the 
presence of spin-flip processes. Thus, when we encounter 
discrepancies between the proton experiments and the 
simple adiabatic predic tions, it is not clear whether we 
should attribute these to the proton spin or to a break- 
down of the adiabatic assumption. 


4. SUMMARY 


The adiabatic approximation leads to predictions for 
the gamma correlation function which are similar to 
those predicted by the Born approximation. The 
physical content of the two theories differ in that: (1) 
The adiabatic approximation admits arbitrarily strong 
interactions; in the Born approximation, the scattered 
amplitudes are calculated to only first order in the 
interaction. (ii) The Born approximation admits finite 
excitation energy, so that initial and final momenta 
may be different in magnitude; the adiabatic approxi- 
mation assumes equal initial and final momenta. The 
distorted-wave Born approximation and the adiabatic 
approximation become equivalent as both the excitation 
cross section and excitation energy vanish. 

The functional form, sin?2[@,—60(@) |, for the gamma 
distribution in the scattering plane is common to both 
the adiabatic and plane-wave Born approximations, but 
the two differ with respect to their prescription for 00(@). ° 
Although the symmetry angles [@e(ad;@) and @(6), 
respectively | are similar over most of the range of @, 
they differ significantly for scattering into near forward 
directions. The adiabatic symmetry angle, @e(ad;@), 
varies linearly from 2/2 to 0 as 6 varies from 0 to z. 
The recoil angle, 62(@), varies rapidly near the forward 
direction, starting at @(0)=0 and approaching 
Oe (ad; 6) at angles larger than AZ/F, where AEF is the 
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energy loss. At exactly forward, the two directions 
6x(ad;0)=}m and 6”(0)=0, are equivalent, as far as 
concerns the correlation pattern. 

In what alpha-particle work there is available, the 
sin*|2(@,—)] form appears to be reasonably well 
satisfied, but it is not possible to distinguish between 
the adiabatic and plane-wave Born approximation 
predictions. More proton than alpha-particle work is 
available. In many cases the gamma distribution can 
be fitted with the form for spinless projectiles, and a 
comparison of the models is significant. The work of 
Sherr and Hornyak (16.6-Mev protons on C"”) clearly 
fits the adiabatic prediction for the symmetry angle 
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better than the plane-wave or distorted-wave Born 
predictions. However, the symmetry angles observed 
by Adams and Hintz (39.3-Mev protons on C) are 
intermediate between the adiabatic and the plane-wave 
Born predictions, somewhat favoring the latter, and 
are in good agreement with distorted-wave Born 
approximation computations. Experiments by Yoshiki 
(16.6-Mev protons on Mg”) somewhat favor the adia- 
batic approximation. 

More experiments conducted at forward scattering 
(angles of the order of AE/E) would be highly desirable 
in distinguishing between the models; no such alpha- 
particle data are yet available. 
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Decay of Hf!*°";.* 


W. F. Epwarpsf{ Anp F. Boru 
California Institute of Technology, Pasadena, California 


(Received Octol 


ver 26, 1960) 


The energies and relative intensities of the gamma radiation and the relative intensities of the conversion 
electrons following the decay of 5.5-hr Hf'8°" have been measured using the curved-crystal gamma-ray 
spectrometer (recently calibrated for accurate intensity measurements), the ring-focused beta-ray spec- 
trometer, and the semicircular spectrometer at the California Institute of Technology. The measured transi- 
tion energies are: 57.54+0.01, 93.3340.02, 215.25+0.13, 332.540.3, and 443.8+0.6 kev. The energy 
levels deduced from these values are not entirely consistent with the two-parameter rotational formula. 
Conversion coefficients derived from the measurements were absolutely normalized using a method in 
volving information available from the decay scheme. All of the 57.54-kev transition conversion coefficients 
are anomalously high if compared with the theoretical F1 coefficients. No admixture of M2+E3 can account 
for the anomaly. The K conversion coefficients of the 2 transitions are all about 10% low with exception 
of the 93.33-kev transition. The L coefficients have a varying deviation, the maximum being 12%. The K 
conversion coefficient of the 501.3-kev transition has the value 0.037+0.012 which is consistent with the 


theoretical F3 value of 0.040. 


INTRODUCTION 


HE energy levels of the Hf'* nucleus have for 

some time served as a classical example of a 
rotational excitation spectrum.' Above the 0* ground 
state four excited states with spin 2+, 4+, 6+, and 
8+ are known. The energies of these levels can be com- 
puted using a two-parameter formula of the form 


E;= (h®/2J)1(1+1) + BP(+1);, (1) 


where J is the moment of inertia parallel to the sym- 
metry axis, J the nuclear spin, and B is a constant tak- 
ing into account the rotation-vibration interaction and 
other second order effects.' The Hf!" y-ray energies 
have now been measured with enough precision to pro- 

* This work was submitted by W. F. Edwards as a portion 
of a Ph.D. thesis, California Institute of Technology, 1960 
(unpublished). ; fore 

+ Work supported by the U. S. Atomic Energy Commission. 

t Present Address: Utah State University, Logan, Utah. 

1 See, for example, S. A. Moszkowski in Encyclopedia of Physics 
(Springer-Verlag, Berlin, 1957), Vol. 39, p. 485ff; and a. &. 
Kerman, in Nuclear Reactions (North-Holland Publishing Com- 
pany, Amsterdam), p. 429. 


vide a useful check of the validity of the two-parameter 
formula in this overdetermined set of data. It seemed 
to us worth while to undertake this precision measure- 
ment using the crystal diffraction spectrometer. The 
result to be described shows definite deviation from 
Eq. (1) for the 6+ and 8+ levels. 

In addition, a precise evaluation of y-ray and con- 
version-electron intensities seemed feasible and worth 
while in the Hf'* decay because of its simple cascade 
decay scheme. This evaluation results in precise abso- 
lute internal conversion coefficients for all £2 transi- 
tions of the rotational cascade as well as for the E1 
and #3 transition from the 9— intrinsic state (see 
Fig. 1).'* Anomalies of the conversion coefficients of the 
57.5-kev transition have been reported and discussed 
by Scharff-Goldhaber ef al.2 and Gvozdev and Rusinov.* 


18 Note added in proof. From a recent experiment by M. Deutsch 
and R. W. Bauer, Proc. Conf. Nuclear Structure, Kingston, 1960, 
p. 592, a spin assignment of 8—follows for the 1142-kev state. 

2G. Scharff-Goldhaber, M. McKeown, and J. W. Mihelich, 
Bull. Am. Phys. Soc. 1, 206 (1956). 

3V. S. Gvozdev and L. I. Rusinov, Doklady Akad. Nauk 
S.S.S.R. 112, 401 (1957); Soviet Phys.—Doklady 2, 35 (1957); 
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1142.4 20.7 


57.5420.01 iog4.9 40.7 





(1077.2 22.7) 


(501.3) 443.8406 











641.0840,.33 ( 639.7 +0,9) 


332.5420.3 





308.58 40.13 
215.2540.13 


02+ Ff --______.— 93.3320.02 
93.3320.02 
6 —.. 12) 

Ht !8O 





Fic. 1. Decay scheme of Hf'*°™. The level energies which were 
deduced from the measured transition energies, are compared 
with theoretically predicted values based upon the two parameter 
formula fit to the 0+, 2+, and 4+ levels. The energy of the 
501.3-kev was deduced from the cascade gamma 
energies. 


crossover 


This transition is known to be £1 with a retardation 
factor of 10'® over the single-particle estimate. 


INSTRUMENTS AND SOURCES 


The 5.5-hour isomer Hf'®" was produced by neutron 
irradiation of HfO, enriched in the isotope 179. By 
using samples of high enrichment (83.6% Hf'”), re- 
cently made available through the Stable Isotope Divi- 
sion of the Oak Ridge National Laboratory, a con- 
taminant activity due to radioactive Hf'*', produced by 
neutron capture of Hf'**, was minimized. Sources were 
irradiated in the Materials Testing Reactor at Arco, 
Idaho in a neutron flux of 210'/cm? for approxi- 
mately six hours. 

Gamma-ray energies and intensities were measured 
with the two-meter curved-crystal spectrometer. This 
instrument has previously been described.‘ Under the 
present conditions the energy resolution is AE/E=2.3 
x 10-°E, where E is the gamma-ray energy in kev and 
AE is the full width of the line profile at half-maximum. 
The spectrometer was recently calibrated to permit 
precise relative intensity measurements.® Corrections 
due to absorption in the air path, absorption in the bent 
quartz crystal, absorption in the aluminum window of 
the NaI(Tl)-crystal container, photopeak efficiency of 
the detector, and reflectivity of the quartz crystal were 
applied. Further corrections due to self-absorption in 
the source and absorption in the source container were 


and V. S. Gvozdev, L. I. Rusinov, Yu. I. Filimonov, and Yu. L. 
Khazov, Nuclear Phys. 6, 561 (1958). 
4J.W. M. DuMond, Ergeb. exakt. Naturw. 38, 232-301 (1955). 
5 W. F. Edwards, Ph.D. thesis, California Institute of Tech- 
nology, 1960 (unpublished). 
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considered. By far the most important correction is due 
to the energy dependence of the reflectivity of the curved 
quartz-crystal. As a secondary result from the present 
study, when combined with the results of other ex- 
periments, this energy dependence was found to be 
E-98740.022 as will be discussed below. 

The gamma-ray source material was enclosed in a 
fused quartz capillary tube of internal diameter 0.009- 
in., external diameter 0.050 in., and height 1 in. The 
ends of the capillary tube containing the material were 
fused together, forming a completely enclosed “line” 
source. 

The homogeneous-field ring-focusing beta-ray spec- 
trometer and the semicircular spectrometer were used 
to measure the relative intensities of the conversion 
electrons. These instruments are described in the 
literature.*? The ring-focusing spectrometer is used in 
the measurements of electrons having energies greater 
than 25 kev. Its detector is a Geiger counter having a 
mica window of thickness 0.9 mg/cm?. The semi- 
circular spectrometer was employed to measure beta 
rays having energies between 2 kev and 120 kev. The 
Geiger counter detector had a formvar window of 10-30 
ug/cm? thickness made by a standard process.® 

Sources for the two spectrometers were prepared by 
vacuum evaporation of the activated material onto 
aluminum backings. The ring-focusing spectrometer 
was operated with a resolution of 0.7%. The sources 
were disks, 3 mm in diameter. The semicircular spec- 
trometer sources were 1.5 mmX2.5 cm rectangles 
matched for a 1% momentum resolution. 


RESULTS 


Gamma-ray energies wliich were obtained by match- 
ing the profiles of the gamma lines resulting from re- 
flection from the opposite sides of the crystal planes, are 
given in Table I. The error assignments vary from 1/20 
of the width of the line for strong lines to 1/7 of the 
width in the case of the weak 443.8-kev line. The 
energy of the 501-kev line was not measured. Gamma- 
ray relative intensities were found by setting the 
diffraction spectrometer on the maximum position of 
the line profiles and recording the pulse-height spectrum 
of the Nal detector with a 100-channel analyzer. The 
relative intensities were taken to be equal to the areas 
of the photopeaks after being corrected for the effects 
previously mentioned. The gamma-ray relative in- 
tensities are given in Table I. 

Relative electron intensities were measured by deter- 
mining the counting rate as a function of the magnetic 
rigidity, Bp. The relative intensity of a line is then equal 
to the area of the line profile divided by Bp. The only 


6 J. W. M. DuMond, Ann. Phys. 2, 283 (1957). 

7H. E. Henrikson, California Institute of Technology Report 
USAEC No.—24, 1956 (unpublished). 

®H. Slatis, in Beta- and Gamma-Ray Spectroscopy, edited by 
K. Siegbahn (North-Holland Publishing Company, Amsterdam, 
1955), p. 52. 
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correction that was necessary to be applied was due to 
the dead-time of the Geiger counter. This correction 
never contributed more than 4% to the intensity of the 
line. 

The ring-focusing spectrometer was used to measure 
the 93.33-kev L-conversion lines and all lines with higher 
energies. The semicircular spectrometer was used to 
measure the 93.33-kev M-conversion lines and all lines 
with lower energy. As an illustration the 57.54-kev L- 
conversion lines and the 93.33-kev K-conversion line 
are shown in Fig. 2. 


ROTATIONAL ENERGY LEVELS 


From the transition energies measured with the 
curved-crystal spectrometer the level energies given in 
Fig. 1 were deduced. The energy values of the first two ex- 
cited levels were used to determine the parameters #?/2/ 
and B of Eq. (1). The following numbers were found: 
h?/2J = (15.609-+0.006) kev and B— = (0,0090+-0.0005 ) 
kev. The energies of the 6+ and 8+ levels can now be 
predicted from these values of the parameters. By com- 
paring the predicted values and the experimental data 
for the 6+ and 8+ level (Fig. 1), it can be seen that 
the former are lower than the experimental values and 
there is no overlap of the errors. 
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Fic. 2. Conversion electron lines measured using the semi 
circular spectrometer. (a) shows the 57.54-kev transition L lines, 
and (b) shows the K line of the 93.33-kev transition. 
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Fic. 3. Comparison of the experimental values of the energies 
predicted by the two parameter formula for the 6+ and 8+ levels 
in Hf{'®. The uncertainties represent 90% confidence limits. 





Figure 3 shows the relationship between the values 
and the errors on the predicted and the experimental 
energies. One should remember that the reported energy 
uncertainty for lines measured with the curved-crystal 
spectrometer is not a standard deviation, but corre- 
sponds to about 90% confidence. Thus the probability 
of the deviation of the measured energy of the 6+ 
level being statistical is approximately 0.03 while that 
for the 8+ level is smaller yet. A significant fact is that 
the deviations are increasing with energy. We must 
conclude, that the two-parameter rotational formula 
does not explain the experimental observations.° 


NORMALIZATION OF CONVERSION COEFFICIENTS 


The experimental relative conversion coefficients 


listed in Table I were found by dividing the intensity 


of each conversion line by the corresponding gamma-ray 
intensity. These relative coefficients were then sub- 


® The above procedure for fitting Eq. (1) to the experimental 
data has visual advantages but is not a proper least-squares 
adjustment. [For a discussion of the least-squares method see 
E. R. Cohen, K. M. Crowe, and J. W. M. DuMond, Fundamental 
Constants of Physics (Interscience Publishers, Inc., New York, 
1957).] A least-squares adjustment was performed with the 
result that #?/2J7=(15.596+0.004) kev and B=-— (0.00745 
+0.00014) kev. Furthermore the ratio of the external error 
(which is the standard deviation based upon the spread of the 
observations) and internal error (which is the standard deviation 
reflecting the accuracy of the original measurements) is 5.9. If 
the data were entirely self-consistent this ratio would be equal to 1. 
Since the method of assigning errors to the curved-crystal spec- 
trometer energy measurements has been carefully checked in the 
past, there is little reason to suspect that the internal error is 
faulty. This implies that the spread of the observations is highly 
excessive. The probability of this being a random deviation is 
much less than 0.01. 





1502 Ww. EDWARDS 
jected to an absolute normalization in the following 
manner : 

The decay fraction of a transition is the percentage 
of the total decay rate contributed by a particular 
electromagnetic transition and is proportional to 
(1+a,)I,, where a, is the total conversion coefficient of 
the transition, and J, is the relative intensity of the 
gamma ray. If no primary beta branching exists as in 
the case of Hf'® then the sum of the electromagnetic 
decay fractions of transitions populating the level must 
clearly be equal to the sum of those depopulating the 
level, thus yielding for each level an equation contain- 
ing the relative conversion electron intensities, the 
relative gamma-ray intensities, and one absolute con- 
version coefficient only. Thus, with one level to which 
this decay scheme method can be applied, the con- 
version coefficients may be absolutely determined. 

Hf'*" has four levels for which such equations can 
be written: the 2+, 4+, 6+, and 8+ levels. The 
gamma-ray intensity of the 501-kev transition was not, 
however, determined with sufficient accuracy. As a 
result the 6+ level equation contained two unknown 
quantities. In addition, the uncertainties of the 443.8- 
kev transition intensities were quite large. For these 
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reasons this equation was rejected leaving three equa- 
tions in one unknown, the unknown being the con- 
version coefficient of the 93.33-kev transition. 

The equations were thus twice overdetermined. Ad- 
vantage was taken of this overdetermination to check 
the intensity calibration of the curved-crystal spec- 
trometer. The gamma-ray relative intensities had been 
corrected assuming a E~* dependence of the curved- 
crystal reflection coefficient. An unknown, x, was then 
introduced representing the deviation of the actual 
exponent from the one assumed. Thus, through the 
gamma intensities, « appeared as a second unknown in 
the three level equations. Now, in another experiment 
a value for x had been determined. This was introduced 
as a fourth equation, «=0.000+0.032, giving finally 
four equations in two unknowns. A least squares ad- 
justment was then made, taking into account the 
correlations between parameters of the input data. 
The resulting value for the total conversion coefficient 
of the 93.33-kev transition is 5.14+0.24. The internal 
error is given. The ratio of the external error and in- 
ternal error is 0.8 which indicates very good consistency 
of the data. The adjusted value for x was —0.013 
+0.022, indicating a E~!-**7+°? reflectivity law. 


TABLE I. Data for transitions in Hf!®™. 


Gamma-ray 
intensity 

(relative 
units) 


Gamma-ray 
energy 
(kev)* 


tron intensities 
(relative units) 


Conversion 
line 


0.248 
0.045 
0.294 
0.072 
0.012 


+0.014 
+0.006 
+0.012 
+0.007 
+0.002 


57.54+0.01 291+ 7 Iiit+lLu 


Lin 


Liotal 
VM 


N+0 


0.205 
0.343 
0.239 
0.582 
0.169 


93.33+0.02 +0.012 
+0.017 
+0.013 
+0.017 


+0.012 


0.114 
0.072 


+0.005 
+0.006 


500+ 14 


0.0400 
0.0154 


567424 
+0.0012 


0.0173 
0.0040 


443.8 +0.6 491+ 26 +0.0010 


Liotal 
M+N+--- 
total 


501! 


102+318 K 


* While all other errors reported in this paper represent standard deviations the energy errors correspond to ~90% « 
>» The normalization of these conversion coefficients was fixed by a(93) whose absolute value was determined as « 


© See reference 3. 

4 See reference 10. 

* Not corrected for screening. 

! The energy of the 501-kev line was not measured. 


* This value was not measured directly but was deduced from the feeding and bleeding of levels as discussed in 


Conversion elec- 


+0.0016 


+0.0005 
0.00141+0.00028 
0.0227 +0.0012 


0.0070 +0.0009 


Conversion coefficients 
Absolute, by 


present ex- 
periment» 


Experiment by 
Gvozdev and 


Rusinov® Cheoretical4 


M2 
69 
22 
91 
43 


El 
0.163 
0.062 
0.225 
0.086° 


0.458 
0.084 
0.543 
0.134 
0.023 


+0.036 
+0.012 
+0.036 
+0.015 
+0.004 


+0).10 


E2 
1.03 
1.46 
1.32 


2.80 


1.10 +0.09 
1.85 +0.13 
is +0.09 
+0.19 
+0.08 


3.13 
0.909 


} ) 
0.138 
0.067 


0.123 
0.077 


+0.009 0.15 +0.05 


+0.007 


E2 
0.042 
0.0130 


0.038 +0.003 0.055 +0.014 


0.0146+0.0015 


E2 | 
0.020 
0.0049 


0.026 +0.007 
0.0063+0.0016 


0.0189+0.0017 
0.0044+0.0007 
0.00150.0003 
0.0249+0.0022 


F3 


0.0370+0.012 0.035 +0.014 0.040 


nfidence limit 


lescribed in the text 


the text 
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CONVERSION COEFFICIENTS 


Table I gives the absolute conversion coefficients, 
comparing them with the values determined by 
Gvozdev and Rusinov*® and the theoretical values of 
Rose.’ The 57.54-kev L-conversion coefficient anomaly 
is confirmed. Scharff-Goldhaber ef al.2 report the ratios 
Ly Ly/Lin=5:0.5:1 which gives (it-Ln)/Lin=5.5. 
The present work gives the same value for this ratio, 
5.5+0.8. Rose’s theoretical value is (J3+Zn)/Lin 
= 2.63. Gvozdev and Rusinov report a value for the 
last ratio of approximately 4. Figure 2(a) shows the 
57.54 L-conversion lines. From the figure, it can be seen 
that Zy gives the main contribution to the composite 
line in agreement with Scharff-Goldhaber. The value 
obtained for the total Z-conversion coefficient is 0.54 
+0.04, while Scharff-Goldhaber ef al., give 0.4 and 
Gvozdev and Rusinov give 0.33+0.10. The curved- 
crystal spectrometer made it possible to resolve the 
57.54-kev line from the Hf K x rays, so the gamma-ray 
intensity was subject to a very small error only. 

M2 admixture will not explain the anomaly. The 
amount of M2 necessary to bring agreement with a@zi1 
is (0.10+0.06)%; however, this would only raise the 
theoretical value for az3+az11 to 0.24+0.04, whereas 
the experimental value for this last quantity is 
0.44+0.03. 

The present result is in general agreement with the 
results of Asaro ef al., on the anomalous conversion 
coefficients of retarded, low-energy, £1 transitions."! 
These authors found a definite correlation between the 
L shell conversion coefficient anomaly and gamma-ray 
retardation in odd-A isotopes in the trans-lead region. 
They also report that the Ly subshell is not anomalous. 
In the present case Lyr is close to the theoretical value 
while 11+) is three times larger than the theoretical 
value. 

The 57.54-kev M coefficient is approximately 60% 
higher than the theoretical #1 value. The screening 
effect, which was neglected in Rose’s calculation of the 
M coefficients, would lower the theoretical value.” 
Furthermore, no ratio of M2+ #3 admixture can satis- 
factorily explain the anomaly. 

It was mentioned that the gamma intensity of the 


10M. E. Rose, Internal Conversion Coefficients (North-Holland 
Publishing Company, Amsterdam, 1958). 

1 F, Asaro, F. S. Stephens, J. M. Hollander, and I. Perlman, 
Phys. Rev. 117, 492 (1960). 

2M. E. Rose (privately circulated tables of 
coefficients). 
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Subshell intensity ratios of conversion electrons 
for transitions in Hf!®”", 


TABLE II. 


Gamma 

ray Value by 
energy Measured Gvozdev 
(kev) value et al.® 


Theoretical 
value* 


M2 

7.54 (Ay¢Ln)/Lin ’ +0. : 3.13 

L/M lA +0- tee : 2.12 
L/(N+0--- d +. cee tee 


Identification 


E2 
0.368 
1.11 


K 
(L14+-Ly)/Lin 


/L 0.352+0.025 
L/(M+WN:---) 


1.44 +0.10 
3.44 +0.26 


0.48+0.15 
1.4 +0.3 


E 
L 1.59 +0.14 coe 2.¢ 
E 
2 
E 
41413 4.1 


2.60 +0.23 see 3 


) 


K 
K/L 
K/L 43 +0.6 


® See reference 3. 
6 See reference 10. 


501-kev transition was not determined in this experi- 
ment; for this reason the 6+ level equation, which 
involves this quantity was not used in the determina- 
tion of the absolute value of the 93.33-kev conversion 
coefficient. After the determination of a (93.33), how- 
ever, this equation was used to deduce vaiues for the 
total conversion coefficient and gamma-ray intensity of 
the 501-kev transition. These values are summarized 
in Table I. An £3 assignment brings agreement be- 
tween experimental and theoretical conversion coeffi- 
cients within the rather large error. 

The following comment applies to the £2 transitions. 
With the exception of the 93-kev line the K-conversion 
coefficients of all #2 lines show a slight trend toward 
lower values if compared with the theoretical coefh- 
cients in contrast with the reported*® trend toward 
higher values. The total L-coefficients seem to be some- 
what higher than the theoretical values. This variation 
of K-shell and L-shell coefficients shows up clearly in 
the K/L ratios given in Table II. The subshell ratios 
are in agreement with those reported by Gvozdev et al.’ 
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Si**(p,p’y) Angular Correlations* 
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Angular correlations have been measured between protons scattered inelastically from a Si** target and 
the decay gamma rays from the 1.78-Mev first excited state of the target nuclei. The incident proton bom 
barding energy was varied between 5.8 Mev and 7.0 Mev. The angular correlation experiments were 
performed for proton detector angles of 37°, 60°, 90°, and 120°. The measured angular correlation functions 
are all of the form A+B sin*{[2(@—6o) ], where @ is the axis of symmetry. When the incident proton beam 
energy was 7.0 Mev, the symmetry direction was found to be 90° (center of mass) independent of the proton 
detector angle. These results agree with the prediction of a compound-nucleus theory. This suggests the 
existence of a strong compound nucleus resonance in P” at an excitation energy of 9.6 Mev. For lower proton 
beam energies, the symmetry direction 4 shifts with a change in the proton detector angle or a change in 
the proton beam energy. These results are consistent with a direct-reaction mechanism. 


INTRODUCTION 


NUMBER of angular correlation experiments 

have been performed in this laboratory between 
the inelastically scattered protons, which leave the 
target nuclei in their first excited state, and the decay 
gamma rays from that The purpose of the 
experiments was to search for the presence of direct 
reactions at low proton bombarding energies. The 
results of the angular correlation experiments on C®, 
Ne”, Mg”, Si**, and S® targets have been reported in 
two earlier articles.'* These experiments were per- 
formed at proton detector angles of 60°, 90°, and 120° 
with an incident beam energy of 7.0 Mev. The angular 
correlation data were fitted by the least-squares method 
to the function A+B sin*{2(@—4 ) ], where o is the axis 
of symmetry. 

All of these targets have even-even nuclei with a 0+ 
ground state and a 2+ first excited state. If, in the 
(p,p’) scattering process, the excited target nuclei are 
polarized along some axis @,, the angular distribution 
of the decay gamma rays will be 


state. 


W (0)=A sin*[2(0—8,) |. 


The simple direct-reaction theories,’ which assume a 
plane-wave description of the incoming and outgoing 
protons, predict that the polar axis @, is in the direction 
of the classical nuclear recoil. This is the direction of 
the recoil vector q=k;—k,, where k, is the wave vector 
of the incident particle and ky is the wave vector of the 
outgoing particle. The results of the angular correlation 

* This work was supported in part by the U. S. Atomic Energy 
Commission. 

+t Now at Department of Physics, The University of Tennessee, 
Knoxville, Tennessee. 

1H. A. Lackner, G. F. Dell, and H. J. Hausman, Phys. Rev. 114, 
560 (1959). 

2H. J. Hausman, G. F. Dell, and H. F. Bowsher, Phys. Rev. 
118, 1237 (1960). 

3 As examples: N. Austern, S. Butler, and H. McManus, Phys. 
Rev. 92, 350 (1953); S. T. Butler, Phys. Rev. 106, 272 (1957); 
S. Hayakawa and S. Yoshida, Progr. Theoret. Phys. (Kyoto) 14, 
1 (1957); J. S. Blair and E. M. Henley, Phys. Rev. 112, 2029 
(1958); S. T. Butler, N. Austern, and C. Pearson, Phys. Rev. 112, 
1227 (1958). 


experiments performed on Mg” agree with the predic- 
tions of the simple direct-reaction theories. The corre- 
lation function was measured for three different proton 
detector angles; 60°, 90°, and 120°. This gave three 
different classical nuclear recoil directions. In each case 
the symmetry axis of the correlation function agreed, 
within experimental error, with the nuclear recoil 
direction. 

The angular correlation experiments, which were 
performed on C™, Ne”, and S®”, revealed that the 
symmetry axes of the correlation functions did not 
coincide with the predicted polar axes of the simple 
direct-reaction theories. However, the measured sym- 
metry axes were found to depend on the proton detector 
angle. These results are not surprising. For low proton 
bombarding energies, a plane-wave projectile wave 
function would not be expected to be a good approxima- 
tion. A more refined calculation which includes the 
effects of the distortion of the projectile wave function 
was made by Banerjee and Levinson.‘ This calculation 
leads to an angular correlation function of the form, 


W (6)=A+B sin*[2(6—4) ], 


where the symmetry axis, 9%, only approximates the 
classical nuclear recoil angle, @,. The predictions of this 
distorted wave theory were compared with the data 
collected by Sherr and Hornyak,® who investigated the 
C"(p,p’y) angular correlations. Their incident beam 
energy was 16.6 Mev. The predictions of the distorted 
wave direct-reaction theory were found to be in good 
agreement with the correlation data. This theory was 
not actually applied to C", Ne”, and S® for an incident 
proton beam energy of 7.0 Mev. However, the sym- 
metry axes of the measured angular correlation func- 
tions were observed to shift in a regular manner with a 
change in the proton detector angle and with a change 
in bombarding energy. This strongly indicates the 
presence of a direct reaction. 

4M. K. Banerjee and C. A. Levinson, Ann. Phys. 2, 499 (1957). 

5R. Sherr and W. I’. Hornyak, Bull. Am. Phys. Soc. 1, 197 
(1956). 
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Fic. 1. A schematic drawing of the Ohio State University Cyclo- 
tron scattering system. The drawing is not to scale. 


For Si?* the angular correlation data were found to 
fit to a function of the form, 


W (6)=A+B sin?[2(6—90°)], 


independent of the proton detector angle. This is con- 
trary to the predictions of direct-reaction theories. This 
symmetry of the correlation function about 90° (c.m.) 
agrees with the predictions of a compound-nucleus 
formation theory. This suggests the existence of a strong 
nuclear resonance in the compound nucleus, P”, at an 
excitation energy of 9.6 Mev. If a resonance actually 
exists at this energy, then at an incident proton beam 
energy which is unable to excite such compound-nucleus 
resonances, the correlation function would be expected 
to be radically different. The results of the angular 
correlation experiments on Si** at various beam energies 
between 5.8 Mev and 7.0 Mev is the subject of- this 
paper. 


SCATTERING SYSTEM 


The Ohio State University cyclotron scattering 
system (see Fig. 1), has been described elsewhere.* The 
7.0-Mev beam, extracted electrostatically from the 
cyclotron vacuum system, is diverging as it enters 
the 2-inch o.d. brass pipe. The magnetic field of the 
quadrupole focusing magnets forces the protons into 
paths paraliel to the axis of the brass pipe. The beam is 
then bent through an angle of 15° by the field of the 
deflecting magnet. A collimator, which has a circular 
hole with a diameter of 0.025 inch, is located in the 


*H. J. Hausman, U. S. Atomic Energy Commission Progress 
Report, 1959 (unpublished). 
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Fic. 2. Spectrum of 7.0-Mev protons scattered from a thin 
quartz target at an angle of 90° with respect to the incident beam 
direction. 


entrance port of the scattering chamber. The proton 
beam, after passing through the collimator, bombards 
the target located at the center of the chamber. Finally, 
the beam is collected in a Faraday cage. 

There are two radiation detectors attached to the 
scattering chamber. The first is a ;’s-inch diameter by 
0.020-inch thick CsI crystal. It is attached to a Lucite 
light pipe which in turn is attached to an E.M.I. 9536B 
multiplier phototube. The second detector is a 1-inch 
diameter by 2-inch long Nal crystal. It is attached via 
a Lucite light pipe to a second E.M.1. 9536B phototube. 
The CsI detector is used to detect the protons scattered 
from the thin bombarded targets, while the Nal crystal 
is used to detect the decay gamma rays emitted from 
the same targets. By changing to a Lucite light pipe of 
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Fic. 3. Si®8(p,p’y) 1.78-Mev angular correlation. The incident 
beam energy is 7.0 Mev. The target is No. 1. See reference 2. 
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a different shape, it is possible to change the proton 
detector angle. The gamma-ray-detecting crystal is 
attached to a Lucite rod which passes vertically 
through a vacuum seal located in the rotating lid of the 
scattering chamber. A remotely controlled selsyn 
system is used to change the angular position of the 
gamma-ray detector. 

In order for a coincidence count to be recorded by the 
electronic circuitry, the following requirements must 
be met. A proton and a gamma ray must be detected 
within the resolving time (approximately 25 nano- 
seconds) of a fast coincidence circuit. The energy of the 
detected proton must lie within some preset energy 
window while the energy of the detected gamma ray 
must exceed a preset energy threshold. Some of these 
recorded coincidences are the result of the detection of 
a gamma ray in time coincidence with the detection of 
an unrelated proton. These coincidences shall be 
referred to as “accidental” coincidences. 

Since this electronic circuitry cannot differentiate the 
coincidences between related radiations from those of 
unrelated radiations, a second coincidence circuit was 
added. This circuit matched protons of one cyclotron 
pulse with the gamma rays related to protons of the 
previous cyclotron pulse. The number of these coinci- 
dences equals, within statistics, the number of accidental 
coincidences recorded by the first circuit. The corrected 
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number of coincidences occurring during a run was 
taken to be the difference between the recorded counts 
of the two circuits. 


EXPERIMENTS 


A Si** target was prepared by drawing a quartz fiber 
down to a diameter estimated as being less than 0.001 
inch. The fiber was then attached to a target holder and 
a thin coating of gold evaporated onto the fiber surface. 
The gold was used to carry away the heat which results 
from the bombardment of the target by the incident 
proton beam. An energy spectrum of the protons 
scattered from the quartz fiber is shown in Fig. 2. Peak 
a comprises the proton groups corresponding to elastic 
scattering from gold, silicon, and oxygen. Peak 6 corre- 
sponds to the proton group leading to the 1.78-Mev 
first excited state in Si**. The window of the proton 
analyzer was set to bracket peak 6, while the baseline 
of the gamma-ray analyzer was set to count all pulses 
corresponding to gamma-ray energies greater than 0.7 
Mev. 

The results of the angular correlation runs are shown 
in Fig. 3. The incident proton beam energy is 7.0 Mev. 
The curves correspond to laboratory proton detector 
angles of 60°, 90°, and 120°. The experimental points 
are shown with their statistical standard deviations. 
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beam energy is 6.7 Mev. The target is No. 2. @z is the classical 
nuclear recoil direction. 
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The smooth curves are weighted least-squares fits to the 
experimental data. The angular correlation functions, 
printed on the curves, have been corrected for the finite 
geometry of the gamma-ray detector. The ratio of the 
true to accidental counts ranged from 2:1 to 6:1. Before 
the correlation runs could be repeated at lower beam 
energies, the thin silicon target broke. This target will 
be designated as target No. 1. 

A second silicon target (called target No. 2) was 
prepared by the method used in preparing target No. 1. 
However, the diameters of the two quartz fibers may 
have differed. Also, there may have been different 
amounts of gold plated onto the two quartz fibers. 
Before the beam energy was changed, the angular corre- 
lation experiments were repeated on target No. 2. The 
results of these runs are shown in Fig. 4. The proton 
detector angles are 37°, 60°, 90°, and 120°. None of the 
correlation functions are symmetric about 90°(c.m.). 
Also, the symmetry axis of the correlation function 
shifts in a regular manner with the change in the proton 
detector angle. These last four runs indicate the pres- 
ence of a direct interaction occurring in the (9,p’) 
reaction. These results do not agree with those obtained 
from the target No. 1 experiments. 

A possible explanation for this difference in the results 
is based on the assumption that the thickness of the 
two targets was not the same. As the protons pass 
through a target, they lose energy as a result of atomic 
collisions and ionization interactions. Consequently, if 
the two targets had a different thickness, the amount 
of energy lost by the protons due to the atomic inter- 
actions would not be the same for both targets. A test 
of this possible explanation is to see if, for a different 
beam energy, the target No. 2 angular correlation 
results would agree with the above target No. 1 results. 

The incident proton beam energy was degraded by 
placing a thin platinum foil in the path of the beam. The 
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angular correlation runs were taken on target No. 2 at 
several different beam energies in the range 5.8 Mev to 
6.7 Mev. The results of the runs are shown in Figs. 5, 
6, 7, and 8. The proton detector angles were 37°, 60°, 
90°, and 120°. At none of these energies are the results 
similar to those obtained with target No. 1. Since the 
incident beam energy could not be increased above 7.0 
Mev, it was not possible to check whether higher energy 
protons incident on target No. 2 would give the results 
of target No. 1. However, decreasing the thickness of 
the target has nearly the same effect as increasing the 
incident beam energy. 

A thin target (called target No. 3) was then prepared. 
Figure 9 shows the results of an angular correlation run 
made on target No. 3. The proton detector angle was 
60°. The incident beam energy was 7.0 Mev. The results 
approximate those obtained from target No. 1. The 
incident beam energy was then reduced to 6.5 Mev. An 
angular correlation run was then made on target No. 3. 
The results of this run are shown in Fig. 9. They re- 
semble the results obtained for the case in which target 
No. 2 was bombarded by 7.0-Mev protons. It now 
appears that the thickness of target No. 1 was nearly 
the same as that of target No. 3, whereas, target No. 2 
was thicker. 


CONCLUSIONS 


Except for the case of the inelastic scattering of 7.0- 
Mev incident protons from a Si** target, the above 
angular correlation experiments indicate that the in- 
elastic scattering of protons from the light even-even 
target nuclei occurred predominantly by a direct- 
reaction process. For the case of Si?* nuclei bombarded 
by 7.0-Mev protons, the angular correlation experiments 
indicate the (p,p’) reactions proceeded mainly by a 
compound-nucleus mechanism. 

Since, at the low incident proton energies used in 
these experiments, the compound-nucleus decays have 
only a small number of decay modes available, a large 
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Fic. 9. Si*(p,p’y) 1.78-Mev angular correlation. The target is 
No. 3. The upper curve is for a proton bombarding energy of 6.5 
Mev; the lower curve is for a proton bombarding energy of 7.0 
Mev. 
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quently, in order for direct-reaction processes to be 
appreciably compared to the compound-nucleus proc- 
esses, the direct reactions must involve some type of a 
collective interaction such as exciting the 
levels of a deformed target nucleus. The 
for exciting these collective states in nuclei have been 
shown to be large.’ The explanation of the angular 
correlation experiments appears to be that the (p,p’) 
reactions occur by a compound-nucleus mechanism if 
a strong compound-nucleus resonance occurs, otherwise 
the reaction proceeds mainly by a direct reaction in- 
volving some type of a collective interaction. This 
explanation suggests the presence of a strong nuclear 
resonance in P* at 9.6 Mev. 

The number of coincidences recorded for the runs in 
which the correlation function was symmetric about 
90° (c.m.) was measured to be approximately twice the 
number of coincidences recorded for the remaining runs. 
This increase in the reaction cross section at 
mately 7.0-Mev bombarding energy 
onset of a compound nucleus resonance. 


rotational 


cross se tion 


approxi- 


also suggests the 
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Nucleon-nucleon dispersion relations have been used to discriminate among various sets of solutions 
given by MacGregor for low-energy proton-proton scattering. This has greatly reduced the ambiguity 


existing in the phase-shift analysis at low energy. 


I 


PHASE-SHIFT analysis of proton-proton scat- 

tering experiments below 40 Mev*has recently 
been given by MacGregor.' In this energy range the 
only accurate measurements are angular distribution 
measurements. MacGregor’s analysis has shown that 
there are four different types of solution that fit the 
differential cross-section data equally well. These four 
types of solutions have been listed by MacGregor as I, 
II, III, and IV and they differ chiefly in the magnitude 
and sign of the three P-wave phase shifts used. Within 
each type of solution a great ambiguity still exists 
owing to the multiplicity of S-D phase-shift combina- 
tions for each set. 

Solution types' I and III have positive nuclear 
polarization, while II and IV have negative polariza- 
tions. An extrapolation of the high-energy polarization 
measurements indicates that at low energies the nuclear 
polarization is small and positive. Thus the ambiguity 
is reduced from 4 to 2 semi-infinite phase-shift sets, 
i.e., types II and IV are ruled out by polarization argu- 
ments. We may mention here that the recent measure- 
ment of polarization at 16 Mev and 25 degrees in the 
lab system by Blanpied? supports the above conclusion 
as this polarization is positive and equal to (0.6+0.5)%. 

Polarization measurements being able to remove the 
ambiguity partly, accurate angular distribution meas- 
urements of polarization as well as triple scattering 
experiments are required even at low energies, and these 
may be difficult to perform. Since no data from triple 
scattering experiments exist in this energy region at 
the present time, it may be interesting to see whether 
the dispersion relations for nucleon-nucleon scattering 
of the type written by Goldberger, Nambu, and Oehme’® 
and the present author‘ can permit a choice between the 
types I and III (II and IV being ruled out by polariza- 
tion arguments). We show in this paper that this, in 
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fact, is possible. If we go through the solution types I 
and III, we observe that the phase-shift combination 
(25.%-+6o"), where 5.% and 69% are, respectively, the 
nuclear *P, and *P, phase shifts, is positive for type I 
and negative for type III. Thus if we can write a dis- 
persion relation for that part of the scattering ampli- 
tude whose real part at low energies is proportional to 
the above combination of the phase shifts, it may be 
possible to discriminate between types I and III. In 
Sec. II we show that it is possible and dispersion rela- 
tions, in fact, favor solution type I. 

Having selected type I as acceptable solution, the 
problem now is how one can be able to assign precise 
values to S and D phase shifts in the solution type I. 
In this connection also dispersion relations can be 
helpful. In Sec. III we show that dispersion relations 
somewhat restrict the values of S and D phase shifts. 
In fact we show that the average P-wave phase shift 
[5% = (59% +36,%+56_")/9] should be less than the one- 
pion exchange contribution (OPEC). This in turn puts 
an upper limit on the D-wave phase shift and rules out 
the solutions giving large polarization. 

Before closing this section we give a summary of the 
dispersion relations we shall employ. As is well known, 
the scattering amplitude for nucleon-nucleon scattering 
in the c.m. frame can be written as follows: 


(m/E)(Hi+e;-lo.-1H.+i(o:+e,)- 1H; 
+o, ‘mo,:m//,+o;-no,-nH; |, 


where m is the nucleon mass and E£ is the c.m. energy. 
I, m, and n are unit vectors in the directions of kX Kk’, 
k’—k, and k’+k, respectively. k and k’ are the c.m. 
momenta in initial and final states. In references 3 and 
4 it has been shown that simple relativistic dispersion 
relations can be written for H,, He, Hs, and Hs in the 
forward direction. These relations for p-p scattering are: 
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where i= 1, 2, 4, 5 and in the last term + signs are to 
be taken for i=1, 2,4 and — signs for i=5. H; are the 
corresponding amplitudes for the proton-antiproton 
scattering. uw is the pion mass and f;?=/*/4m is the 
pion-nucleon coupling constant. C; appearing in (1) are 
just constants which usually appear in unsubtracted 
relations. We may remark here that in the limit of the 
forward scattering H,=H,. For (H;/sin@) no simple 
relativistic dispersion relation can be written. But in 
the nonrelativistic limit a simple relation can be written 
for (H;/sin@). This relation for forward scattering is 


(ite) 


k Im(A3(k”,r)/r)-~0 
+-[ aw 


mC: (k’*,r)/T) ro 
kh’ (k’2?— k?) 


dk”? +C3. (2) 
WY 2m? kh’ (k’2+k?-+m?) 
Here 7 is the momentum transfer and C; is a constant. 
In the last integrals of (1) and (2) the interval p?—m? 
<k*<m?’ is the unphysical range where more than one 
meson contribute. The relations (1) and (2) have not 
yet been proved rigorously. 


II 


We wish to write a dispersion relation for the ampli- 
tude whose real part at low energies (<10 Mev) is 
proportional to (262% +69") because such a relation will 
enable us to distinguish between solutions of type I and 
III as remarked in the Introduction. From the expres- 
sions for H;, etc., in terms of the phase shifts, we see 
that such an amplitude is 


V (R?) = A, (Rk?) +2H2(k*) — A(R?) 


1 
{ > [2(/+1)a; uit2la;: 1 


dik odd | 


+4((/+1)(1+2))'a'*}}. (3) 


The expressions a;,141, etc., are the same as defined by 
Stapp ef al.’ From Eqs. (1) 
relation for V (k?) 


we see that the dispersion 
with one subtraction at k?=0 is 
m 1 ¢” ImV (R”) 

— f -dk” 
u?(R?+-p?/4) arto k 2(p/2— k*) 


ReV (R)/R= fe 


if Q(k’?) 
a f | wi 
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where 


Q=Im(H,+271.4+-f1;). 


°H. P. Stapp ef al., Phys. Rev. 105, 302 (1957). 
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For low energies, where P-wave phase shifts are small, 


? 
ReV (#) =—[252" +50", 
k 


2 
ImV (k*) =—[2(62")?+ (50%)?-+2¢1(262" +509 
k 


U (k?), 


where 62% and 69” are nuclear *?, and *P» phase shifts 
and ¢; is the Coulomb phase shift for /= 1 and is given by 


gi=tan"n, n=e*/hv. 


The last integral in (4) involves unphysical contribu- 
tion for the region u’—m?<k?<m? and the physical 
contribution from the proton-antiproton scattering for 
k’?>m?. The latter should not be so important because 
of the large denominator (&”+-m?) (k”+-k?+-m?) appear- 
ing in it and we shall neglect it. The unphysical con- 
tribution comes from more than one meson and it has 
been conjectured by Goldberger e/ al.’ that this con- 
tribution is the Fourier transform of nuclear potential 
of order more than two. Now our relation involves P or 
higher waves. The impact parameter for P waves at 4 
Mev [where we shall apply relation (4) } is 3.3u-' and 
so these are not much affected by the potentials in the 
region <y' where the fourth and higher order poten- 
tials are important. So it may be justified to neglect 
the unphysical contribution from the region p?—m? 
<k?<m? and we shall do so. We shall, show 
later that the which draw are not 
affected-by the inclusion of the two-meson contribution 
on the right-hand side of Eq. (4). We may remark here 
that Lapidus® has shown by direct calculation that for 
low energies the entire contribution nucleon- 
antinucleon scattering and the unphysical region is 
negligible, at least for the amplitude H,. Neglecting the 
above-mentioned contributions, can 
(4) on using (5), as 
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conclusions we 


from 


we write relation 
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where ImV (k?) is given by (3) 


F(R?) = 2(26.% +60”) 


We apply (6) to the phase-shift set solutions given by 
MacGregor at 4.203 Mev. For this energy k= (0.0236)! 
X (4.203) 4 and we take Rmax= (0.0236)'54u (lab energy 
5 Mev). U(k*) is given by (5). The integral in (7) is 
evaluated as follows: We take the energy dependence 
of 62% and 69% below 5 Mev as 


a a 
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LOW-ENERGY p-p 
and after integration we again use these equations to 
get dz and dp in terms of 5)" and 69%. The energy de- 
pendence of the Coulomb phase shift is taken as 


¢,=tan'n=tan"(1/2Rk), with R=h?/me=20.6u 


for 
O0<k<ko= (0.0236) !(0.2) iu 
and 
¢1=1/2Rk, 


for Ro<k<Rinax. 


Then 


F (k?) = 2(262% +80" )b:— 2[.2(52*)?-+ (y”)? Joo, 


where 
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where no= 1/2Rky~0.35. 
bo. —0.03. 

F (k*) is positive for the solution type I at 4.203 Mev 
and negative for the solution type III. Now the first 
term on the right-hand side of (6) is certainly positive. 
If we can show that the second term is also positive, 
then only the solution type I will be compatible with 
the dispersion relations and the solution type HI will 
be thrown out. The second term on the right-hand side 
of (6) will certainly be positive if ImV(k”) is positive 
definite, because in the range of integration k’ is always 
greater than k. If we follow MacGregor’s analysis of 
the p-p data below 40 Mev, we see that all his solutions 
(except possibly type IV which, however, we have ruled 
out on polarization arguments) give positive ImV (k”). 
Above 40 Mev, Coulomb effects are negligible and in 
the notation of Stapp ef al., ImV (k”) can be written as 


At 4.203 Mev, b,:+1.15 and 


ImV (k””) 


E's1 
= ( le sin? ®Po+ >> {2(2/+3) sinté41 


k’ 
+2(1+1)§[(1+1)! cos2é41 sin?6y, 141 


m odd 1 
+ (J+2)! sin2é41 sin(dy,.41 +62, 2,14 1) | 
+2(/+2) cos2ér44 sin?d;;0,241} |. (9) 
Each term with the exception of one in the above sum- 
mation is positive definite. The exception is the ampli- 
tude-mixing term 
sin2é), sin (6;,2, it br42,141); 


which may be positive or negative. But this term in 
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general is much smaller than cos2é,1 sin*6;,.41. This is 
the case for all the five solutions of Cziffra et al.’ for 
the p-p scattering at 310 Mev. This was the case below 
40 Mev, as already seen. Therefore we can conclude that 
ImV (k”) is almost certainly positive. Hence the right- 
hand side of Eq. (6) is positive. Hence the dispersion 
relations throw out solution type III. We may remark 
here that solution type IV gives negative F(k*) and is 
therefore thrown out by the above argument also. 
Solution type II is compatible with (6) but we have 
ruled it out on polarization arguments. 

One further remark: Data at 4.203 Mev were also 
analyzed by Hull and Shapiro.* They gave two types of 
solution sets for both of which F(k?) is negative, and 
they are, therefore, also thrown out by 
argument. 


the above 


We now come to the consideration of the two-meson 
contribution arising from the second integral in Eq. (4) 
which we have neglected. This contribution should be 
added to the right-hand side of Eq. (6). It has been 
shown by Grashin and Kohsarev® that at 10 Mev the 
two-meson contribution to 69% is about 6% of the one- 
meson contribution while to 6.‘ it can be as large as 
that of one meson. But the two-meson contribution to 
both 6)% and 6," is of the same sign as that of one meson, 
which is positive for dy’ and is negligible for 6.% at 5 
Mev (see reference 7). Thus the two-meson contribu- 
tion to our amplitude, which is proportional to 
(26% VY), is of the same sign as the one-meson con- 
tribution which is positive. Hence the conclusions which 
we have drawn are not altered by the addition of the 
two-meson contribution to the right-hand side of (6). 

We conclude this section with the following observa- 
tion: As we have seen, the amplitude ReV (R?) is posi- 
tive for type I at low energies and negative for type 
III, and it is the type I which is compatible with the 
dispersion relations. If we calculate ReV(k?) for the 
phase-shift sets I and II of the modified analysis by 
Cziffra et al.’ of p-p scattering at 310 Mev, we see that 
it is the solution set I which gives positive ReV (k?) 
while the set II gives negative ReV (k). Thus in this 
respect the phase-shift sets I and II of Cziffra et al. at 
310 Mev resembles, respectively, the solution types I 
and III of MacGregor at low energies. But the solution 
type III of MacGregor which is similar to solution set 
II of Cziffra et al., is rejected by dispersion relations. 
This may be an evidence in favor of solution set I of 
Czifira et al. 


T 00 


Ol 


We now show that the dispersion relations can also 
put an upper limit on 6% which in turn puts an upper 
limit on the D-wave phase shift. For this purpose we 
write a dispersion relation for the triplet part of A, 
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which is given by 
T (R) = 2H, (k)+4[2H2(k?) +H (k*) ] 
E 1 
=a——— > [(21+3)ay wat (21—1)ar 1 
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At low energies, 


ReT=95"/2k, 


1 : 
ImT = —[9(5"?),y-+18916" ]=U1(k?), 
2k 
where A 
6% = (1/9) (582% +361" +60"), 
(5%?) y= (1/9)[5 (62%)? +3(61%)?+ (60%)? ]. 
From Eqs. (1) we see that the dispersion relation for 
T (k?) with one subtraction at k?=0 is 
m 1 
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where 


Q,=Im}(3H,+2H.—A,). 


As remarked in Sec. II, we shall again neglect the 
second integral on the right-hand side of Eq. (12). We 
now apply the truncated relation thus obtained at low 
energies (<5 Mev) and can write it as 


mk? 


: f~— 
18u?(k?+-y?/4) 


k?2— ke 


(13) 


—a 


Bp? [o(k)—t0.(k%)] 
-—f a= 


Or? a 


kmax 


where 


Fi (k?)=—5%+ dk’, (14) 
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with Rmsx and k as defined in Sec. II. In writing (13) we 
have also made use of the optical theorem 


ImT (k?) = (k/ 4) [0 (R?) — 40, (R’) | 


5? 


where o is the total cross section and @, is the singlet 
part of the cross section. The integral in (14) is evalu- 
ated as in Sec. II and we get 

FP, (R?) = (-— 5% )bi + (6%?) ube. (15) 
The last integral in (13) is positive as o(k’”)—40,(k”)>0 
and k<k’. Thus 

mk’ 
Py (R?)<f? (16) 

18? (k?+-p?/4) 


DDIN 


The quantity on the right-hand side of the inequality 
(14) is the one-pion exchange contribution to F;(k’). 
From (13), (14), and (15) we get 


“a mk® 
bs (— 8%) = f2——__._ 
18y?(k?+-p?/4) 


Rf” '2)—16,(R’?) 
-—{ dk’— -—- ——— 52(5%),,. (17) 
Or Skmax k’2— R2 

The integral in (17) is positive, as remarked earlier. 
Also (6%*),y is positive and 2 is negative but very 
small. For k and kmex given in Sec. II, 62+ —0.03 and 
11.15. Even for those solutions of MacGregor at 
4.203 Mev which give the largest (6%*).y, —b2(6%?)ay is 
not more than 0.011 if 6% is measured in degrees. Thus 
SN 


Eq. (17) gives an upper limit on (—6%) which is 


a mk 180 
(—6% Jin degrees </ 


ff? +-0.011; 
18u?(k?+-y?2/4) x 


i.e., essentially (— 6%) is less than the one-pion exchange 
contribution which is 0.1526 at 4.203 Mev, 6” being 
measured in degrees. This limit is also given by meson- 
theoretic potentials.* For 4.203 Mev and 0.08, the 
above inequality gives an upper limit on (—5%) meas- 
ured in degrees as 0.142. Now if we go through the solu- 
tions of MacGregor at 4.203 Mev, we see that (—6%) 
increases with increasing D-wave phase shift. Thus 
upper limit on (—6%) puts an upper limit on the D- 
wave phase shift. For solution type I which is the only 
solution compatible with the dispersion relations and 
polarization arguments, the upper limit on the D-wave 
phase shift is 0.2°. The upper limit on (—8%) or D- 
wave phase shift given by OPEC at once rules out the 
phase-shift solutions giving large polarization (given, 
for example, by Hull and Shapiro‘). 

We now sum up the conclusions of the paper. The 
dispersion relations can discriminate between the solu- 
tion types I, II and III, IV given by MacGregor and 
it is the former types which are compatible with them. 
This combined with the polarization arguments, gives 
solution type I as the only acceptable one. Further, the 
dispersion relations put an upper limit on the D-wave 
phase shift. This to some extent restricts the values of 
the D-wave phase shift which are otherwise possible 
within the solution type I and rules out solutions giving 
large polarization. 
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An investigation has been made into the elastic scattering of = hyperons on hydrogen. The experiment 
was based on a sample of 12 000 © particles formed in a propane bubble chamber by the interactions of 
1.15-Bev/c K~ mesons. A total track length of 210 meters in the energy range 100 to 700 Mev has been 


examined. 
Ten examples were found of the reaction =*+ >) 


>=*+ /, and six of the reaction 2~+)p 


>=-+>p. The 


estimates of the cross sections for the two processes are, respectively, 38_,,*!® mb and 10_,** mb. The scat- 
tering angle distributions in the c.m. system appear isotropic for the =* particles, and peaked forward for 
the =~ particles. The results are discussed in relation to various theoretical predictions, and, in particular, 
some evidence is found favoring the Gammel-Thaler method of treating the triplet odd-parity nucleon 


nucleon potential. 


INTRODUCTION 


HE following reactions are expected between + 
particles and protons: 
=t*+p—=t+h), 
+p— z+, 
TP— LTR, 
2-+p— A°-+n. 
Additional processes become 
threshold for pion production. 

To date, only eight examples of interactions in flight 
on hydrogen have been reported, three being elastic 
and five inelastic.'* The reason for the lack of experi- 
mental data is to be found in the extreme difficulty of 
accumulating substantial amounts of track length for 
such short-lived particles. As an illustration one may 
point out that the =~ and =* hyperons formed in this 
experiment, by the interactions of 1.15-Bev/c K 
mesons, travel average distances of only 3.2 cm and 
1.6 cm, respectively. 

The investigation reported here offers some improve- 
ment in the experimental position through a study of 
12000 2+ hyperons created in a propane bubble 
chamber. The presence of carbon nuclei poses certain 
problems of analysis, particularly with respect to 
Reactions (3) and (4), for which there is generally no 
information on the energy and line of flight of the 
neutron. Consequently, our investigation is limited to 
studying examples of Reactions (1) and (2) occurring 
on hydrogen, and further consideration will not be 
given to the inelastic processes. 


available above the 


SCANNING PROCEDURE 


The 30-inch propane bubble chamber,’ operating in 
a magnetic field of 13 kilogauss, was exposed to the 


* This work was performed under the auspices of the U. S 
Atomic Energy Commission. 

t Present address: Physics Department, University College 
London, Gower Street, London W. C. 1, England. 

1 Luis W. Alvarez, Report to the Ninth Annual International 
Conference on High-Energy Physics, Kiev, 1959 (unpublished). 

2 F. C. Gilbert and R. S. White, Phys. Rev. 107, 1685 (1957). 

3W. M. Powell, W. B. Fowler, and L. O. Oswald, Rev. Sci. 
Instr. 29, 874 (1958). 


1.15-Bev/c K~-meson beam at the Bevatron. A total 
of 100 000 pictures was taken, there being about one 
K~-meson interaction per picture. 

The scanning procedure for finding =-hyperon scat- 
terings consisted of following all tracks from K~ stars 
in order to locate those giving a secondary star of two 
prongs. The two prongs were then examined closely 
for ‘‘kinks,” i.e., sudden changes of direction. These 
kinks can be caused by a particle scattering from a 
carbon nucleus without giving a visible recoil, as well 
as by a particle decaying. 

As one needs adequate lengths of track for angular 
measurements, events were not accepted unless the 
> particle had at least 3 mm of track both before and 
after the scattering. Because one expects a diminished 
efficiency for detecting very-small-angle scattering, < 
cutoff value for the proton’s range had to be adopted. 
It was required that the proton’s track be longer than 
2mm. 

Some types of event could be immediately rejected, 
from observations on the scanning table, as not being 
y-hyperon scattering on hydrogen. For example, if 
both prongs were seen to lie on the same side of the 
incoming primary track, transverse momenta could 
clearly not be balanced. Often when one of the tracks 
was sufficiently long for curvature and ionization 
measurements to be made, the particle could be identi- 
fied as being a pion instead of the expected = particle 
or proton. Many events could be ruled out because the 
K~ star emitted a A° hyperon or K° meson, making it 
unlikely that it should have emitted a > particle also. 

About 60 events could not be rejected on such general 
grounds and consequently were measured on digitized 
microscopes and the resulting data processed by an 
IBM 704 computer. 


ANALYSIS OF THE EVENTS 


All together, 16 examples of =-hyperon scatterings 
on hydrogen were identified by the analysis programs. 
For an event to be acceptable it had to satisfy certain 
criteria. Within experimental error, the forward mo- 
mentum, transverse momentum, and energy of the 
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Taste I. Details of the = scatterings on hydrogen 
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Event 
number 
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(deg) 
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10+ 3.0 
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* Momentum determination from P» and @>. 
+’ Momentum determination from K-H interaction. 
* Momentum determination from P’ and @’. 


system had to be conserved and the tracks had to be 
coplanar. These conditions can be expressed through 
the equations 


F\=P’ cos6’+P» Cos0y—P, 
F,= FP’ sind’— Py sin8,, 
F,=E'+E,—E—My, 

|b m nn 


F,=|l' mm’ wn 
lbp My Me 


(8) 


The F’s are required to be zero. P and P’ are the 
momenta of the hyperon before and after the scatter; 
P, is the momentum of the proton; @’ is the scattering 
angle of the hyperon and @, is the angle the proton 
makes with the incoming track; E, /’, and E, are the 
total energies, and M, the mass of the proton; the /’s, 
m’s, and n’s are the direction cosines of the three tracks. 

To investigate whether a particular event satisfies 
these conditions, one may make use of nine parameters: 
P, P’, Py, a, a, a», B, B’, and By, where the a’s and ’s 
are the dip and azimuthal angles of the tracks. These 
variables are denoted by x;, with 1<i<9. For all 
events, measurements are available for the a’s and §’s, 
although, of course, for exceedingly short tracks these 
have large errors. Similarly one may always obtain a 
value for P, from magnetic curvature, and for about 
half the cases from range also. The values of P and P’ 
present something of a problem in that the shortness 
of the = tracks generally does not allow direct estimates 
from magnetic curvature. P’ can, however, be deter- 
mined from the kinematics of the 2 decay by measuring 
the momentum of the secondary particle and the decay 
angle. The primary momentum, P, can only be esti- 
mated in the approximately 20% of cases for which the 
hyperon was formed in a K~ interaction with hydrogen 


(deg) 


13.7+ 1.9 
12.8+ 2.6 
29.24 
14.7+ 
29.54 
33.24 
39.0+ 
22.14 
26.34 
47.64+14.0 
50.54 0.8 
53.24 3.7 
15.6+ 3.8 
6.7+ 6.0 
29.44 3.8 
400+ 6.3 


6’ P 
(Mev/c) 
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according to the process 


(9) 


K-+)p = 


From the known energy of the K~ beam, the angles of 
the hyperon and pion, and the momentum of the pion, 
one may find the momentum of the = particle. 

It should be noted that the existence of four equations 
allows as many as three of the variables to be unknown 
and the event still fully determined. 

If an event is found satisfactorily to meet all the 
conditions within the limits of experimental error, it is 
then submitted to a constraints program to determine 
the best fit to the parameters. 
adjust the parameters by a 
iteration until the F’s are zero and the quantity M is 
minimized. M is defined by 


Che procedure* is to 


method of successive 


eS (A— sr 4 


M (x;,a) a +-2 »s ary (a Te (10) 


— 


l A? 


is the actual measured 
additional 


where A, is the error on x;, x,” 
value of x;, and the are 
(Lagrangian multipliers) introduced in order to simplify 
the solution of the equations. Putting the F’s equal to 
zero and minimizing M effectively minimizes the first 
term on the right. 

Details of the 16 = scatterings are shown in Table I. 
It is seen that six were scatterings of 
particles. Seven of the positive hyperons decayed into 
charged pions and the remaining three into protons. 
Ly, and L, are the lengths of the hyperon track before 
and after the event; y is the angle of noncoplanarity, 
i.e., the angle the incoming track makes with the plane 


a’s variables 


and ten of =* 


* Horace D. Taft, University of California Radiation Laboratory 
Engineering Note, 4320-60 M7, 1957 (unpublished). 
* Frank T. Solmitz, University of California Radiation Labo 


ratory Engineering Note, 4320-60 M6, 1957 (unpublished). 





ELASTIC SCATTEERING 
containing the scattered particle and the recoil proton. 
Next follows the measured value of the scattering angle, 
0’. The momentum P of the incoming = particle can be 
estimated in three ways, either by using (a) P, and 4), 
or (b) the kinematics of the A~ star if this interaction 
occurred with hydrogen, or (c) P’ and 6’. The table 
gives the more accurate estimate of P for each event 
and indicates whether it was calculated from (a), (b), 
or (c). In the final three columns are the constrained 
values of 6’, P, and &* (the c.m. system scattering angle). 
Two photographs are reproduced to illustrate the 
appearance of the = scatterings. Figure 1 shows a K 
interaction producing a =* hyperon and a r 
The hyperon is scattered through a large angle by a 
hydrogen nucleus and decays into a 7 


meson. 


meson. The 
decay pion is also seen to interact. Figure 2 shows a 
K~ interaction producing a =~ hyperon, a 7* 
and a proton. The hyperon scatters on hydrogen before 
decaying into a m~ meson. 

To conclude the discussion of the analysis, mention 
must be made of two difficulties that were encountered. 
The first concerns pions and protons that scatter first 
off hydrogen and then again off carbon. The second 


meson, 


Fic. 1. Event 082443. A K~ interaction produces a =* hyperon 
and a x~ meson. The hyperon undergoes a large-angle scattering off 
hydrogen and decays into a pion. The pion subsequently interacts. 


OF HYPERONS ON H 


Fic. 2. Event 0552: 


interaction produces a =~ hyperon, 
meson, and a proto! 


he hyperon scatters off hydrogen and 


A K 
r 


ag 


decays into a pion. 


interaction can sometimes be mistaken for a = 
and consequently the 


decay, 
hydrogen scattering may be 
thought to have involved a = hyperon. The pions do not 
present much of a problem in this respect as it is 
exceedingly difficult to reconcile the kinematics of the 
hydrogen scattering and of the “2,* decay’’; also, in 
some cases there should have been a visible change of 
ionization at the “D,* decay.” However, the dis- 
crimination between proton-carbon scatterings and 
~»* decays is not always straightforward. This is 
because a proton-carbon scattering analyzed on the 
assumption that it is a 2,* decay often gives a 2 particle 
of momentum similar to that of the proton. The value 
of the momentum calculated from the kinematics of 
the hydrogen scattering does not, therefore, provide a 
sensitive test for many events. However, if the scat- 
tering angle (in the c.m. system) of the hydrogen inter- 
action is large (viz., #*>70 deg), a discrimination may 
be made on the basis of the value found for @,, there 
being a sufficiently large difference for the two inter- 
pretations. There was a total of nine possible p-p or 
~+-p scatterings. From the kinematics, two of these 
events were unambiguously identified as =+-p (the 
final two events in the table), and four as p-p scat- 
terings. The remaining three could have had either 
interpretation. However, one of the possible =* particles 
“lived” ten mean lives and the other one nine, making 
them virtually certain to be protons. The other possible 
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Z-track length ( mean decay length) 
>* particle lived 1.3 mean lives, and is event number 
079651 in the table. For this event one has to calculate 
the relative probability that a particle of such a “life- 
time” might have either interpretation. A study has 
been made of the relative frequencies of ,* decays and 
p-carbon scattering as a function of distance from the 
K~ star. The results are described in the section on the 
evaluation of the total =-track length. It follows from 
this work that the kink in question has a 60% proba- 
bility of being a >,* decay and a 40% chance of being 
a p-C event. However, one may argue further by noting 
that the p-C scatterings that occur very close to the 
parent K~ star are generally caused by low-energy 
evaporation protons. The particle in question has a 
very high energy and one that is, in fact, characteristic 
of = hyperons. The probability for a true =*-p scattering 
is thus considerably greater than 60% and consequently 
the event has been included in the table. 

The second analysis difficulty encountered concerns 
the carbon contamination. This problem is considered 
in the next section. 


CARBON CONTAMINATION 


A = particle may interact with a carbon nucleus, 
emitting a single proton, and be mistakenly thought 
to have interacted with hydrogen. Generally the 
kinematics of the scattered particle and emitted proton 
do not satisfy the necessary criteria. However, it is to 
be expected that some events will conform to the 
requirements within experimental error and thus be 
accepted as genuine events. 

The general procedure for estimating the number of 
“quasi-hydrogen” events is as follows. A variable is 
chosen, such as the angle between the incident and 
scattered particle. The corresponding angle that the 
proton should make to the incident particle is calcu- 
lated and compared with the observed value. The 
deviation from the expected value is then plotted. This 
distribution usually shows a large peak corresponding 
to events with the correct angle, and a long tail repre- 
senting background carbon events. An extrapolation 
of the tail into the region of the peak gives an estimate 
of the number of carbon events that give angular 
measurements indistinguishable from true hydrogen 
events. Various authors have used this method and 


45 


obtained comparable results for both m-p and p-p 
scattering.®* 

Unfortunately, to be able to adopt the procedure one 
must have a large number of events; this procedure is 
therefore inapplicable to our experiment. Hence, our 
approach has had to be one of inferring from another 
experiment (one that did involve large quantities of 
data) the contamination that would appear appropriate 
in our case. 

We use the results of the r~ elastic-scattering experi- 
ment of Shonle,? which was performed in the same 
bubble chamber as was used in the work described here. 
From a study of about 3000 pions in the energy range 
610 to 750 Mev it was found that carbon events having 
the correct angular configuration, within experimental 
error, represented 10% of the true hydrogen events. 
This figure, however, cannot be applied directly to our 
work owing to the difference between the accuracies 
with which angular measurements were made in the 
two experiments. These accuracies depend both on the 
track lengths available for measurement, and on the 
sizes of the angles themselves. As the tracks of the 2 
particles are considerably shorter than those of the 
pions, the accuracy is poorer for our study and the 
carbon contamination correspondingly greater. 

For the same angles at which the proton was emitted 
in the =~ scatterings, the average error would have 
been 1.5 deg had the incident particle been a pion, 
rather than the actual 2.7 deg that was found; i.e., our 
error is 1.8 times that of Shonle. For the angles involved 
in the 2+ scatterings, the error would have been 1.0 deg 
for pion scattering rather than the 2.8 deg measured. 
Including all the background events found by Shonle 


up to 1.8 times his acceptance limit in the 2~ case and 


up to 2.8 times the limit in the =* case, we arrive at 


estimated carbon contaminations of 16+5% for the 
=~ scatterings and 23+7% for the =* scatterings. 


° M. Chrétien, J. Leitner, N. P. Samios, M. Schwartz, and J. 
Steinberger, Phys. Rev. 108, 383 (1957). 

7L. O. Roellig and D. A. Glaser, Phys. Rev. 116, 1001 (1959). 

81. A. Pless, Phys. Rev. 104, 205 (1956). 

*John I. Shonle, thesis, University of California Radiation 
Laboratory Report UCRL-9362, 1960 (unpublished). 





ELASTIC SCATTERING 


THE SCANNING EFFICIENCY 


From the outset of the experiment it was realized 
that because of the exceedingly small yield of events 
expected, it would not be easy to estimate the scanning 
efficiency. With this in mind, it was decided that the 
K~ stars should be looked at solely for =-hyperon 
scatterings, and that the scan should not include 
searches for additional phenomena. By limiting the 
scope of the experiment in this way, it was felt, the 
risk of missing scatterings would be minimized. 

Among the events less readily observed are those in 
which one of the tracks is exceedingly short. If there 
were a bias from such a cause, it could be demonstrated 
by plotting the distribution of Y-track lengths, before 
and after the scattering, in terms of mean decay lengths 
(ignoring the first 3 mm for the cutoff criterion). A 
departure from the expected exponential variation 
would be observed at short distances. Figure 3 shows, 
however, that there is no evidence for this form of bias. 
The 2-mm cutoff for the proton has also been found to 
be conservative in that several possible events were 
found and rejected for having a proton range shorter 
than this minimum length. 

A second class of events that could be missed is one 
in which the scattering planes were nearly vertical (the 
cameras being above the event). Figure 4 shows the 
distribution of the angle @ between the scattering and 
vertical planes. The distribution is satisfactorily 
isotropic above 10 deg, whereas there is some indication 
of a bias below this angle. Although the statistics are 
exceedingly poor and the lack of events between 0 and 
10 deg could be merely coincidental, we shall assume 
that the effect is real and take the scanning efficiency 
to be 89% with respect to this form of bias. 

To determine the general efficiency for finding those 
events with angle ¢>10 deg, a complete rescan of all 
the photographs would have been desirable but was 
clearly impractical. Instead, a selective rescan was 
made involving some 5000 photographs, the pictures 
being chosen so as to contain the 16 events previously 
located. The two persons involved in the scanning each 
rescanned the sample. One successfully relocated all 16 
events, whereas the other found all but one. No new 
examples were discovered. It is concluded that the 
general efficiency is 97%. 
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Fic. 4. The distribution of the angle ¢ between 
the scattering and vertical planes. 
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Distance of kink from K~ star (cm) 


Fic. 5. Distribution of the distance between the K~ star and the 
kink for =~ decays. The S and D curves show the expected 
shapes of the distributions due to r~-carbon scatterings and 2.~ 
decays, respectively. The curve fitted to the histogram is a com- 
bination of S and D suitably normalized. 


Combining this value with the result found for the 
biases associated with the angle ¢, one obtains an over- 
all scanning efficiency of about 85%. 


ESTIMATION OF THE TOTAL 
x+-TRACK LENGTH 


As a preliminary to deriving the elastic-scattering 
cross sections, one must know the total number of = 
hyperons observed and their track lengths. It has been 
pointed out that not all kinks are examples of decays. 
The aim, therefore, must be to separate out those 
events which are pion and proton scatterings on carbon. 
The method adopted is a statistical one based on the 
distribution of the track length between the A~ star 
and the kink. The shape of this distribution depends 
critically upon the relative proportions of true hyperon 
decays to carbon scatterings. Because of the short life- 
times of the = particles, kinks due to decays occur 
predominantly close to the A~ star and hence have 
very small primary tracks; those due to scatterings, 
on the other hand, are spread out approximately 
uniformly over the available track length. The first 
step, therefore, is to obtain the expected shape of the 
distribution of kinks due to scatterings and then to 
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derive the expected shape of the distribution for = 
decays. Finally, one combines these two curves, suitably 
normalized, to give the best fit to the observed distri- 
bution. The normalized =-decay curve then gives all 
the necessary information concerning the numbers of 
> particles and their track lengths. 

We illustrate the method with reference 
particles; the same arguments apply identically to the 
=* particles. 

The form of the curve due to scatterings can be easily 
derived. One measures the track length after the kink 
as well as before, and adds the two to obtain the total 
track length. A histogram is constructed showing the 
number of tracks with a total length equal to or ex- 
ceeding any given value. On the assumption that a 
particle has an equal chance of scattering anywhere 
along its track, this histogram represents also the shape 
of the distribution of kinks due to scatterings. The 
graph for negative particles is given as curve S of Fig. 
5(a), with the ordinate being in arbitrary units. 

The validity of the assumption that kinks are uni- 
formly distributed was tested by observing kinks in 
tracks from those K~ stars emitting A°® hyperons. The 
presence of the A° hyperon indicated that such kinks 
were indeed scatterings and not = decays. The number 
of kinks occurring at a given distance from the K~ star 
was satisfactorily found to be proportional to the 
number of particles having a total length equal to or 
greater than this distance. 

The distribution of kinks arising from decays is 
somewhat more difficult to derive because a knowledge 
of the momentum spectrum of the = particles is neces- 
sary. The momenta cannot generally be obtained from 
magnetic-curvature measurements on the = tracks 
themselves, for they are too short. Consequently, one 
must resort to the kinematics of their subsequent 
decay. The momentum of the decay product as meas- 
ured by its curvature or range, when taken together 
with the decay angle, provides an estimate of the 
momentum of the 2 particle. Samples of 42 2+ and 43 


>~ particles were investigated in this way and, as they 
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gave essentially similar spectra, the results are com- 
bined in Fig. 6. The events are weighted according to 
the accuracy with which their momenta were deter- 
mined. Some error is incurred because of the presence 
of unrecognized scatterings, but, using the results 
given later, one finds that these amount to no more 
than about five events out of the total of 85. Assuming 
a lifetime of (1.59+0.1)10~-™ sec for the particle,' 
one obtains the decay curve appropriate to negative 
hyperons with this momentum spectrum. The result is 
shown as graph D in Fig. 5(a). 

The curves we have derived in Fig. 5(a) are seen to 
be very different from each other. Curve S shows the 
distribution for an arbitrary number of kinks arising 
from scatterings; curve D shows the distribution for 
the same number of kinks due to decays. They have 
now to be combined in suitable proportions to give the 
best fit to the experimentally observed distribution. 

Figure 5(b) gives this experimentally obtained 
histogram for a sample of 242 kinks in negative tracks. 
In some cases, usually when the primary track was long, 
it was possible from measurements on the track to 
prove that the event was a scattering of a m~ meson. 
There are 26 such events in the sample and these are 
shown crosshatched, leaving 216 events of an inde- 
terminate nature containing decays and scatterings. A 
feature of the graph is the deficiency of events with 
short tracks, resulting from the scanning bias against 
lengths less than 0.3 cm. The resultant curve is built 
up from a combination of 32 events belonging to the S 
curve and 229 events ascribed to the D curve. These 
figures indicate that only six of the 216 indeterminate 
events were actually scatterings and that 19 =~ decays 
were missed in the scanning. It follows that the ob- 
servation of a kink in a negative track, that cannot be 
readily rejected as a scattering, corresponds to the 
presence of 1.06 true =~ decays (i.e., 229/216). 

Next one needs the corresponding length of =~ track. 
One must take into account the criterion that ignores 
for scattering purposes the first and final 0.3 cm of the 
track. A total of 0.6 cm has to be subtracted from all 
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the > tracks, therefore those tracks having less than 
0.6 cm contribute nothing. From the normalized D 
curve, it is found that the 216 kinks yield a total of 
567 cm. One kink, therefore, corresponds to 2.62+0.18 
cm of =~ track. The error quoted arises largely from the 
uncertainty in the =~ hyperon lifetime, which governs 
the shape of the D curve. 

The final step is to estimate the total number of 
kinks observed throughout the experiment. For this 
purpose, a random sample of 5500 pictures was selected. 
On the basis of a scan of these photographs it was 
determined that, for negative tracks, the total number 
of kinks observed throughout the experiment was 
5840+350. Consequently, there must be 6200+350 = 
particles (i.e., 5840 1.06) and a total >~-track length 
available for scattering 153414 meters 
5840 X 2.62 cm). 

The treatment of the 2+ hyperons is exactly analogous 
except that the particles are separated according to 
their decay mode. This is because 2+ hyperons decaying 
into charged pions need to be distinguished from pion 
scatterings, whereas decays into protons are confused 
with proton scatterings. The lifetime used for the >* 
particle is (0.8+0.1)10~-™ sec.’ Figure 7(a) shows the 
S and D curves for events that could be =,* 
scatterings of r+ mesons. The experimental histogram 
in Fig. 7(b) contains 15 recognized scatterings (cross- 
hatched) and 114 indeterminate kinks. The resultant 
graph is obtained by assuming 116 events for the 
D-curve component and 21 events for the S curve. 
From the graph it is estimated that one indeterminate 
kink is equivalent to 1.02 true =,* decays (i.e., 116/114) 
and 1.01+0.14 cm of =+ track available for scattering. 
The estimated total number of kinks is 3080+250, as 
found from the sample of 5500 pictures. Therefore, the 
total number of 2,* decays is 3150+250, (i.e., 
3080 1.02), and the =*-track length is 31.0+6.5 
meters (i.e., 3080 1.01). 

Figure 8(a) gives the S and D curves for events that 
are 2,* decays or proton scatterings. There are six 
recognized scatterings and 102 indeterminate kinks. 
The resultant graph is composed of 91 decays and 27 
scatterings. One kink is then equivalent to 0.90 true 
>,* decays and 0.88+0.12 cm of =* track. The total 
number of kinks is estimated to be 3030+ 250. It follows 
that the number of true >,* decays is 27504250 (i.e., 
3030 0.90) and the =+-track length is 27.0+5.5 meters. 

The results for both = 
marized in Table II. 
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TABLE IT. Summary of the total =-track length observed. 
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Total track 
Particle length (meters) 
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5900+ 350 
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Fic. 7. Distribution of the distance between the 
K~ star and the kink for =,* decays. 


Finally, it is of interest to note how the track length 
is divided between the various regions of hyperon 
energy. This information is provided in Fig. 9. Plotted 
on the graph for comparison are the values of the 
primary momenta for the 16 =-hyperon scatterings. 
With the available statistics one cannot, of course, say 
anything as yet concerning the variation of the cross 
sections with energy. 


THE CROSS SECTIONS 


Six =~ and ten =* scatterings have been observed in 
153414 m and 58+8 m of track, respectively. The 
carbon contamination has been estimated to be 16.45% 
and 23+7% for the two cases, and the scanning 
efficiency approximately 85%. 

It remains to determine the effect of the small-angle 
scatterings that were not accepted because the recoil 
proton had a range less than 2 mm. This correction 
affects the number of events in the angular range 0 to 
25 deg in the c.m. system. 

If the angular distribution were isotropic, one would 
correct by adding 5% to the cross section (i.e., the 
proportion of the solid angle contained between 0 and 
25 deg). As there are equal numbers of =* events in the 
forward and backward hemispheres, isotropy will be 
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assumed for the =*+ scatterings and the 5% correction 
employed. 

For the =~ events, however, there is evidence of a 
peaking ; all events lie in the forward hemisphere. With 
so few events it is difficult to make a meaningful 
extrapolation of the distribution to small angles. To 
assume the distribution to be as strongly peaked as 
that for r-p scattering would give a contribution to the 
cross section of about 25% from the small angles.? On 
the other hand, we have seen that the assumption of 
isotropy would place a lower limit on the contribution 
of 5%. We shall arbitrarily choose a value of 15+10%, 
where the error limits enclose both the aforementioned 
cases. 

If the density of propane is taken to be 0.415 g/cm’, 
the cross section for =*+ scattering becomes 

o +) = 38_,4*18 mb, 


(10) 


and that for =~ scattering 


o—=10_,** mb. 


(11) 


There is at present very little experimental work with 
which. to compare these results. Dallaporta and Ferrari 
studied the ratio of A° particles to 2+ particles emitted 
from K~ interactions at rest in emulsion and in hy- 
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Fic. 8. Distribution of the distance between the 
K~ star and the kink for =,* decays. 
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drogen." They concluded that the inelastic reactions 
converting = hyperons into A° hyperons had to be large 
to account for the comparatively small number of + 
particles emerging from the heavy emulsion nuclei. This 
conclusion has been confirmed by the European K-- 
Stack Collaboration, which found the probability that 
a = particle, created in the primary K~ reaction, would 
be absorbed on its way out of the parent nucleus was ap- 
proximately 45%."' This was determined by comparing 
the numbers of pions emitted with and without accom- 
panying = particles. The Alvarez group found five 
examples of inelastic =~ interactions on hydrogen and 
only two elastic scattering events; comparison clearly 
shows that the inelastic processes compete very 
strongly.’ This strong competition may be the reason 
for the rather small value of the elastic cross section 
a‘, found in this experiment. 

With regard to interactions in flight of = particles on 
complex nuclei, a few isolated examples of inelastic 
reactions have been found in nuclear emulsions.’®"* A 
certain amount of data is also available, through the 
European K~-Stack Collaboration, concerning elastic 
scatterings. From charge independence one may deduce 
that the 2+-p and 2--n potentials are identical, as are 
the 2--p and =+-n. In the presence of equal numbers of 
protons and neutrons, therefore, the 2+ and =~ hyperons 
should be scattered equally. However, in the heavy 
emulsion nuclei, Ag and Br, there is an excess of 
neutrons, so that any observed difference between the 
>+ and =~ scatterings on nuclei can be attributed to 
the difference in the =+-n and =--n potentials. Our 
results indicate that =+-p cross section is larger than 
that for 2--p, and hence 2~-m scattering is more impor- 
tant than =+-n. It follows that =~ hyperons should be 
scattered from heavy nuclei to a greater extent than =* 
particles. The K~-Stack Collaboration finds eleven = 
and one =* scattering greater than 10 deg. 

Scant though the data may be, one can nevertheless 
conclude that the various sources providing experi- 
mental evidence on + interactions give consistent 
results. 


DISCUSSION 


The hyperon-nucleon forces can be transmitted by 
the exchange of pions or K mesons. Exchanging an odd 
number of K mesons transfers strangeness and gives 
rise to an “exchange”’ force. On the other hand, if only 
pions are involved, or even numbers of K mesons, the 
forces are “ordinary.” 

Theoretical predictions concerning hyperon-nucleon 


1 N. Dallaporta and F. Ferrari, Nuovo cimento 5, 742 (1957). 

"European A--Stack Collaboration, Part 1, Nuovo cimento 
13, 690 (1959). 

2 W. F. Fry, J. Schneps, G. A. Snow, and M. S. Swami, Phys. 
Rev. 100, 939 (1955); R. G. Glasser, N. Seeman, and G. A. Snow, 
Phys. Rev. 107, 277 (1957); R. D. Hill, F. T. Gardner, and J. E. 
Crew, Nuovo cimento 2, 824 (1955). 

‘3 European K~-Stack Collaboration, Part 3, 
15, 873 (1960). 
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scattering have been based upon the global symmetry 
hypothesis," which postulates a strong universal pion- 
baryon coupling and only moderately strong K-meson 
interactions. In order to couple the A and ¥ hyperons 
to the pion field in the same manner as the nucleons 
are coupled, these hyperons are reorganized into two 
doublets, thus giving a total of four baryon doublets: 


p Z° 
s(x) 
n Ys 
zt = 
wo(Z) *E) 
y° Om 


Y°= (A°—2)/v2, 


where 


and Z°=(A°+2°)/v2. (13) 


Global symmetry requires the pion-baryon coupling 
constants to be equal: 


G,;=G2=G3=G,4. (14) 


The hypothesis can, of course, hold only to the approxi- 
mation that the 2°-A° mass difference can be ignored. 
This assumption affects the calculation of the hyperon- 
nucleon potentials by less than 10%.!* 

It is readily seen that, in principle, one should be able 
to predict the hyperon-nucleon potentials from the 
experimentally observed nucleon-nucleon scattering 
data. In particular, the =+-p interaction should be 
identical to that of the p-p system, apart from the 
restrictions of the Pauli exclusion principle. The latter 
has the effect of forbidding the *S state for the p-p 
system but not for the =+-p case. One must use, there- 
fore, the triplet odd-parity nucleon-nucleon potential 
to derive the *S potential for the =+-p system. Un- 
fortunately, the triplet nucleon-nucleon potential is 
not at all well determined at short distances, and 
unambiguous prediction of the Y-N potentials from 
experimental N-N scattering data is not possible at 
present. 

Bryan, de Swart, Marshak, and Signell'® have 
calculated the =+-p interaction, using the semiphe- 
nomenological Signell-Marshak potential.!7 This SM 
potential gives an excellent fit to the p-p scattering 
data up to 150 Mev. For the =+-f interaction a difficulty 
was encountered in that the central part of the triplet 
even potential was found to be so strong at short 
distances that it led to a (8S,+D,) state of the =*-p 
system bound by more than 200 Mev. No such state 
has been found experimentally, and consequently this 
central triplet potential had to be cut off. The radius 

‘4M. Gell-Mann, Phys. Rev. 106, 1296 (1957); J. Schwinger, 
Ann. Phys. 2, 407 (1957); E. P. Wigner, Proc. Natl. Acad. Sci. 
U. S. 38, 449 (1952). 

16 R. H. Dalitz, 1958 Annual International Conference on High- 
Energy Physics, CERN, edited by B. Ferretti (CERN Scientific 
Information Service, Geneva, 1958), p. 187. 

16 R. A. Bryan, J. J. de Swart, R. E. Marshak, and P. S. Signell, 
Phys. Rev. Letters 1, 70 (1958). 

17 P_ , Signell and R. E. Marshak, Phys. Rev. 109, 1229 (1958). 
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chosen for the cutoff was such as to make the binding 
energy zero for the =+-p system in the triplet state. 
One result of the calculation is its prediction of a strong 
forward peaking for the =+-scattering angle in the c.m. 
system. Curve SM in Fig. 10 shows the distribution 
for 2+ hyperons having a laboratory-system kinetic 
energy of 150 Mev. t 

Ferrari and Fonda'* have made a similar calculation, 
using the Gammel-Thaler potential.” This GT po- 
tential, while also giving an excellent fit to the N-N 
scattering data, differs markedly from the SM potential 
in its treatment of the central part of the triplet inter- 
action. Instead of the strong attraction at short 
distances, the GT potential requires a repulsion. 
Ferrari and Fonda found that the strong forward 
peaking of the =+-scattering angle is not reproduced 
when the GT potential is used; one obtains the almost 
isotropic distribution of curve GTsp in Fig. 10. The 
calculation was made by using S and P waves, and for 
comparison we show the result obtained for the SM 
potential using only these waves: curve SM sp. 

The striking difference between the predictions for 
the SM and GT potentials leads to the suggestion that 
a study of 2+-p scattering may provide information 
concerning the behavior of the triplet odd-parity N-N 
potential. 

In our experiment we found five 2+ events for which 
the c.m. scattering angle lay in the forward hemisphere, 
and an additional five for which it was backward. 
There is one other 2+ event, found by Gilbert and 
White,” and this had an angle of 125 deg. The forward: 
backward ratio, therefore, becomes 5:6. Although the 
statistics are exceedingly poor as yet, they nevertheless 
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Fic. 9. Distribution of the track length observed for each 
momentum interval. The upper curve refers to =~ and the lower 
to =* particles. For comparision, two histograms are also given 
showing the energies of the 16 hyperons that scattered. 


‘8 F. Ferrari and L. Fonda, Phys. Rev. 114, 874 (1959). 
‘8 J. L. Gammel and R. M. Thaler, Phys. Rev. 107, 1337 (1957). 
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Fic. 10. Theoretical distributions of the c.m. scattering angle 
for =* particles having a laboratory-system kinetic energy of 150 
Mev. Curves SMsp and GT sp were obtained from the Signell- 
Marshak and Gammel-Thaler potentials using S and P waves 
only, and curve SM from the Signell-Marshak potential using all 
phase shifts. 


lend some measure of support to the approximately 
isotropic distribution required by the GT potential, 
rather than the 2:1 forward peaking indicated by the 
curve SM ssp or the 3:1 ratio required for curve SM. 
Whereas the general features of the scattering-angle 
distributions are not expected to vary appreciably as a 
function of the energy of the = particle, the value for 
the elastic cross section does change. This makes it 
difficult to compare the predictions for the cross section 
with the experimental value of 38_,4*'* mb. Calculations 
with the GT and SM potentials have been made only 
up to 150 Mev, whereas the track length examined in 


this experiment refers to a mean hyperon energy of 
about 350 Mev. The GT potential leads to a cross 
section of 33 mb and the SM to one of 65 mb at 150 
Mev. As both cross sections are decreasing as a function 
of increasing energy, it is difficult to conclude strongly 
that our value favors either one. 


Lichtenberg and Ross* have made a comprehensive 
investigation into hyperon-nucleon reactions, using the 
Brueckner-Watson potential.2' Considering S waves 
only, they found the =*-p elastic cross section to be 
approximately twice that for =~-p elastic scattering. 
This conclusion is qualitatively confirmed by the 
experimentally observed difference between the two 
cross sections. 

As previously stated, these results depend upon the 
validity of global symmetry. An interesting suggestion 
has been made by Markov” concerning the possible 

*”D. B. Lichtenberg and M. H. 
(1957). 

21K. A. Brueckner and K. M. Watson, Phys. Rev. 92, 1023 
(1953). 

2M. A. Markov, Lecture, Joint Institute for Nuclear Research, 
Moscow, AEC-tr-3591 (unpublished) (translation by U. S. 


Atomic Energy Commission Technical Information Service, 
Washington, D. C., 1957). 
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effects on =*+-p scattering of a strong interaction through 
the K-meson field. If the 2*-# interaction is transmitted 
by the process 

Lt+ p— Ut++ K+ Tt — p'+ 2", (15) 
one arrives at a typical exchange reaction and expects 
the =* particle to have a tendency to travel backwards 
in the c.m. system after the scattering. The situation 
is different for the =~-p scattering, in which it would be 
necessary to exchange both a A* and a w+ meson: 


+p 2 4+ Kt+et4+ 57 (16) 
A study of the =+-p angular distribution could perhaps 
provide an indication of the relative importance of z- 
and A-meson interactions. This is particularly inter- 
esting in the light of the present data, which suggest a 
significant difference between the =*+-p and =~-p c.m. 
angular distributions. The six =~ events found in this 
experiment, together with the two found by the 
Alvarez group,' all lie in the forward hemisphere, 
giving an 8:0 forward peaking. This is to be contrasted 
to the 5:6 ratio for the =*+-p scattering. 


CONCLUSION 


~~ 


and six = 


Ten 2 
scatter elastically from hydrogen. These events lead 


partic les have been observed to 
to cross sections of 38_,,*+'* mb for Reaction (1) and 
10_4*® mb for Reaction (2). The =~ hyperons show a 
forward peaking of the scattering angle in 
system, whereas the =* hyperons give an essentially 
isotropic distribution. The results have been compared 
to various theoretical predictions. In particular, it was 
concluded that if the observed isotropy for =* scattering 
is confirmed later by better statistics, and if the global 
symmetry hypothesis is substantially correct in its 
description of Y-N interactions, the evidence favors the 
Gammel-Thaler method of treating the triplet odd- 
parity .V-N potential, i.e., this potential should be 
represented by a repulsion at short distances. 


the c.m. 
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K-meson production by # annihilation has been investigated using an isobar model 


\ comparison of the 


predictions of this model with the experimental! data excludes the assumption of an isobar state of (7) 


having a mass greater than three pion masses. 


N a previous work on K-meson production by jp 

annihilation, a modification of the Fermi model has 
been proposed by introducing an interaction volume 
x in addition to the customary m-meson interaction 
volume 2, of the original model. This modified model 
gives a satisfactory interpretation of experimental 
results with 2, equal to eight to ten times Qo=[4a(h 
uc)® |/3 and with Q«/2,~0.3, uw being the x mass. The 
results of the analysis have been presented elsewhere.! 

The high-momentum j-annihilation data used in this 
work were selected from “hydrogen-like” events of a 
propane-bubble-chamber experiment of the Goldhaber 
group at Berkeley.® Since then, some of the problems 
previously treated in reference 1 have also been investi- 
gated by Goldhaber ef al.,? who used a different method 
to select experimental data.’ A comparison of their 
results with those discussed in reference 1 indicates no 
significant discrepancy within statistical and experi- 
mental errors. As regards their momentum spectra of 
the K meson and the associated # meson, there seems 
to be a noticeable smearing, which may reflect the 
effect due to the Fermi momentum and the nuclear 
scattering of the carbon events. Consequently a com- 
parison of their results with the spectrum predicted by 
the statistical model is probably subject to more 
uncertainties than one using only the “hydrogen-like”’ 
events. 

In this paper we present another analysis of K-meson 
production by # annihilation according to the isobar 
model.* Since the average number of # mesons associ- 


* This work was done under the auspices of the U. S. Atomic 


Energy Commission. 

+ Now at Laboratoire de Physique, Ecole Polytechnique, Paris, 
France. 

1T. F. Hoang, W. B. Fowler, and W. M. Powell, Lawrence 
Radiation Laboratory Report UCRL-8994, January, 1960 (un- 
published). 

2S. Goldhaber, G. Goldhaber, W. M. Powell, and R. Silberberg, 
following paper [Phys. Rev. 121, 1525 (1961) ]. 

3 At this point we would like to note that the scanning procedure 
used in reference 1 is slightly different, namely the fiducial volume 
for scanning was set 10 cm ahead of that used in reference 2. 
Consequently about 20% of events were not included in reference 
2, and the average momentum was ~15 Mev/c higher than 
the value quoted in other works dealing with the same experiment. 
As regards our charged K mesons, 10% of our K* do not end 
inside the chamber; they are identified as such by curvature and 
gap counting (compared to some well-identified track of the same 
event). 

4The author is indebted to Professor G. Chew for suggesting 
this problem and drawing his attention to the paper by F. Cerrulus 
in Nuovo cimento 14, 827 (1959). 


ated with a K meson exceeds two, it is interesting to 
investigate if two of these x mesons are produced in a 
resonant state corresponding to J=1 and J=1. Let 
(rr) designate this resonant state. Then for reactions 
involving two or more associated # mesons, we have 
to consider the following processes: 
pt+p—-K + K+ (ar) + (n—2)z. 
wo 


oF 


We have investigated two cases for assumed isobar 
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Fic. 1. Momentum spectrum for K mesons in the p—p c.m. 
system. The curves represent spectra computed according to the 
covariant phase-space factor and are normalized to the same area. 
(a) Curves for the isobar model corresponding to the reactions 


p+p— K+K-+ (xx)+ (n—2)x, with n>2 and mass (xr) =3y. 





“29 
(b) Curves for the Fermi model corresponding to the reaction 


p+p—> K+K-+nr. 
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Fic. 2. Comparison of the observed K-meson momentum 
spectrum with theory. The histogram shows the observed K-meson 
momentum spectrum. The solid curves are those calculated from 
the isobar model assuming a mass of the (rr) isobar equal to 3u 
and 4y. 


masses (rr)=3u and 4y and have computed the 
K-meson momentum spectrum in the j-p c.m. system 
according to the covariant phase-space factor for a 
total energy equal to 15.15y.° 

Figure 1 (a) shows the results for (rr)=3yu. Each of 
these spectra has been normalized to the same area. 
For comparison, we have reproduced in Fig. 1 (b) the 
K-meson momentum spectra of reference 1 computed 
according to the Fermi model with no isobar state. 
Figure 2 shows a histogram representing the experi- 
mental data presented in reference 1 and the resultant 
K-meson momentum spectrum. To deduce this spec- 


5 For details of the calculation, refer to T. F. Hoang and J. 
Young, Lawrence Radiation Laboratory Report UCRL-9050, 
January, 1960 (unpublished). 
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trum from the isobar model, we combine the normalized 
spectra of the isobar model according to the percentages 
of the above reactions for n= 2, 3, and 4 as estimated 
from the experimental data on the multiplicity distribu- 
tion of the associated r meson (see reference 1) and add 
the appropriate contribution from the case of one single 
associated x meson computed from the simple statistical 
model [curve KK of Fig. 1 (b)]. 

Because of meager statistics, the difference between 
the two fits with (rr)=3yu and 4y is not significant, 
nor do these fits differ appreciably from that derived 
from the ordinary statistical model. Nonetheless, if we 
compare the K production by # annihilation at the 
energy of the experiment described by Goldhaber ef al. 
with that at rest, we should expect an increase by a 
factor of more than 4 if we assume an isobar mass 
(xw)=3u. This seems inconsistent with the present 
experimental ratio, which is about 2. The disagreement 
is even worse if we consider the case of (a7) =4y. 

Consequently, the assumption of an isobar model of 
two resonant mw mesons of mass (m7) >3yu seems to be 
ruled out. However, if the isobar mass turns out to be 
not much greater than two pion masses, then the results 
of this model will not differ appreciably from those of 
the Fermi model. In this case, the difficulty of too large 
an interaction volume 2, encountered in the Fermi 
model can be solved by the isobar model. 
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An experiment to study the p annihilation process at 1.05 Bev/c was performed with the Lawrence 
Radiation Laboratory 30-in. propane bubble chamber. It was observed that the K-meson production in 
annihilation events rises sharply with the increase in energy, namely from 4+1% for annihilations at or 
near “rest”? to 8+1%. On the other hand, the pion multiplicity was not observed to increase appreciably 
with the increase of available energy. We have found a pion multiplicity of 5.00.2. These numbers are 
discussed in this paper and compared with existing models for the # annihilation process. It is pointed out 
that with further increase in bombarding energy different models may differ appreciably in the above 


quantities. 


We have observed a p-H annihilation cross section of 5110 mb and a p-C annihilation cross section 
of 368+-60 mb at a # momentum of 1.05 Bev/c. Crude determinations of the p charge-exchange process— 
which turns out to be forward peaked— and of # inelastic-scattering events leading to pion production 


are also discussed. 


I. INTRODUCTION 


INCE the antinucleon-nucleon annihilation was 

first discovered, a number of studies of the annihi- 
lation process have been carried out. Those studies 
dealt mainly with the analysis of annihilation stars at 
rest and some with energies up to 7,=150 Mev.'~® 
Some of the salient features of the analysis of the 
annihilation products are: (a) Pion production is the 
most prevalent product of the annihilation. (b) The 
pion multiplicity is of the order of five. (c) In about 
4% of the annihilation events pairs of K mesons are 
produced. 

Attempts to understand this many-body process led 
to a number of serious difficulties. The first attempt to 
interpret the annihilation process was a comparison of 
the experimental results with those predicted by the 
statistical model. It was found that the predicted pion 
multiplicity as well as K-meson production were in 
disagreement with the experimental results. When the 
radius of interaction was taken as a free parameter, it 
was possible to fit the annihilations leading to pure 
pion production, if this parameter was increased to a 
magnitude of about 2.3 pion Compton wavelengths. 
Once this parameter was suitably adjusted to fit the 
mean pion multiplicity, experimental results such as 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. Part of this work was submitted by one 
author (R.S.) to the University of California in partial fulfillment 
of the requirements for the Ph.D. degree. 

t Present address: U. S. Naval Research Laboratory, Wash- 
ington, D. C. 
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the multiplicity distribution, the pion momentum 
spectra, and the distribution of angles between pairs of 
pions were in agreement with the model when pion 
charges are disregarded. However, the K-meson pro- 
duction fell far below its predicted value. The large 
interaction volume needed to fit the experimental pion 
data still remained unexplained and is devoid of direct 
physical meaning. A number of modifications of the 
statistical model were proposed introducing dynamic 
processes such as strong pion-pion interactions in the 
form of pion-pion isobars.*:? Koba and Takeda proposed 
a two-step annihilation process in which core annihi- 
lation with pion production precedes the release of 
pions from the pion clouds of the nucleon-antinucleon 
system.® All these models were adjusted, however, in 
one way or another to the observed average pion 
multiplicity. One must thus look at finer details in 
order to distinguish between the models or arrive at a 
new Clue. 

The present experiment was designed to investigate 
the annihilation process in greater detail at a momen- 
tum of 1.05 Bev/c corresponding to a total energy in 
the center-of-mass system of W= 2.1 Bev. Our emphasis 
in the analysis of the data was the study of K-meson 
production, angular correlation in pion production,’:” 
and variation of pion and K-meson multiplicities as a 
function of the total available energy. In addition, we 
were able to obtain an independent measurement of 
the annihilation cross section in carbon and hydrogen 
at a p momentum of 1.05 Bev/c. A crude determination 
of the charge-exchange interaction and an order-of- 
magnitude estimate of the inelastic p interactions 
leading to pion production were also made. 
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The angular-correlation studies between pion pairs 
have shown a marked dependence on the charge of the 
pions. Namely, the like-pion pairs are observed to be 
emitted with smaller pair angles on the average than 
the unlike-pion pairs. This effect,’ as well as a model 
which takes into account the influence of Bose-Einstein 
statistics in order to explain the effects, have already 
been discussed previously."” As has been pointed out 
in reference 10, if the approach considered there is 
correct, the radius of annihilation must be small. 

In addition, it has also been pointed out by Pais" 
that the charge distribution of pions in annihilation 
events may be altered quite appreciably from the 
statistical model because of dynamic effects. In spite 
of these clear indications for the inadequacy of the 
large-volume statistical model, we will still use it in 
this paper for lack of a better model. 


II. EXPERIMENTAL PROCEDURES 


The present work was carried out using the Berkeley 
30-in. propane bubble chamber with a magnetic field 
of about 14 kgauss. The 1.05-Bev/c j beam was highly 
purified by using two 20-ft electrostatic velocity spec- 
trometers. The physical layout of the beam was that 
used for a preceding A~ experiment,” with the spec- 
trometers retuned to transmit antiprotons. In two days 
of running time, 20000 pictures were taken which 
yielded about 3000 annihilation events. The composi- 


Fic. 1. Example of an p annihilation event yielding two charged 
K mesons. The reaction observed is p+‘p” — Kt+K-+a*+27- 
+n. The K* meson decays in the r mode, giving r++2*+72-. 
The x* mesons in turn show the characteristic r+ — ut — e* 
decay. The K~ meson interacts in carbon (noncoplanar) giving a 
+ and x~. The =* decays via the r*+mn mode. 


11 A, Pais, Ann. Phys. 9, 548 (1960). 

12 P, Eberhard, M. Good, and H. Ticho, University of California 
Radiation Laboratory Report UCRL-8878, August 25, 1959 
(unpublished). 
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tion of the beam was determined by (a) a 6-ray study 
of the beam which was normalized to a similar study of 
a pion beam of nearly the same momentum, and (b) a 
study of the mean free path for the star formation in 
the ‘“‘mesonic component” of the beam. This again was 
compared to a similar study of a pion beam of the 
same momentum. The p component of the beam was 
thus determined to be 38.57% of the entire flux. The 
composition of the beam was found to be p:y>:r 
=1:1.3:0.3. The uncertainty in the p component of 
the beam is the largest source of error in 
section measurements. 


the cross- 


Ill. STRANGE-PARTICLE PRODUCTION 


In the p—N annihilation there are four possible 
reactions leading to strange-particle production: 

p+N 

p+N 

D+N 

D+N 


— K++K-+nr, 
> K°4+K++nr, 
+ Ko4-K 


TMT. 


All four of these processes have been observed (see 
Table I and Figs. 1 and 2). In addition, we have 


TABLE I. Number of annihilation events with a pair of identified 
strange particles. These events were observed in a sample of 
3000 p annihilation events in propane at Ps=1.05 Bev /< 


Particle K 
K+ 
Ke 


observed A°, =+, and =~ hyperons associated with 
annihilation stars in carbon, which we interpret as most 
likely due to secondary interactions of K~ or K® with 
a nucleon of the parent carbon nucleus. The charged K 
mesons can be identified with certainty only when 
decaying in the chamber. In the case of the neutral 
strange particles, our observations are restricted to the 
charged decay modes and for the K 
its short-lived K,° component. These restrictions make 
the probability of observing a pair of strange particles 
very low. To arrive at the fraction of annihilation stars 
producing strange particles, we adopted the following 
method. We determined the detection efficiency for 
each strange particle separately and thus arrived at 
the total number of strange particles produced. Hyper- 
ons, which are included in this sample, are a manifes- 
tation of K~ or K°® production. Since strange particles 
must be produced in pairs in the f annihilation, the 
number of K-meson-producing stars is half of the total 
number of strange particles. 


meson, only to 


A. Detection of K® Mesons and A Hyperons 


For all V° events associated with annihilation stars, 
the Q value and the coplanarity of the line of flight and 
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the decay plane were checked. As a further check, we 
also plotted the proper-time distributions for the K,° 
mesons and A hyperons and found them to be in excel- 
lent agreement with the established mean lives. 

From the measured momentum distributions of the 
K® mesons and A hyperons, it was estimated that 10% 
would escape detection by decaying outside the fiducial 
volume of the chamber. A nearly equal fraction of K,° 
mesons and lambdas decay in the chamber; the fact 
that the mean life of the lambdas is longer is offset by 
their lower velocity at production. The total number 
of K°® mesons was obtained by taking into account the 
nonobserved long-lived component, K,", and the neutral 
decay mode. Similar corrections were made for the 
neutral decay mode of the lambda. 


B. Detection of Charged K Mesons 


As mentioned earlier, we restricted our sample of 
charged K mesons to include only those that decayed 
in the chamber. In the case of K~ mesons we also 


Tas_e II. Number of strange particles produced in p 
annihilations in propane at 1.05 Bev/c 


Particle No. observed &* No. estimated 
0.2340.07 
0.18+0.06 
0.90+0.03 
0.90+0.05 
0.90+0.05 
0.90+0.05 


25+1 
17+2 
59+4 
7.5+1.5 
11.5+1.5 
2142 
141+6 


109+ 40 
95+40 
197+30 
17+7 
1344 
35+9 
466+65 


° or KO 


K+ 
K- 
K 
A 


otal 
® Here ¢ represents the efficiency for identification of the “detectable” 
decay mode of the particular strange particle. See text for details. 


b Here a represents the correction factor for (a) neutral decay m«¢ 
b) the long-lived K2® mode, and (c) the = >p+7° decay mode 


»des, 
included interactions leading to hyperons which subse- 
quently decayed in the chamber. For the evaluation of 
the fraction of charged-K-meson decays in the chamber, 
we assumed their momentum distribution to be identical 
to that of the neutral K mesons. Taking the chamber 
geometry into consideration, we arrive at a detection 
efficiency of ex+=0.23 and ex 0.18. The lower A 

detection efficiency is due to the neutral and other 
undetectable decay modes of its interaction products. 


C. Detection of Charged Hyperons 


For the charged hyperons, we restricted ourselves 
only to the decay modes giving rise to a charged pion. 
For the =~ hyperon, the correction will thus be only 
due to scanning efficiency. For the =*+ hyperon, only 
the decay mode =+—>a*+n was accepted in our 
sample since 2+— p+7° could not be distinguished 
reliably from a proton scatter. 

In Table II we give a summary of the number of 
strange particles observed and deduced." The errors 

13Tn identifying the strange particle production for p annihi 
lation, the identity of the incoming particle must also be estab 


ANNIHILATIONS IN 


PROPANE 


Fic. 2. Example of an ™ annihilation yielding two neutral K 
mesons. Both K® mesons decay near their production point and, 
from Q value measurements, are both identified as K,° mesons. 


quoted in column 2 are the uncertainties in identifi- 
cation only. Column 3 gives the efficiency for detecting 
strange particles in the fiducial volume of the chamber 
and the error associated with it. The correction factors 
for the neutral decay modes, the long-lived decay mode 
of the K°, and in the case of the 2+ hyperon the cor- 
rection factor for the mode =+— p+7° are given in 
column 4. The last column gives the numbers of strange 
particles deduced. The error quoted combines the 
statistical error, the uncertainty in identification, and 
the error in the detection efficiency. Taking all these 
effects into account we thus find that in 3000 annihi- 
lation stars a total of 46665 strange particles were 
produced. These in turn correspond to 233433 stars 
in which a pair of strange particles occurred. This again 
leads to a K-meson pair-production frequency of 8+1% 
for annihilation events in propane at 1.05 Bev/c. The 
error quoted includes the statistical error, uncertainties 


lished. Out of the 118 stars producing identified strange particles, 
all except six stars had a visible energy release consistent only 
with an incident j. The remaining six stars which gave three 
neutral K mesons and three hyperons could have been produced 
by a small admixture of K~ mesons in the beam. We shall assume 
that half of the six events are produced by K~ mesons. 
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Fic. 3. (a) Observed charge-pion multiplicity distribution for p 
annihilation events in propane. Events with strange-particle 
production are omitted here, corrections have been made for 
x~-initiated stars which affect the results for V.+=0, 1, and 2, 
and charge-exchange events which affect the results for V.+=0 
have been subtracted. The distribution expressed here in per- 
centage corresponds to over 3000 events. (b) Observed charged- 
pion multiplicity distribution for ~ annihilation events without » 
prongs, and with V,-=N,+ (hydrogen-like events) or V,-=N,+* 
+1. The shaded part corresponds to #—H annihilation events. 


in determining the strange particles, and uncertainties 
associated with determining the detection efficiencies. 
The scanning efficiency was determined by a complete 
rescan of the film. 


IV. STRANGE-PARTICLE PRODUCTION 
IN jp ANNIHILATIONS 


To obtain the percentage of strange particles pro- 
duced in jp annihilations, we need to determine the 
total number of annihilations on free hydrogen. As a 
first approximation, these are given by the “hydrogen- 
like” events. We define as “hydrogen-like” events those 
events for which V,+=N,-, and no visible knockon or 
evaporation protons are emitted. To find what fraction 
of “‘hydrogen-like” events corresponds to annihilation 
on bound protons, we examined the annihilation events 
with N,-=N,++1 considered to be annihilations on 
bound neutrons. From this group we can determine 
the frequency of annihilation events on bound nucleons 
with and without accompanying proton evaporation, 
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and hence their ratio. Applying an interpolated value 
of this ratio (which is a function of V,) to the group 
N,+=N,- with evaporation protons, we obtain the 
desired correction to hydrogen-like events (see Fig. 3). 
Namely, we estimate that 16% of the hydrogen-like 
events occur with bound protons, the remaining 84% 
correspond to true free fp annihilations. Assuming the 
same ratio to hold true for annihilation events yielding 
K particles, we deduce that K-particle production 
occurs in 8+2% of all jp annihilations. 

Table III gives the number of observed K mesons in 
hydrogen-like events and the estimated total number 
of K mesons produced. 


V. THE PION MULTIPLICITY AND MOMENTUM 
SPECTRA FOR STARS WITH K MESONS 


To arrive at the pion multiplicity associated with 
K-meson production, we restricted ourselves to a sample 
which excludes hyperon production. Hyperon produc- 
tion which is principally a consequence of K absorption 
in the parent nucleus would add one additional pion 
due to the reaction K+N — 2+. Clearly a small 
fraction of hyperons not identified as such (neutral 
decay modes of A and =+ — +7") will still remain in 
the sample. This fraction, however, amounts to less 
than 6% of all stars producing strange particles (see 
Table II). We find on the average 1.8 charged particles 
(not counting knockon or evaporation protons) pro- 
duced in association with identified K mesons. These 
charged particles are a mixture of pions and a small 
percentage of charged K mesons which were not 
identified as such (see Sec. III-2). Using the detection 
efficiencies for charged K mesons given in Table II, 
we deduce that the average number of charged pions 
associated with K mesons, 1.6+0.3."4 
Assuming the number of neutral pions to be half of the 
charged ones, we arrive at an average pion multiplicity 
(V.)x=2.4+0.5. 

The momentum spectra of the pions and neutral K 
mesons were computed in the center-of-mass system of 
the annihilation and are shown in Fig. 4. To compare 
the experimental spectra with the statistical model, 
we calculated the spectra of K and mw mesons for 
annihilations with one, two, three, and four pions 
produced in addition to the K pair. These calculations 


(N.*)K, is 


TABLE III. Number of strange particles in hydrogen-like events. 





Particle 
—<— 
K- 

K® or K° 
Total 


No. observed < b No. estimated 


0.23+0.07 
0.18+0.06 
0.90+0.03 


37417 
42+21 
77+18 


156+32 





* See note a, Table II. 
> See note b, Table II. 


4 A correction for the absorption of pions in the parent nucleus 
is included in this number. 
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used the Lorentz-invariant phase space (LIPS) as 
discussed by Srivastava and Sudarshan and Desai.'® 

To fit our experimental spectra, the pion multiplicity 
distribution in the stars under discussion has to be 
determined. Experimentally this would be difficult, 
since our statistics do not warrant the determination 
of such fine detail. In the next section we discuss a 
modification of the statistical model which allows us, 
among other things, to calculate the appropriate weight 
factors. The calculated momentum spectrum (see Fig. 
4) agrees well with the experimental data. One has to 
bear in mind that the experimental spectra have some 
momentum smear since a fraction of the annihilation 
stars included in the sample comes from annihilations 
on bound nucleons. 


VI. A COMPARISON OF K-MESON PRODUCTION 
WITH STATISTICAL MODEL PREDICTIONS 


In this section we investigate to what extent a further 
modification of the usual Fermi statistical model could 
explain the observed K-meson production and the 
increase of the K-meson production in f annihilation 
events with increasing p energy. 

Customarily, a single parameter, the interaction 
volume, has been used for the calculation of both the 
w- and K-meson production. The transition probability 
for n x and two K mesons in j—p annihilation can be 
written"? 


au ; 
2L8n,2\ 
Sa,2= A— SEareEapet F,.2( We). 


n!(1!)? (27)8@+™ 
Here gn.2(/) is the isotopic-spin weighting factor for 
n x and two K mesons, and F,, 2(W¢) is given by 


@1 max @2 max 
Fa.s(We)= (An) f J , | 
uo Mb 
i) II pidwiF2(W,2), 
i=] 


Ab 


where we have 


p2 


and 


18 P. P. Srivastava and G. Sudarshan, Phys. Rev. 110, 765 
(1958); B. R. Desai, University of California Radiation Labora- 
tory Report UCRL-9024, February 17, 1960 (unpublished). 

1° G, Sudarshan, Phys. Rev. 103, 777 (1956). 

17 J. Sandweiss, thesis, University of California Radiation 
Laboratory Report UCRL-3577, October 31, 1956 (unpublished) 
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Fic. 4. (a) Histogram of the experimental neutral K-meson 
momentum spectrum in the c.m. system. (b) Histogram is the 
experimental charged-pion momentum spectrum (c.m.) for pions 
from p annihilation stars with identified K-meson production. 
The curves are obtained from the LIPS model as discussed in 
Sec. VI. 


in units of A=c=1, and 
W-2+u?—[(n—i)ut+2Mx P 
2Wy-1 


Here Wo is the annihilation energy in the c.m. system, 
uw and Mx are the z- and K-meson rest masses, respec- 
tively, and p; and w; are the momentum and the total 
energy, respectively, of the ith pion. 

For Qc=(u/Mx)Q,, we get the single-parameter 
model; that is, S,,2 is proportional to (u2,)"**. The 
results obtained from the above calculations which 
adjusted the parameter \ to fit the mean pion multi- 
plicity failed to agree with the experimentally deter- 
mined K-meson production for Qx=(u/Mx)Q,. In our 
attempt to fit the K-meson production, we introduced 
one additional parameter, £=Q«/Q,. Different coupling 
constants of the pion and K meson as well as the 
difference in their Compton wavelengths could be a 
theoretical justification for introducing the new pa- 
rameter. It should be noted here, however, that such a 
treatment has to be considered as a phenomenological 
fit rather than a profound theory that would determine 
the relative strength of interactions of pions and K 
mesons. Similar considerations have been made by 
Cerulus and others.’- 

With this two-parameter statistical model, we calcu- 
lated the increase in K-meson production as a function 

18S. C. Frautschi, Progr. Theoret. Phys. (Kyoto) 22, 15 (1959); 
U. Haber-Schaim and G. Yekutieli, Phil. Mag. 43, 997 (1952); 
F. Cerulus, CERN Report No. 60-10, March 25, 1960 (unpub- 
lished); V. S. Barashenkov, B. M. Barbashev, E. G. Bubelov, 
V. M. Maksimenko, Nuclear Phys. 5, 17 (1958). 
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Fic. 5. Percentage of stars with strange-particle production in 
p-annihilation events as a function of the total available energy, 
W, in the c.m. system. The energy, W, is expressed in units of 
the total available energy for annihilations at rest, viz., two times 
the nucleon mass. The experimental point for the annihilation at 
or near rest comes from references 1 through 5; the other experi- 
mental point comes from the present experiment. The curves 
shown are the computed variation with available energy based 
on the two-parameter LIPS model. Curve (a) was normalized to 
the experimental results for annihilations at rest, and curve (b), 
to the results of the present experiment. As can be noted, only in 
the extreme case of about one standard deviation on each of 
these experiments will a single curve fit both experimental points. 
The calculations have been extended to a value of W/2M,=1.34, 
which corresponds to a p lab momentum of 2.23 Bev/c. 


of the annihilation energy. The results of these calcu- 
lations are summarized in Figs. 5 and 6 and Table IV. 
Here 2, was adjusted to obtain (V,)=4.9 for annihi- 
lations at rest and Q« was adjusted to obtain 4% 
K-meson production for annihilations at rest (Fig. 5, 
curve a). Curve 6 is normalized to 8% K-meson 
production at 1.05 Bev/c to fit the present experiment. 
This was done by setting 2,=82,° and &=0.10 and 
0.12, respectively. Figure 6 gives the average number 
of pions associated with K mesons as a function of p 
energy. The corresponding pion multiplicity distribu- 
tions are given in Table IV. 

We also calculated K-meson production and the 
(V,)« value for p annihilations in carbon, and found 
no significant differences from j—H annihilation. 














1.2 1.3 L4 
W/2Mp 


Fic. 6. Average pion multiplicity for annihilation events with 
associated K-meson production. The experimental point comes 
from the present experiment. The curve that shows the variation 
with W/2M, was calculated as discussed in the text. 
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We note that the statistical model leads to an 
increase in the m-meson multiplicity in annihilation 
events where K mesons are produced. At our energy, 
Wo=2.1 Bev, the predicted value of (V,)«=2.4 is in 
good agreement with our experimental value of 2.4+0.5. 
The data on (V,)x for annihilations at rest are statisti- 
cally poor, but they are consistent with the calculated 
value.> The expected increase in 
annihilation energy will have to be verified by future 
experiments. 

A comparison of the calculated A-meson-production 
increase with the experimental data shows, however, 
that only in the limits of the rms errors quoted can we 
get agreement with our calculation. It is clear that 
until we solve our fundamental difficulty in calculating 
the pion multiplicity with a reasonable 
volume, all attempts to fit A-meson production are of 
a very preliminary nature. 


(\,)« with increasing 


interaction 


Vil. ANNIHILATION STARS WITHOUT 
K-MESON PRODUCTION 


A number of attempts have been made to explain the 
large pion multiplicity associated with annihilation 


TaBLeE IV. Computed pion multiplicity distribution for p 
annihilation stars with K meson production.* These values were 
computed on a two-volume parameter Lorentz-invariant statistical] 
model. 


P5 
(Bev/c) 1 lr Qn gr 


°% stars with two K and 


5 : 18 
1 


37 


) 
® Production of five pions has been negle 


events at rest and low energy. As mentioned in Sec. I, 
these attempts must be classified as phenomenological 
since they all adjust some of the parameters to fit the 
observed average pion multiplicity. It was hoped that 
by examining the pion multiplicity as a function of the 
total energy available to the system, some light might 
be shed on this intricate process. 

We determined the average pion multiplicity from 
direct observation of the charged pions and from 
electron pairs produced by the decay y rays of the 
neutral pions. The average mean free path for conver- 
sion was evaluated, taking proper account of the energy 
dependence of y-ray conversion. Therefore, we evalu- 
ated the neutral pions for each charged-pion multiplicity 
separately in order to properly account for the variation 
of the energy spectra as a function of pion multiplicity 
(see Table V)." 


19 An independent measure of the neutral-pion multiplicity was 
obtained from the Dalitz pairs emitted in the annihilation events. 
This method gives a lower limit, because not all Dalitz pairs can 
be uniquely identified. A total of 70 Dalitz pairs were observed 
which give a lower limit of (NV ,°) > 1.40.2. 
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TABLE V. The neutral-pion multiplicity as a function of the 
charged-pion multiplicity for p annihilation events. 
Neutral pions per star 
N y+ Hydrogen-like 


Ne Carbon 
observed events 


events 


yg +3.0 
“"—0.9 
2.0+0.4 
2.140.2 
1.4+0.1 
1.0+0.1 
0.8+0.1 
0.7+0.3 
1.0+0.8 


2.5+0.5 
1.1+0.1 


08+0.4 


* The neutral-pion multiplicity for Nw, =0; 


“hydrogen-like”’ 
could not be determined. 


We find the average pion multiplicity to be essentially 
the same for carbon and hydrogen events, i.e., (.V,) 

5.0+0.2. Details of the various contributions to the 
pion multiplicity are given in Table VI. 


A. Variation of Pion Multiplicity and Momentum 
Spectra with Momentum 


As the momentum increases, the additional avail- 
able energy may either go into the production of a 
larger number of pions or into an increase of the pion 
momenta. The former will increase the average pion 
multiplicity, the latter the average pion momentum. 
A correct model of the annihilation process will also 
have to give the proper behavior for the change in 
pion multiplicity with momentum. It appears to us 
that with a sufficient increase in jp momentum this 
approach may shed more light on the annihilation 
process. In the present experiment we do not find an 
appreciable increase in the pion multiplicity (within 
our statistics) over the annihilation stars occurring at 
rest. For the latter we consider 4.9+0.2 as an average 
pion multiplicity, taking into account all the low-energy 
experiments.'~> On the basis of the LIPS model with 
Q,=80,°, a larger increase in (.V,) would have been 
expected [see curve (a), Fig. 7]. Curve (b) in Fig. 7 
is a variation of the LIPS model which takes into 
account the Lorentz contraction of the interaction 
volume as first suggested in Fermi’s original paper,” 
i.e., Q=8Q°*K (2M/W). Curve (c) shows the variation 


TABLE VI. The determination of the average pion multiplicity. 





Carbon 
events 


2.6 +0.10 
1.55+0.10 
0.9 +0.15 


Pion 

type 
(N,+ ) 
(N°) 
Absorbed 

pions 
(N; 4.95+0.2 


Hydrogen-like 
events 

3.3 +0.15 

1.65+0.15 


Source 


Direct observation 

From conversion y rays 

From nuclear excitation 
in carbon 

Average for propane: 
5.0+0.2 


5.05+0.2 


#0 E. Fermi, Progr. Theoret. Phys. (Kyoto) 5, 570 (1950). 
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Fic. 7. The variation of the average pion multiplicity in p 
annihilation stars (excluding A-meson-production events) with 
W/2M,. The experimental point comes from the present experi- 
ment. All computed curves have been normalized to an average 
pion multiplicity of 4.9 for annihilations at rest. This gives a 
volume 2=8Q in the LIPS calculation. Curve (a) corresponds 
directly to that volume. Curve (b) corresponds to the same 
model with the inclusion of a Lorentz contraction of the annihi- 
lation volume. Curve (c) corresponds to the Koba-Takeda model, 
also normalized to an average multiplicity of 4.9 for annihilations 
at rest 


in pion multiplicity as computed from the Koba-Takeda 
model.® As can be seen from Fig. 7, which also shows 
our experimental point, one cannot choose conclusively 
between these models from the present data. However, 
at momenta of about 
very marked. 

Figures 8 and 9 show the c.m. momentum spectra for 
hydrogen-like events for V,+=4 and V,+=6. The 
average c.m. total energies for these samples are 
k,=410+10 Mev and £y=323415 Mev, respectively, 
which show an increase over the corresponding total 
energies for annihilations at (7;)=50 Mev, namely 


3 Bev/c, the differences become 
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Fic. 8. The pion momentum spectrum in the c.m. system for 
hydrogen-like annihilation stars with N,+=4. The curve corre- 
sponds to a calculation with 2=8%. 
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Fic. 9. The c.m. momentum spectrum for hydrogen-like 
annihilation events for V,*=6. The curve was computed with 
Q=8N. 


Fy=3652420 Mev and #g=295+40 Mev (the latter 
values were obtained by combining the results of 
references 3 and 5). This is in accord with the fact that 
the -multiplicity has not changed appreciably. Also 
shown in Figs. 8 and 9 are the computed momentum 
spectra for 2= 8. 


B. Two-Pion Annihilations 


A search was made among the hydrogen-like events 

for the pure two-pion type annihilation events: 
pt+p- rr. 

For this purpose all two-prong events that could be 
considered of the above type were measured (i.e. events 
with associated converted y rays were not considered). 
No event was found to correspond to this reaction and, 
at most, one event could have been consistent with it. 
To qualify as a significant measurement, each outgoing 
pion track had to be longer than 8 cm. The “‘one event” 
thus corresponds not to all “hydrogen-like” events but 
rather to a smaller sample of about 500 events. 


VIII. CROSS-SECTION MEASUREMENTS 
A. Annihilation Cross Section 


For all cross-section determination we have restricted 
ourselves to a central region of the chamber and have 
applied strict angular entrance criteria of +5 deg. 
Within this region we have observed 3385-550 m of p 
path length and 2900+120 annihilation stars. The 
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latter can be further separated into 780+60 annihilation 
events in hydrogen and 2120+100 annihilation events 
in carbon, as described in Sec. IV. We thus obtain the 
following annihilation cross sections at Ps= 1.05 Bev/c: 


osp(annihilation)= 51+10 mb, 
osc (annihilation) = 368-60 mb. 


B. Charge-Exchange Cross Section 


The antiproton charge-exchange reaction p+p— 
ii+n can be identified reliably in this experiment only 
by observing the disappearance of a j and the subse- 
quent annihilation of the #7. We have observed 24\such 
events. Here the criterion for # annihilation was that 
three or more mesons be emitted in the process. In all, 
we have observed 109+30 disappearances (this 
number is already corrected for pion contamination). 
From the above data, we can estimate the j charge- 
exchange mean free path in propane in the following 
manner: (a) We assume that the mean free path for 7 
annihilation is the same as for j annihilation. (b) Tak- 
ing into account the geometry of the chamber, we find 
that 90+30 of the disappearances must be ascribed to 
charge-exchange events. This yields a mean free path 
of 38+14 meters for the charge-exchange reaction in 
propane. It should be noted here that of the 24 ai 
annihilations observed, none originated from a source 
that exhibited nuclear excitation. This observation 
together with the fact noted elsewhere that the charge- 
exchange reaction is small in complex nuclei” leads us 
to believe that the majority of the events are charge- 
exchange reactions occurring on hydrogen. In Fig. 10 
we give the observed angular distribution of the charge- 
exchange events. A very strong forward peaking is 
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Fic. 10. The angular distribution of the 24 observed p charge- 
exchange events. No event was observed with c.m. angle greater 
than 60 deg. The shaded region shows the correction for the 
geometry of the chamber. The geometrical corrections increased 
somewhat with increasing angle; however, the absence of charge- 
exchange events at angles greater than 60 deg cannot be ascribed 
to geometrical effect. The distribution is thus very strongly 
forward-peaked. 


21R. C. Weingart, thesis, University of California Radiation 
Laboratory Report UCRL-8025, October 18, 1957 (unpublished). 
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observed in this distribution. Qualitatively this can be 
understood if we consider that collisions with small 
momentum transfers, i.e., large impact parameters, 
can lead to charge exchange, while the large-momentum- 
transfer collisions lead principally to annihilations. 

A small forward peaking in the j— p charge-exchange 
differential cross section is predicted by Ball and Fulco 
at 750 Mev/c.” They predict also a second peak at 
180 deg in the c.m. system. However, our results which 
show a more pronounced forward peaking cannot be 
compared directly with their predictions, since the 
approximation methods used by these authors break 
down at higher antiproton momenta. 


IX. PION PRODUCTION BY INELASTIC 
SCATTERING OF ANTIPROTONS 


In this experiment we observed a number of examples 
of single-pion production and one instance of double- 
charged pion production by inelastic scattering of 
antiprotons. We were severely hampered in the quanti- 
tative evaluation of these data because of the very 
limited statistics, viz., eight identified single-pion 
production events. For the identification of such an 
event, we required (a) identification of the pion (which 
is highly efficient for charged pions) and (b) identifi- 
cation of the # which entailed a subsequent annihilation 
in the chamber. Of the inelastically scattered protons, 
4+1 annihilated ‘“‘at rest’? and four in flight. The 
detection efficiency is based on the estimate that 
0.20+0.05 of all the inelastically scattered antiprotons 
will annihilate in flight in the chamber. The fraction 
coming to rest and annihilating was estimated from 
the three-particle phase space. The detection efficiency 
for neutral pions by y-ray conversion in the chamber is 
~0.15. Details on the events observed and on the 


# J. S. Ball and J. R. Fulco, Phys. Rev. 113, 647 (1959). 
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Taste VII. Pion-production events by inelastic 
scattering of antiprotons. 


Detection 
efficiency 


No. events 
identified 


Reaction 


0.4 +0.1 
0.06+0.02 
0.4 40.1 
0.06+0.02 


D+p—>a*+p+n 
D+p >m+p+p 
D+n—- x +p+p 
tn — 2r°+p+n 
pitn—at+n-+ptn 


detection efficiency are given in Table VII. We have 
not observed any examples of charge-exchange events 
with inelastic pion production. 

We thus estimate that inelastic j scattering in 
propane with charged-pion production occurs with a 
frequency of 0.4+0.3% of the annihilation process. If 
we ascribe all the observed w+ production (“hydrogen- 
like”) events to annihilations with free protons, we get 
an estimated upper limit for this cross section of 
o(p+p— pt+at+n)<0.5+0.3 mb. 
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A method is presented for completely removing the ambiguities 
arising in the reconstruction of the nucleon-nucleon scattering 
matrix from data at a given angle and energy due to the bilinear 
form of expressions for observable quantities. Our method utilizes 
only the amplitudes defined by Wolfenstein and Ashkin and is 
more direct and computationally simpler than the methods using 
unitarity and measurements at all angles or the phase-shift 
analyses; thus, it would provide an independent means of arriving 
at the correct set of phase-shift solutions. Our method is based on 
a knowledge of the polarization transfer tensor Kx, which has a 
form complementary to the familiar polarization correlation tensor 
Cix. The Ky, tensor may be obtained from triple scattering experi- 
ments on the recoil nucleon similar to those used to determine the 


1. INTRODUCTION 


N this note we show how ambiguities arising in the 

reconstruction of the nucleon-nucleon scattering 
matrix from data at a given angle and energy, due to the 
bilinear form of expressions for observable quantities, 
may be removed completely. This is accomplished with- 
out using unitarity and measurements at all angles, or 
even a phase-shift analysis, but instead, by using the 
more direct and computationally simpler method of 
working only with the amplitudes defined by Wolfen- 
stein and Ashkin'? (see Sec. 2); thus, we have a means 
for discriminating between the various phase-shift solu- 
tions. Our patently unique reconstruction is carried out 
(in Sec. 3) by exploiting the complementary relationship 
between the familiar polarization correlation tensor C;, 
and the polarization transfer tensor Kix. The Kj, tensor 
determines the polarization of the recoil (scattered) 
nucleon in the scattering of a polarized (unpolarized) 
beam from an unpolarized (polarized) target. 

In addition to their usefulness in determining the Kix 
tensor, it is also shown (in Sec. 4) that polarized targets 
(which have recently been achieved at Saclay) would 
simplify the determination of the @;, tensor and of the 
“difficult” components of the familiar depolarization 
tensor Dj, and remove the need for the usual compli- 
cated turning of spins in magnetic fields. They would 
also help to extend present measurements over a broader 
angular range. 


2. NUCLEON-NUCLEON SCATTERING MATRIX 


The nucleon-nucleon scattering matrix can be ex- 
pressed in terms of certain quantities which are in- 


* This work was supported in part by the joint contract of the 
Office of Naval Research and the U. S. Atomic Energy Com- 
mission. 

t National Science Foundation Cooperative Graduate Fellow. 

1 L. Wolfenstein and J. Ashkin, Phys. Rev. 85, 947 (1952). 

2 L. Wolfenstein, Phys. Rev. 96, 1654 (1954). 


familiar depolarization tensor D,., or from double scattering 
measurements on nucleons scattered from a polarized target 

It is also shown that the use of polarized targets would have 
many experimental advantages: They would permit (1) determi 
nation of the depolarization tensor ‘Dj, for large scattering angles, 
without requiring the measurement of the polarization of a very 
slow nucleon; (2) determination of the correlation tensor Cj, by 
the measurement of the cross section for the scattering of a 
polarized beam by a polarized target, instead of the difficult 
simultaneous measurements of the polarizations of both the final 
nucleons; (3) determination of the “difficult” components A’ and 
R’ of the Dy and Ky tensors by the measurement of the polariza- 
tion of an initially unpolarized beam scattered by a polarized 
target. 


variant with respect to space rotations, space reflections, 
and time reversal in the familiar form® 


My=Agt BrojnoontCr (ointoen)+ D, (Cin 72») 


+ EqoiglagtF roipoey, (1) 


where o; and o2 are the Pauli matrices of the incident 
and target nucleons, respectively, and n, p, and q are 3 
mutually perpendicular directions, defined by the vectors 
n=kinXkout, p=KintKout, q=Kour—kin. k is the nu- 
cleon momentum in the c.m. system, and the subscript 
T refers to the total isotopic spin of the system. 

In the following we are primarily interested in the 
pure nuclear scattering. Coulomb scattering is usually 
unimportant, except at small angles, and its effects can 
be calculated. However, in spite of the small angular 
range in which Coulombic effects are appreciable and 
the sizable experimental difficulties in measuring them, 
measurements in this small-angle region would still be 
extremely valuable. Their value derives mostly from the 
interference terms between Coulomb and nuclear scat- 
tering which arise when both of these are of the same 
order of magnitude. The most interesting point is that 
the interference term permits a determination of the 
over-all phase of the matrix M. Secondly, this term is 
linear in the unknown coefficients A to F, and hence 
allows a much more direct reconstruction of M than the 
pure nuclear scattering which is bilinear in A to FP. 
Finally, the limit of M for small angles is directly 
significant for the analysis of the scattering of nucleons 
by complex nuclei.*? The usefulness of such measure- 
ments in the phase-shift analyses has been discussed by 
Cromer.* 


3 We follow the notation of H. A. Bethe, Ann. Phys. 3, 190 
(1958), and refer the reader to this paper for a more complete list 
of references. The basis vectors used here are chosen to agree with 
those of Wolfenstein, reference 2, and are slightly different from 
those used in some papers. 
4A. H. Cromer, thesis, Cornell University, 1960 (unpublished). 
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The p-p and n-n systems are both pure states of T= 1, 
whereas the n-p system is an equal mixture of T=0 and 
1. Thus, D:=0 because of the identity of the particles, 
and Do=0 because of the charge symmetry of nuclear 
forces. 

A, B, C, E, and F are 5 complex functions of the 
nucleon energy and scattering angle, for each isotopic 
spin state. Since the over-all complex phase of M re- 
mains arbitrary, it can be reconstructed if 9 real quanti- 
ties are determined experimentally, the magnitudes of 
the 5 coefficients and their relative phases. However, 9 
different scattering experiments are nol sufficient to de- 
termine these coefficients uniquely. When observable 
quantities are calculated in terms of the scattering matrix 
coefficients (see Table I below), all the expressions are 
bilinear in the 9 unknowns; thus, unless more than 9 
experimental results are available, ambiguities will arise 
in the reconstruction of M from data at a given angle. 

At the present time not even 9 experiments have been 
done at any given angle. Nevertheless, it has been pos- 
sible to perform phase-shift analyses which utilize data 
taken over a range of angles to compensate for the lack 
of information at the individual points in the range. 
More specifically, a phase-shift analysis makes use of 
(1) unitarity : the unitarity requirement is automatically 
satisfied in the phase-shift approach ; (2) the smoothness 
of all the observable quantities as a function of angle; 
and (3) due to the scarcity of information at small 
angles, a reasonable hypothesis concerning the behavior 
of the phase shifts for higher /, e.g. that they may be 
approximated by the one-pion exchange contribution 
(OPEC). An analysis of the 310-Mev p-p scattering 
data along these lines has recently been completed by 
MacGregor, Moravesik, and Stapp*; they have suc- 
ceeded in reducing the 5 “best” sets of phase-shift solu- 
tions of Stapp, Ypsilantis, and Metropolis’ to 2 sets, 
with more recent analyses of the energy dependence*® 
favoring Solution.1 over Solution 2. 

In spite of the apparent success of the phase-shift 
analyses, they are based on the theoretical considera- 
tions listed above. Also, all the solutions are obtained by 
means of a search through phase-shift space with 
random sets of initial phase shifts taken as starting 
points.*.? Thus, in spite of the increasing probabilistic 
evidence to the contrary, there is no proof that all regions 
of the many-dimensional phase-shift space have been 
completely explored. The somewhat unsatisfactory 
nature of this situation is well brought out by Smoro- 


5 In the following we shall avoid explicit reference to the isotopic 
spin variable, whenever this is convenient. 

6M. H. MacGregor, M. J. Moravesik, and H. P. Stapp, Phys. 
Rev. 116, 1248 (1959). 

7H. P. Stapp, T. J. Ypsilantis, and N. Metropolis, Phys. Rev. 
105, 302 (1957). 

8G. Breit et al., Phys. Rev. Letters 5, 274 (1960); also contri 
butions by P. Noyes and by G. Breit to Proceedings of the Tenth 
Annual Rochester Conference on High-Energy Nuclear Physics, 1960 
(Interscience Publishers, New York, to be published). 
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dinsky’s recent statement’: “It remains somewhat puz- 
zling why we have only two sets describing the experi- 
mental data within (rather large) experimental errors.”’ 
The uniqueness of the phase-shift solutions can be 
proved if one has a “complete set’ of experiments. 
Puzikov, Ryndin, and Smorodinsky” have shown how 
this can be done using unitarity and measurements of 5 
suitably chosen quantities at all angles. In view of the 
difficulty of performing the complete set of experiments 
needed for the application of their method," we will now 
show how this same result may be accomplished with 
measurements at a single angle and energy. 

It is to be noted that our method does not make use of 
unitarity and thus is applicable at energies at which 
inelastic processes intrude. Phase-shift analyses may be 
extended to these higher energies by replacing each e?* 
by ae*, where a is a real, positive number less than 
unity; in other words, by making each phase-shift 
complex. Here 1—a? measures the fraction of particles 
of the given /, 7 going into inelastic channels. However, 
the introduction of a doubles the number of quantities 
to be determined for each / and 7, and remembering the 
increased number of partial waves contributing, the 
number of parameters soon becomes very large, render- 
ing this method very difficult and inaccurate. In our 
method, on the other hand, the number of unknowns 
remains the same at all energies. 


3. RECONSTRUCTION OF M FROM DATA AT 
ONE ENERGY AND ANGLE 


Expressions for various observable quantities in terms 
of the scattering matrix coefficients are given in Table I. 
In this section we shall show how the scattering matrix 
can be unambiguously reconstructed, once certain of 
these quantities are known at one energy and angle. 
Here we shall merely define the observables and com- 
ment briefly on their significance; the selection of the 
easiest experiments for determining them is discussed in 
Sec. 4. 


® Ya. Smorodinsky, Report to 1959 International Conference on 
Physics of High-Energy Particles, Kiev, July 1959 (unpublished). 

lL. Puzikov, R. Ryndin, and Ya. Smorodinsky, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 32, 592 (1957) [translation: Soviet 
Phys.—JETP 5(32), 489 (1957) ]. 

‘The unitarity of M imposes 5 conditions, relating the imagi- 
nary parts of the coefficients at one angle to integrals of their 
products over all angles.*° Thus the number of necessary experi- 
ments can be reduced, provided the measurements are made at all 
angles and the nucleon energies are below the meson-production 
threshold (about 280 Mev for a beam of protons hitting protons 
at rest; however, the experimental data indicate a practical 
threshold of about 400 Mev). Five such complete experiments, 
measuring Jo, P, Dan, Cnn, and Kan, over the angular interval 
0<@<7/2 will determine M,, at a given energy and scattering 
angle; with the n-p system measurements must be made over the 
entire interval 0 <@<. However, in addition to the high-energy 
limit imposed by loss of unitarity, the method is limited at lower 
laboratory energies (large 6) by the experimental difficulties of 
measuring polarization in the medium energy range between about 
20 Mev and 100 Mev. Thus, although experiments are now 
underway in various laboratories, a “‘normal complete set”’ needed 
for the application of unitarity is not likely to be completed soon.® 
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Taste I. Observable quantities in terms of the coefficients in the 
scattering matrix.* > 


(1.1) 
(1.2) 
(1.3) 
(1.4) 
(1.5) 
(1.6) 
(1.7) 
(1.8) 
(1.9) 
(1.10) 
(1.11) 
(1.12) 
(1.13) 
(1.14) 


To | A |#+-|Bl?+2|C|*+| £|*+| Fl? 
10D) =IpDan=|A|?+/|Bl?+2)C|?—|E£|?—| F}? 
X—Y=[)D,=|A|?—|B]?—|E|*+ | F |? 
X+V=IoDeq=|A4|*—|B|2?+| £[2?—| FI? 

Z =I) Dpqg=2 ImC*(A—B) = —Mn Dep 

oP =2 ReC*(A+B) 

ToC yg =2ImC*(F—E)= IvCqp 

ToK pq =2 ImC*(F+£) =—InK gp 
oCun =ReAB*+|C|?—ReEF* 

310 Kan =ReAB*+|C|?+ReEF* 

hoCpp =ReAF*—ReBE* 

410K pp =ReAF*+ReBE* 

§oC oq =ReAE*—ReBF* 

410K oq =ReAE*+ReBF* 


* All the tensor components with subscripts containing only one m are 
zero. 

bIn reference 3 it is incorrectly stated that Cpg = —Cgp. The correct 
relation is given in (1.7). 


Iy>=1} Tr(MM}) is the differential cross section, and 
P=} Tr(MM'o,,)/Io is the polarization produced (in 
the n direction) in the scattering of an unpolarized beam 
from an unpolarized target. 

Cx. is the familiar polarization correlation tensor and 
is defined by 

To@ x=} Tr(M M'oy,02). (2) 


When an unpolarized beam is scattered from an un- 
polarized target, the C,, tensor gives the expectation 
value of P;;’P2’, which is the product of the component 
of the polarization of the scattered particle in direction 
i, and of that of the recoil particle in direction k. 

The correlation tensor also determines the 
section when a beam polarized in direction i is scattered 
from a target polarized in direction k. Then 


Ca To( 1+ PiiPitPuPit Cx’ PiiPx), (3) 


cross 


where Cy’ =} Tr(Mo102.M")/Io may be obtained from 
C,, by interchanging M and M‘. [In Eq. (3) the summa- 
tion convention is not used, though it applies elsewhere 
in the paper. ] Since only the imaginary parts change 
sign under this transformation, all the components are 
the same except that Cy,’ = Cy,’ = —C pg. 
Dx is the familiar depolarization tensor and is defined 
by 
IpDin=} Tr(Moy,Mto,). (4) 
When a polarized beam is scattered from an unpolarized 
target, the polarization of the incident particle in direc- 
tion 7, Py, is related to the polarization of the scattered 
particle in direction k, P,,’, by means of the Dj, tensor: 
Paul = (Pit DiuPi)/(1+P-P,), (5) 


where (as above) P= P2 is the polarization arising (in 
the rest system of the scattered nucleon, or in the c.m. 
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system) when an unpolarized beam is used. The re 
peated index implies summation over all the components 
of the initial polarization vector P). 

The depolarization tensor also determines the polari- 
zation of the recoil nucleon, P,’, when an unpolarized 
beam is scattered from a target with initial polarization 
P,. Then 

Po! = (Pit DuP xx) (1+ P-P:). (6) 


Kix is what we shall call the polarization transfer 
tensor; it is defined by 


TpKiu=} Tr(Moi;M'o2). (7) 


When a polarized beam is scattered from an unpolarized 
target, the polarization of the recoil nucleon in direction 
k, Px’, is related to the polarization of the incident 
nucleon in direction i through the K,, tensor: 


Po! = (PitRixPii)/(1+P-P)). (8) 


The polarization transfer tensor also determines the 
polarization of the scattered nucleon, when an un- 
polarized beam is scattered from a polarized target. 
Then 

P;;’= (Pit KP oi) (1 +P-P.). (9) 


It is convenient to adopt a shorthand notation to 
refer to the 4 experiments determining the Dy and K,, 
tensors. We shall use a letter to indicate whether the 
beam (B) or target (7) is polarized initially and a 
number to indicate whether one measures the polariza- 
tion of the scattered (1) or recoil (2) nucleon. Thus, the 
D,x tensor is determined by experiments B1 or 72; the 
Kix tensor is determined by experiments B2 or T1. 

We note that Jo occurs as a factor in each of the 
quantities listed in Table I, and hence may be regarded 
as a scale factor which can conveniently be divided out. 
This may be an advantage, for example, in the near- 
forward direction in p-p scattering where the differential 
cross section increases rapidly. But also at other angles, 
an accurate determination of the differential cross section 
is often difficult, and inaccurate knowledge has some- 
times made phase-shift analysis difficult because the use 
of unitarity relies heavily on the absolute cross section. 

In reference 3 Bethe has discussed the reconstruction 
of M from data at one angle and energy, using only the 
information provided by the 10 quantities: J, P, and 
the C,, and Dj, tensors. He found that these were suffi- 
cient to determine M except for the ambiguities due to 
the bilinear forms. The , tensor, which is very similar 
in form to the familiar correlation tensor C,;,, can now be 
used to remove these remaining ambiguities. Both 
tensors, expressed in terms of the coefficients A to F, are 
exhibited in Table I and are seen to have complementary 
forms." By measuring both and combining the infor- 


12 There is a simple and direct scheme for constructing Kix from 
the C,, tensor, which clarifies the origin of their complementary 
forms: Kx [Eq. (7) ] may be obtained directly from C;; [Eq. (2) ] 


by first writing M such that the term C(o¢in+o2n) — Cigin +C2e2n, 
and then studying the sign changes suffered by each term in Cx in 





POLARIZATION 


mation, one finds expressions which are more simply 
related to the fundamental coefficients A to F, permitting 
more straightforward schemes for reconstruction of M 
from the data. Moreover, with 14 (bilinear) equations 
for 9 unknowns the solution is agreeably overdetermined. 

The usefulness of the K,, tensor is apparent as soon as 
one tries to solve these equations. A possible scheme is 
described in the Appendix. It makes extensive use of the 
components Kan and Ky,. Without the knowledge of 
these, solution of the equations of Table I is far from 
straightforward and probably ambiguous. 

There are other tensors beyond those listed in Table I, 
with 3 and 4 indices, relating the pelarization of one or 
both of the initial nucleons to one or both of the final 
ones, which would provide additional bilinear relations 
among the unknowns. However, these require more 
difficult measurements than the above 2-index tensors, 
and are not actually needed for the determination of M. 
Lists of the various measurable quantities occurring in 
all the possible nucleon-nucleon scattering experiments 
have been given by Puzikov ef al.'° and Phillips," in a 
different notation. 


4. SELECTION OF THE EASIEST EXPERIMENTS 
FOR DETERMINING THE Ci, Dix, 
AND Xi, TENSORS 


Although much attention has previously been given 
to the correlation experiments and to polarized beam 
experiments of the type B1,?*-*-°.5—7 much less atten- 
tion has been devoted to polarized beam experiments of 
the type B2,°°-15.16 and the polarized target experiments 
have usually been dismissed as unnecessary.?*9:10.15-!7 
We have shown above that both the Dj, and K,, tensors 
are necessary for the unambiguous reconstruction of M 
from data at one angle. In this section we shall show 
that polarized targets would simplify the determination 
of both of these tensors by permitting the replacement 
of the difficult A’ and R’ measurements, required to 
detect the component of polarization along the direction 
of motion of the scattered particles when only polarized 
beams are used, with measurements of the simpler R 
type which have already been done. It is also shown that 
polarized targets would provide another method for 
determining these tensors which would be most useful in 
supplementing present polarized beam experiments 
bringing Mto:; to the form o:;M1, for each value of i. In the final 
expressions, of course, C}x=C2=C. 

18 Use of the variables G=E+F and H=E—F leads to essen- 
tially the same relations; the only difference is in the combinations 
of the knowns used to arrive at these relations. The selection of 
variables will thus depend upon the feasibility (and accuracy) of 
the experiments which we are proposing. 

4 R. J. N. Phillips, United Kingdom Atomic Energy Authority 
Report, AERE-R3141 (unpublished). The appendix to this report 
contains a brief discussion of several of the advantages of polarized 
targets. 

157, Wolfenstein, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Palo Alto, California, 1956), Vol. 6, p. 43. See 
references therein. 

16 R. Oehme, Phys. Rev. 98, 147, 216 (1955). 


17 H. Stapp, University of California Radiation Laboratory Re- 
port UCRL-3098 (unpublished). 
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when these become difficult because they result in a 
scattered particle with a laboratory energy at which 
polarization measurements are difficult. Corresponding 
simplifications which apply to the measurement of the 
@,;, tensor are also discussed. 


Dy and K Tensors 


The n, p, q coordinate system which we are using is 
very convenient when the two particles have equal mass 
and are nonrelativistic because, in the laboratory sys- 
tem, p is exactly the direction of motion of the scattered 
nucleon (1) and (minus) q is exactly the direction of 
motion of the recoil nucleon (2), and these two vectors 
are perpendicular. Thus q and p are perpendicular to the 
direction of motion of nucleons (1) and (2), respectively, 
and hence P;,’ and P2,’ are the easily observable com- 
ponents of polarization. From Eqs. (5), (6), (8), and (9) 
we then have as the easily observable components of the 
D;, and Ky tensors, corresponding to the four types of 
experiments 


DigPii=(ZPipt (X+V)Pig]/Io, 
[(X—Y¥)P2p—ZPoo]/Io, 
Rigo, . Kok 


(10a) 
(10b) 
opt KeeP ee, (10c) 
(10d) 


Since the initial directions of polarization, P; and Pe, 
can be chosen to our convenience, we have obtained the 
result that all of the scattering-plane components of the 
Di. and Ky, tensors may be obtained from measure- 
ments of the easily observable components of polariza- 
tion after scattering.'® 

This situation is to be contrasted with that occurring 
in the measurement of the D,, tensor entirely through 
polarized beam experiments of the type B1. One then 
introduces the 4 Wolfenstein coefficients, A, R, A’, and 
R’, which describe the rotation of the polarization vector 
in the scattering plane in terms of initial components in 
the directions k=k;, and s=nXk.?* If the polarization 
before scattering has components P;, and Pj, in the 
n, p, q system, then, using Eq. (5), the polarization after 
scattering may also be written in terms of Wolfenstein’s 
system: 


P,,'= (X— Y)Pip—ZPig= To(A’ Pu. tR’P,), 
Pig =ZP ip t (X+-V)Pig=L0(APutRPi,). 
Now P,,’ 


Dipl 2, 


B2: KipP i KoeF i194 oak tas 


(11a) 
(11b) 


is the difficult-to-observe component of 
polarization along the direction of motion, the measure- 
ment of which requires a spin-turning magnetic field 


8 Dan and Kan refer to triple scattering in one plane and are 


even easier to measure. D,, has been measured at the same 
energies and over approximately the same angular range as R 
{defined in Eq. (11b) 9; there are already some measurements of 
Kan at 635 Mev.? However, polarized targets would be useful in 
measuring D,,, and K,» when polarized beam experiments result 
in a scattered particle having a laboratory energy at which 
polarization measurements are difficult; the solution of this 
problem is discussed below. 
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after scattering ; also, measurement of A and A’ requires 
that the spin be turned in the direction kj, before scat- 
tering. Thus, measurement of R requires no magnetic 
fields and is easiest; A (or R’) requires one spin-turning 
before (or after) scattering ; and A’ requires spin-turning 
both before and after scattering. 

At small scattering angles the directions s and k are 
essentially q and p, respectively, and some simplification 
results. In this region, X-+ Y may be obtained from the 
easy R measurement, but Z must be obtained from A or 
R’, and the difficult A’ measurement is required for 
X—Y. At larger angles this decoupling no longer exists, 
and one must measure both R and A and solve the pair of 
linear equations 


I,R=(X+Y) cos}6+Z sin}8, 
IpyA=—(X+Y) sin}0+Z cos}6, 


(12a) 
(12b) 


to obtain X+Y and Z. (@ is the c.m. scattering angle.) 
However, knowing Z, X—Y may be obtained from 
either of the equations 


(12c) 


(12d) 


IR’ = (X—Y) sin}0—Z cos}@, 
IyA’=(X—Y) cos}0+Z sin}, 


and thus the difficult A’ measurement is needed for 
X—Y only at small scattering angles. 

This situation would be improved considerably if the 
above B1 experiments were supplemented with 72 ex- 
periments in which, as can be seen from Eq. (10b), 
X—Y is obtained from a double (not triple) scattering 
measurement with the target spins initially aligned in 
the p direction; Z may be obtained similarly if the 
target spins are first aligned in the q direction. This 
decoupling of X—Y and Z, afforded by the polarized 
target, persists at all angles. Knowing Z, X+Y may be 
obtained from a B1 measurement of R and Eq. (12a). 
The 72 measurements involve only double scattering 
and hence presumably much better intensity than 
triple scattering experiments. All the scattering plane 
components of the Dj, tensor could thus be obtained 
from two double scattering experiments, and one triple 
scattering experiment of the simple R type. 

However, the 72 type experiments, like the B2 type, 
suffer, for a wide range of interesting angles and 
energies, from the fact that nucleon 2, the recoil nucleon, 
has an energy between about 20 and 100 Mev, an energy 
range in which the polarization is difficult to measure. 
On the other hand, for energies below about 20 Mev, the 
measurement of polarization becomes relatively easy 
again (by means of a helium analyzer), and these very 
small recoil energies would be involved in the determi- 
nation of X—Y for small angles (Coulomb interference 
region). 

An analogous situation prevails with the Kj, tensor. 
Reliance entirely upon experiments of the type B2 
necessitates R, A, R’, and A’ measurements on the recoil 
particle, whereas, as can be seen from Eq. (10c), availa- 
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bility of a polarized target would permit K,.(=—K,,) 
and K,, to be obtained from R measurements on the 
easily observable component of the polarization of the 
scattered particle. For the more elusive Kp, (at small 
scattering angles) there will, at least, be a choice be- 
tween an A measurement on the recoil particle in a B2 
experiment and an R’ measurement on the scattered 
particle in a 71 experiment, but only one spin-turning 
magnetic field will be required. If a sufficient number of 
the other observables are known accurately enough, it 
may be possible to get along without a measurement 
of Kp». 

At the 1960 Rochester Conference it was reported 
that a partially polarized hydrogen target has been 
achieved at Saclay. Although no experience has as yet 
been obtained in applying it to the above measurements, 
an examination of the present experimental results re- 
veals a strong need for efforts in this direction: Refer- 
ence 9 contains a review of the data through July, 1959, 
at which time R had been measured over a broad range 
of angles (< 90°) at several energies (140, 210, and 315 
Mev) whereas 4 had only been measured at 316 Mev 
at the 3 c.m. angles 25°, 50°, and 75°, and A’ and R’ had 
not been measured at all. Thus, although we have some 
information on X+Y and Z, there is no information 
concerning X—Y. Also, although there are now some 
measurements’ of D,, at 635 Mev between 90° and 
126°, which is equal to K,, between 90° and 54°, there 
is no information at all concerning the scattering-plane 
components of the K;, tensor. There is no evidence that 
this situation has improved substantially since then. 


@; Tensor 


The use of polarized targets would also permit the 
replacement of the difficult simultaneous measurements 
of the final nucleon polarizations, now needed for the 
determination of the @;, tensor, with simpler measure- 
ments of the cross section for the scattering of a 
polarized beam by a polarized target, in accordance with 
Eq. (3). Because of the difficulties in measuring the 
polarization of the lower laboratory energy recoil par- 
ticle, the presently used technique is easiest when 
6= 2/2, and, in fact, measurements have only been com- 
pleted of C,, and @,, at this one angle. Since the above 
problems do not arise in a measurement of the cross 
section, polarized targets would be most useful in ex- 
tending our knowledge of the @;, tensor. 


Miscellaneous Experimental Considerations 


In applying the above results to the analysis of the 
p-p and n-p systems, care must be taken to properly 
include the effects of the indistinguishability of the two 
protons and the possible consequences of charge inde- 
pendence. Thus, once the 5 coefficients in M, are known 
for O0< 0< w/2, their behavior for 6>2/2 is determined 
by the Pauli principle. These symmetry considerations 
have already received an extensive treatment in the 
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literature’.'>7.!9 and thus we shall only mention several 
points which seem especially relevant here: 


A. In the case of 2 indistinguishable protons one de- 
fines the scattered particle to be that measured in the 
(c.m.) angular interval 0<@< w/2 and the recoil particle 
to be that in r/2<@<-. This has the consequence that 
measurement of the components of the K,, tensor re- 
duces to extending the measurement of the components 
of the ),, tensor into the angular interval @>7/2. It 
should be noted, however, that whereas D,,(7r—@) 

Knn(9), the transformation of the scattering plane 
components is complicated by the fact that, in the non- 
relativistic approximation, the direction parallel to the 
scattered particle is perpendicular to the recoil one, and 
thus Dpp(r—A)=Kyq(9), Dey (w—-8) = Kp, (9), 
Dpq(4—8) = Ky p(9). 

B. Another consequence of this definition of the re- 
coil particle is that it always has less energy in the 
laboratory system, and in particular, may happen to be 
in that medium-energy range between about 20 Mev 
and 100 Mev in which polarization measurements are 
difficult.” This difficulty may be avoided, for example, 
in polarized beam experiments of type B2 by utilizing 
their equivalence with polarized target experiments of 
type 71; thus, measurements may be made on the 
scattered nucleon, which has more laboratory energy 
than the recoil nucleon for the same c.m. energy. 


and 


In n-p scattering the interval of measurement is 
doubled to O< @< 7, and thus at appropriate scattering 
angles each scattered particle may have energies such 
that its polarization will be difficult to measure. This 
situation may likewise be ameliorated if it is possible to 
supplement polarized beam experiments with the equiv- 
alent polarized target experiments, in which the labora- 
tory energy of the nucleon whose polarization is being 
measured may fall in a more convenient range. Of 
course, replacing a polarized beam experiment with the 
equivalent polarized target experiment also means that 
triple scattering experiments can be replaced with 
double scattering ones, since an extra scattering is 
needed to obtain the polarized beam. 


1% B. M. Golovin, V. P. Djelepov, V. S. Nadezhdin, and V. I. 


Satarov, J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 433 (1959) 
[translation: Soviet Phys.—JETP 9(36), 302 (1959) ]. 

2 We note that, whereas the experimental situation is difficult 
in this energy range, there are signs of improvement. J. N 
Palmieri, A. M. Cormack, N. F. Ramsey, and R. Wilson, Ann. 
Phys. 5, 299 (1958), have described polarization measurements at 
energies as low as 46 Mev. 

*1 It has been shown” that by using the concept of the charge 
independence of nuclear forces, and by performing simultaneous 
analysis of the p-p and n-p scattering data, one can reduce the 
number of experiments necessary to reconstruct M. This follows 
from the fact that 2 experiments measuring the same quantity for 
the p-p and n-p systems provide 3 independent combinations of 
scattering matrix coefficients: two corresponding to nucleon 
interactions in the states 7=0 and 1, and one corresponding to 
interference between these states. Although this discovery will 
undoubtedly be very useful when more data become available on 
the n-p system, it is more likely to be useful later in removing the 
ambiguities from Mo through knowledge of Mi, rather than in 
solving the converse problem with which we are presently faced. 
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5. CONCLUSIONS 


1. A unique reconstruction of the nucleon-nucleon 
scattering matrix is possible, based on a knowledge of a 
sufficient number of the quantities: 7, P, and the Ci, 
Dix, and Ki, tensors, at one energy and angle. Our 
method utilizes only the amplitudes defined by Wolfen- 
stein and Ashkin'? and is more direct and computa- 
tionally simpler than either the methods using unitarity 
and measurements at all angles or the phase-shift 
analyses; thus, it would provide an independent means 
of arriving at the correct set of phase-shift solutions. 
The method should be particularly useful at high ener- 
gies where inelastic processes (pion production) make 
phase-shift analysis difficult. 

2. Our method is based on a knowledge of the polari- 
zation transfer tensor Kj,, which has a form comple- 
mentary to the familiar correlation tensor C;,, but may 
be obtained from triple scattering experiments on the 
recoil particle similar to those already used to determine 
the familiar depolarization tensor Dix. 

3. The utilization of polarized targets would simplify 
the determination of both the D;, and Kj, tensors, by 
permitting the replacement of the difficult A’ and R’ 
(triple scattering with spin-turning magnetic fields) 
measurements, required to detect the component of 
polarization along the direction of motion of the scat- 
tered particles when polarized beams are used, with 
double scattering measurements. 

4. Polarized targets would also help to extend meas- 
urements of the D;, and K,, tensors over a broader 
angular range: When the laboratory energy of one of the 
scattered particles falls into a range in which polariza- 
tion measurements are difficult, it would be possible to 
utilize the equivalence of polarized beam and polarized 
target experiments to transfer measurements to the 
other scattered particle, whose laboratory energy can be 
quite different for the same c.m. energy. 

5. Polarized targets would also permit the replace- 
ment of the difficult simultaneous measurements of the 
final nucleon polarizations, now needed for the determi- 
nation of the @,, tensor, with simpler measurements of 
the cross section for the scattering of a polarized beam 
by a polarized target. 
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APPENDIX. SOLUTION OF THE EQUATIONS 
OF TABLE I 


If a number of experimental quantities in Table I are 
measured with high accuracy, the coefficients A to F may 
be determined by a straightforward procedure. For 
simplicity, we shall assume that C is real—which, in 
general, it is not; but as is well known, all coefficients 
may be multiplied by a factor e** with arbitrary com- 
plex phase a, without changing the observable quanti- 
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ties in Table I. Further, we shall assume that al/ equa- 
tions in Table I have been divided by }/ so that we are 
really talking about 2A/,~!, etc., but we shall still 
denote these quantities by A, B, etc. Further, A, and A, 
denote, respectively, the real and imaginary parts of A. 
The equations of Table I will be referred to by their 
numbers. 
With 
Table I are: 


4=|A|2+|Bl2+2/C]2+|£|2+| Fl, 
A\?+|Bi?+2|C}?—|E|?—| FI?, 


these notations, the first two equations of 


(A.1) 


4D...= (A.2) 


and so on for the others. Subtracting these 0, we have 


E|?+|F!?=2(1—9,,). (A.3) 


Similarly, subtracting (1.4) from (1.3) gives 
F \?—| E.?=2(Dpp— Deg), 


so that |£, and |F) are given explicitly by 


E\?=1—Dan— Dppt Dag, (A.5) 
|F 2= 1— Dan t+ Dpp— Deg: (A.6) 


Assuming for the moment that C is known, (I.7) and 
(1.8) give 
(Kypg—Cpq)/C=N/C, 


7 = (Kye tC»,)/C=M/C. 


(A.7) 
(A.8) 


Note the abbreviations M and JN introduced in (A.7) 
and (A.8). 
Now subtracting (1.9) from (1.10) gives 


ReEF*=E,F + EF i=Kan—Can=Ll. (A.9) 


Clearly we must have 


|L| =|ReEF*|<|E||F|, (A.10) 
which, with (A.5) and (A.6), gives an inequality which 
the experimental quantities have to fulfill. Inserting in 
(A.9) E; and F; from (A.7) and (A.8), and £, and F, 
from (A.5) to (A.8) yields an equation for C which, 
after some algebra, reduces to 





| E|?M?+|F|2N?—2LMN 
= JEP?|FIt—-2 


C (A.11) 


Due to the inequality (A.10), both numerator and 
denominator of (A.11) are positive so that C? is positive 
as it must be. For some purposes it may be useful to 
rewrite (A.11) in the form 


(|E|M— 


F\NY 2MN 
[EP |FP]—-2 | E||F|+L 





(A.12) 


which puts the positive definite nature of C? directly in 
evidence. Whether C can be determined accurately 
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from (A.11) depends not only on the accuracy of the 
experiments but also on the question whether | L| is 
nearly equal to its upper limit || | | or not. 

Using C from (A.11), FZ; and F; are then determined. 
Also, £,, F, are, except for sign, using (A.5) to (A.8). 
But also the relative sign of these two quantities is 
determined, from (A.9). Indeed (A.9) gives the product 
E,F, by direct substitution. It is, however, useful to 
substitute (A.11) back into (A.7) and (A.8); then after 
some algebra it turns out that 


Sign of E,F,=sign of [L(M|E|—N\F 


—MN(\E||F|—L)*]. (A.13) 


The signs of E, and F, individually cannot be determined 
with the information thus far used. 
Next we determine A and B. Adding (1.1 


gives 


and ([.2) 


A|?+|Bl?=2(14+Dan— (A.14) 
Adding (1.3) and (1.4), 
|A|?—|B|?= (A.15) 


Since C is known from (A.11), this yields | A| and |B). 


Further, adding (1.10) and (1.11) 
ReA B*¥= Cant Kan—C. (A.16) 


We could proceed to solve for A and B; however, it is 
in this case more convenient to use 


U=}(A+B), V=}(A—B). (A.17) 
From (A.14) and (A.16) we obtain immediately 
2|U |?=14+DantCantKar—C’, 
2| V |2?=14+ Dan—Can— Kan, 
and from (A.15) 


ReUV*=U,V,4+ U,V .= 


(A.18) 
(A.19) 


4(Dopt Deg)- 
Further, (1.5) and (1.6) now give, respectively, 
U,=P/C, 
V=2,,/C. 


Except for sign, U; and V, can be obtained by combining 
(A.18) with (A.21), and (A.19) with (A.22). Then 
(A.20) provides in addition a linear relation between U; 
and V,. If the experimental data are accurate, there will 
in general only be one solution for the signs of U; and 
V,. In addition, a check on all quantities will be 
provided. 

Thus, with accurate data, U and V, hence A and B, 
will be completely determined, while in the determi- 
nation of E, F above one sign remained ambiguous. The 
difference is due to the fact that (A.21) and (A.22) give 
the real part of U and the imaginary part of V, while 
(A.7) and (A.8) give the imaginary parts of both 
quantities, E and F. The remaining ambiguity in sign 
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of E,, F, can now be resolved by using ‘any of the last 
four equations (I.11) to (1.14). In addition, valuable 
checks of the correctness of the obtained solution can be 
deduced from the last 4 quantities. 

Our primary solution relies on the first ten quantities 
of Table I which on the whole include the easier types of 
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experiments. As discussed in Sec. 4, experiment 14 tends 
to be somewhat easier than 11 to 13. 

We have not investigated the problem of solving the 
set of equations (I.1) to (1.14) when the experiments are 
rather inaccurate, as in practice they tend to be. In this 
case, the use of all 14 experiments is probably desirable. 
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High-Energy Nucleon-Nucleon Collisions* 


FREDA SALZMAN AND GEORGE SALZMAN 
Department of Physics, University of Colorado, Boulder, Colorado 
(Received October 21, 1960) 


The single virtual boson exchange interaction model is applied to high-energy inelastic nucleon-nucleon 
collisions over an energy range of several orders of magnitude. The phase space is discussed simply in 
terms of three ‘‘natural’’ phase-space variables, and a simple, exact formula is given for the “upper” bound- 
ary of these variables. The probability for a particular final-state configuration is then discussed in terms 
of the available phase space, the magnitude of the phase-space factor, and the magnitude of the average 
total “cross-section”’ factors that occur in this model. Qualitative features of experimental data for incident 
nucleon laboratory energies of 10, 10, and 10° Bev can be understood on the basis of this model. 


XPERIMENTAL evidence that many high-energy 
inelastic nucleon-nucleon collisions occur with 
large impact parameters’ * suggests the importance of 
single w-meson exchange graphs.‘:> A recently given 
field-theoretical description of general binary collisions 
dominated by single-boson exchange graphs® is applied 
in this note to high-energy nucleon-nucleon collisions.’:* 
This model leads naturally to the two “independent” 
groups of final-state particles that are observed. It is 
shown that if the plausible assumption is made that 


* This work was supported in part by a grant from the National 
Science Foundation. 

1P. Ciok, T. Coghen, J. Gierula, R. Hotynski, A. Jurak, M. 
Miesowicz, T. Samiewska, O. Stanisz, and J. Pernegr, Nuovo 
cimento 8, 166 (1958) and 10, 741 (1958); G. Cocconi, Phys. 
Rev. 111, 1699 (1958); K. Nui, Nuovo cimento 10, 994 (1958). 

2V. I. Veksler, Ninth Annual Conference on High-Energy 
Nuclear Physics at Kiev, 1959 (unpublished). 

’\N. A. Dobrotin and S. A. Slavatinsky, Lebedev Institute of 
the Academy of Sciences, U.S.S.R., Report A-24, 1960 (unpub- 
lished). 

‘I. E. Tamm, Ninth Annual Conference on High-Energy 
Nuclear Physics at Kiev, 1959 (unpublished); I. M. Dremin and 
D. S. Chernavskii, Soviet Phys.—JETP 11, 167 (1960). 

5E. L. Feinberg, Ninth Annual Conference on High-Energy 
Nuclear Physics at Kiev, 1959 (unpublished); F. Salzman and 
G. Salzman, Phys. Rev. 120, 599 (1960). 

6 F, Salzman and G. Salzman, Phys. Rev. Letters 5, 377 (1960). 

7A closely related treatment of nucleon-nucleon collisions 
is given by Dremin and Chernavskii (see footnote 4). D. S. 
Chernavskii, I. M. Dremin, I. M. Gramenitski, and V. M. 
Maksimenko, Lebedev Institute of the Academy of Sciences, 
U.S.S.R., Report A-27, 1960 (unpublished), treat the N—N 
interaction at 9 Bev; D. S. Chernavskii and I. M. Dremin, 
Lebedev Institute of the Academy of Science, U.S.S.R., Report 
A-28, 1960 (unpublished), treat the NW —N interaction at 10? Bev. 

8A related, but phenomenological treatment of the same 
problem is given by N. Yajima, S. Takagi, and K. Kobayakawa, 
Progr. Theoret. Phys. (Kyoto) 24, 59 (1960). This paper has 
extensive references to related papers. A similar model is suggested 
by E. M. Friedlander, Phys. Rev. Letters 5, 212 (1960). 


the “scattering” cross sections of the exchanged 
“almost real” pion with the incident nucleons are 
close to the real cross sections at high energies, then 
this model leads to qualitative understanding of certain 
features observed in inelastic nucleon-nucleon scattering 
all the way from incident nucleon laboratory energy, 
E,.~10 Bev, up to and including ultrarelativistic 
energies. 

The pertinent graph is shown in Fig. 1. Nucleons V 
and N’, with four-momenta p; and #,’ exchange a x 
meson with four-momentum Aj, leading to two groups 
of particles, C and C’, with total four-momenta P and 
P’. The nucleon rest mass is M, and the metric is 
chosen so that p?=,"=—M?*. The “rest masses” W 
and W’ of C and C’ are defined by P?=—W? and 
p= —W". The rest (barycentric) system of the group 
of particles C is denoted by (W) and that of the group 
C’ by (W’). For the case considered (at least one pion 
in each group C, C’), the minimum value of W, and of 
W’, is m,+M. The over-all barycentric system is 


Fic. 1. A general inelastic collision in which nucleons N and N’, 
with four-momenta /; and #;,’, interact by the exchange of a 
single r-meson 7, with four-momentum 4,, leading to two groups 
of final state particles, C, with total four-momentum P, and C’, 
with total four-momentum P’. Each group contains at least one 
™ meson. 





1542 


denoted by (U), and U is the total energy in this 
system, defined by (p:;+ ,’)?=—U*. In the system 
(U), p: has components (piv,Ziv), and we adopt the 
convention that N is incident from the left and the 
target nucleon N’ is incident from the right. Also, P 
has components (Py,Wy), and the components of #,’ 
and P” are similarly denoted. For small values of A’, 
where A* denotes A, the differential cross section may 
be written as®® 


doy+n+c+c’ (A?,U) 2 1 
d(A?) 


" (2m)*pi1 21 (2+ m2)? 


x fawaw’ pwW?o.4Nnc(A? ;W) 
Xp we Wo esnwesc(A?;W’), (1) 


where piv= | piv'| ; Pw is defined by the equation 


W = (pw?-+M?)!+ (pw?-+-m,2)?; (2) 


or4+n3c(A?;W) is the total “cross section’ for the 
reaction +N —C at energy W in the system (W); 
the w is the exchanged ‘almost real” pion; and p’w: 
and o#:~/+c’(A?;W’) are similarly defined. It should be 
noted that the integrations over the phase space 
variables of the groups of particles C and C’ are thus 
included in these ‘‘cross sections.” 

The variables A*®, W, and W’ are independent; 
however, the limits of their ranges are related because 
of over-all energy-momentum conservation, as given by 


ed 
Uv 


A? U2 


M 
= (W?— M2) (W2— M2) +(W2—-W2—. (3) 
U? 


Equation (3) gives the minimum value of A? for given 
W and W’, and alternatively for given A? and W (or 
W’) it gives the maximum value of W’ (or W). A? is at 
its minimum value for W=W’=m,+M and increases 
with W and W’. Its minimum value decreases towards 
zero as U increases. For sufficiently large U? and small 
A’, Eq. (3) is well approximated by 


A’U?= (W?— M?)(W”"— M?). (4) 


In discussing the phase space, it is useful to think of a 
fixed value of A? and to consider W and W’ as variables. 
The allowed region of phase space, in the W—W’ 
plane, is shown in Fig. 2 for three different incident 
energies and for A?=m,*. It is bounded by the solid 
curve, given by Eq. (3), and by the lines W, W’=m, 
+M. The approximate boundary, given by Eq. (4), 
is shown by the dotted curve. Except at the end points, 


* The notation of Eq. (1) has been slightly altered from that 
of references 5 and 6 by the use of a semicolon to separate A? from 
the other variables in the arguments of off-the-mass-shell ‘cross 
sections,”’ and thus to help distinguish them from real differential 
cross sections such as the left-hand member of Eq. (1). 
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the approximation is good for A’=m,? and U214M. 
The phase space is symmetrical about the line W=W’, 
shown as a dashed line, and for simplicity in what 
follows, we consider that half for which W<W’. 

For sufficiently large U, restriction of A*® to small 
values leads to important kinematical results. (1) In 
the system (U) the “center-of-mass” motion of the 
group C, given by Pvp, is almost parallel to piv and 
towards the right, i.e., Pu-piw= Pupiv cosd= Pup, 
and of course P’y is almost parallel to p’;y and towards 
the left. (2) The particles of group C are contained 
within a forward cone and those of group C’ within a 
backward cone. The opening angle of the forward cone 
in (U) depends on the energy and angular distribution 
of the particles of C in (W) and on the Lorentz transfor- 
mation connecting (W) and (U’). The y of this transfor- 
mation is given by y= Wv/W, where 


Wu= (U?+W?—W")/(2U). 


In general, the larger y is, the narrower is the cone. 
Similar considerations hold for the backward cone, 
with y’=W’y/W’ and 


Wu = (W?+W"—W?)/ (20 


W’y is related to Wy by the equation Wy+W'yv=U. 
For small A?, Wy=W’y=U/2. Because W’ can be 
large when W is small (see W < W’ half of phase space 
in Fig. 2), y and y’ can differ considerably. 

The probability of a final-state configuration with 
given W and W’ depends upon the phase-space factor 
pwW*p' w W”, and on the pion-nucleon “cross sections” 
which appear in Eq. (1). The phase-space factor is 
maximum and roughly constant for values of W, W’ 
on the boundary, except for values of W close to 
m,+M, at which point pw vanishes. This result is a 
consequence of the “‘winged” nature of the allowed 
region of phase space in the W—W’ plane, i.e., of the 
roughly hyperbolic boundary. One obtains the sur- 
prising result, with the help of Eq. (4) and the approxi- 
mation p’w~W’/2, that the phase-space factor has a 
small but absolute maximum on the boundary at W 
close to the energy of the }—#% pion-nucleon resonance, 
W res 1.3M. 

If we now assume that the “‘cross sections” for the 
collisions of the virtual pion with each of the incident 
nucleons, which appear in Eq. (1), are close to those 
for real pion collisions with nucleons at the same 
barycentric energies W and W’; then, with the previous 
kinematical analysis, Eq. (1) can be used to discuss 
certain qualitative features of high-energy nucleon- 
nucleon collisions. For this purpose, we sum over all 
possible final states C and C’ allowed for given W, W’, 
and charge of the virtual pion, so that the cross sections 
for the particular processes r+.V — C and #+N’—> C’ 
are replaced by o,y'°'(W) and ogy’ *°t(W’). In addition, 
we sum over the three charge states of the virtual 
pion, and consider, for the present approximate purpose, 
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Fic. 
energies ” of the groups C and C’ 
symmetrical about the dashed line, 
st rip is the region in which W is close to Wres, the energy of the }— 
W’ is near Wees. 


an pion-nucleon cross section with a large 


“average”’ 

absolute maximum at the $—# resonance," the well- 
known three smaller maxima at higher energies, and an 
asymptotic value of about 30 mb reached at W=2M. 
The region in which W is close to the }—} pion-nucleon 
resonance is shown in Fig. 2 as the hatched vertical 
strip, and that in which W is near W,,. as the hatched 
horizontal strip. These maxima of the “‘average”’ total 
cross section will be important only if those values of 
W and W’ that satisfy (m,+M)<W, W’<2M consti- 
tute a large part of the phase space. 

In nucleon-nucleon collisions at incident laboratory 
energy, E;,~9 Bev, there is evidence that in large 
impact parameter collisions the final state often con- 
sists of two $—§} “isobars.’”-* In Fig. 2(a) the phase 
space is shown for £;,=10M(U?~2.2X10M?*) and 
A?=m,*. In most of the W < W’ half of the phase space, 
W’ is close to Wres. Although the region with both W 
and W’ near Wyes (shown as the doubly hatched area) 
is a relatively small part of the phase space (for A’ 
=m,°*), it is heavily weighted both by the phase-space 
factor and by the “cross-section” factors. Of course, 
the entire allowed region in Fig. 2(a) corresponds to 
almost completely elastic r—N scattering, and thus 
each of C and C’ consists of a nucleon and a single pion. 

As Ejx, increases, and the region with both W and 
W’ near the $—$ resonance becomes less important 
[see Fig. 2(b) ], then, because of the “winged” nature 
of the phase space, the region with only one of W, W’ 


near the 3— resonance increases in importance. Thus, 


We ignore the A? dependence of the off-the-mass-shell cross 
section near the }—} pion- — resonance indicated by the 
static nucleon approximation, Salzman and G. Salzman (see 
footnote 5). 


a7 a 


. Phase space for the graph of Fig. 1 for three incident laboratory energies, E;z, and for A?=m,*. W and W’ are the “internal 
The allowed region in the W—W’ 
W=W’. The dotted curve is the approximate boundary given by Eq. 
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plane is bounded by the solid — by Eq. (3), and is 
The hatched vertical 
—} pion-nucleon resonance, and the Siaemtal strip that in which 


the combined effect of the available phase space, the 
phase-space factor, and the pion-nucleon cross-section 
factors is to produce very asymmetric events. A large 
number of events of this kind are observed in nucleon- 
nucleon collisions with E;,~ 10° Bev.® 

For higher values of £;,, W and W’ are large through- 
out most of the phase space [see Fig. 2(c)], thus 
leading to the typical “‘two-center’” production of 
secondaries seen in ultrarelativistic events (F;,2 10° 
Bev).' 

There seems to be a natural explanation within the 
framework of this model for the ‘“‘small inelasticities”’ 
observed in many of these ultrarelativistic events,’ i.e., 
the fact that, in (U’), each of the two nucleons proceeds 
almost undeflected from its original trajectory and 
loses only a small fraction of its energy in producing 
secondary particles. Small inelasticity in (U) is equiva- 
lent to small inelasticity in (W) for the nucleon N in 
its collision with the virtual pion, provided W is large, 
and similarly for the nucleon N’. There is indication 
of this small inelasticity in pion-nucleon scattering data 
at barycentric energy W=3M (pion laboratory mo- 
mentum=5 Bev/c)'' and in recent data at higher 
energies.” 

In order to estimate the cross section for ultrarela- 
tivistic N—N collisions for small values of A*, we 
assume that the important part of the phase space 
occurs for values of W and W’ for which the average 
pion-nucleon cross section is constant, i.e., for W, W’ 


"W. D. Walker, Phys. Rev. 108, 872 (1957); G. Maenchen, 
W. Fowler, W. Powell, and R. Wright, Phys. Rev. ‘108, 850 (1957). 

2 Proceedings of the Tenth Annual Conference on High-Energy 
Nuclear Physics at Rochester, 1960 (Interscience Publishers, New 
York, to be published). 
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>v2M. By carrying out the W and W’ integrations in 
Eq. (1), with the help of Eqs. (2) and (4), one obtains 


de s é A‘ AU 
——=—[(o.n) av Pp in( ), (4) 
d(A*) 16n'* (4?+m,?)? \ M? 


where we have taken piy~U/2, and assumed that 
4 In[AU/(M?) ]>1. The logarithmic dependence on U 
of the cross section has also been obtained by Bere- 
stetski and Pomeranchuk, and by Gribov." For E;r, 
=10* Bev (U=~140 Bev), at which energy these 
approximations should be valid, and with the assump- 
tion that (o,v)ay*30 mb, one obtains for the total 
contribution to the V—.V cross section from A? below 


18 Reported by A. P. Rudik, reference 12. 
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(2m,)* a value of about 2 mb. Of course, this is only a 
first estimate, but it already indicates that a cross 
section of several millibarns can be expected from very 
small values of A’. 
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The charged mode of decay of 189 A and 77 K° particles pro- 
duced by 1.12-Bev/c x~ mesons in the copper wall of the Berkeley 
10-inch liquid hydrogen bubble chamber have been analyzed and 
their asymmetries calculated. The asymmetries have been ex- 
amined for several interesting subgroups of the sample and for 
several directions of quantization. A fore-aft asymmetry in A 
decay has previously been reported in cosmic-ray interactions 
with complex nuclei and in some machine events of a similar 
nature. This asymmetry has recently been reviewed and sum- 
marized by Salmeron and Zichichi. They find a 3-standard- 
deviation effect, (aPfore-aft)ay= —0.56+0.15. In contrast, the 
asymmetries found here for both A and K® are consistent with the 
assumption of the conservation of parity in the production process 
«+> (in nucleus) — A+K°. 


INTRODUCTION 


F parity is not conserved in strong interactions, then 
the final-state particles may have a component of 
polarization in the plane of production. An asymmetry 
in this plane may result from the parity-nonconserving 
decay of unstable particles.' In particular, with respect 
to the line of flight of the particle, a fore-aft asymmetry 
is observed. Such an asymmetry has been observed in 
the decay of A’s produced in complex nuclei by cosmic 
* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

'F. S. Crawford, M. Cresti, M. L. Good, F. T. Solmitz, and 
M. L. Stevenson, Phys. Rev. Letters 1, 209 (1958); F. Eisler, 
R. Plano, A. Prodell, N. Samios, M. Schwartz, J. Steinberger, 
P. Bassi, V. Borelli, G. Puppi, G. Tanaka, P. Woloschek, V. 
Zoboli, M. Conversi, P. Franzini, I. Mannelli, R. Santangelo, V. 
Silvestrini, D. A. Glaser, C. Graves, and M. L. Perl, Phys. Rev. 
108, 1353 (1957). 


The cross section for the associated production of AK® and 
=°K® has been determined as 10.5+-0.9 mb per copper nucleus. 
This value is somewhat larger than that expected on the assump- 
tion that the nucleons interact in first approximation as free 
nucleons possessing Fermi momentum according to an A! scaling 
of the hydrogen cross sections. This scaling predicts a value for 
this cross section of 7.4+0.8 mb/nucleus. 

Subsequent interactions of the hyperons with another nucleon 
in the same nucleus in which they were produced are frequent. 
A lower limit for the probability of scattering of the A can be set 
at 0.23+0.07. This is in accordance with the observed A+? cross 
sections. 


rays,” and in corresponding machine experiments.’ The 
situation has been reviewed by Salmeron and Zichichi.‘ 
They have applied criteria which supposedly eliminate 
all biases and give an over-all result for (a@Pyore-aft)av Of 
—0.56+0.15, a 3-standard-deviation effect. No such 
asymmetries in the plane of production have been found 
at Berkeley in x-+ — A+ K° hydrogen events.' Many 
V particles which were produced in the copper wall of 
the bubble chamber are also observed. An unbiased 
sample of these has been analyzed in a search for 
possible asymmetries. 


* See, for example, W. A. Cooper, H. Filthuth, L. Montanet, 
J. A. Newth, G. Petrucci, R. A. Salmeron, and A. Zichichi, Nuovo 
cimento 8, 471 (1958); R. Armenteros, Proceedings of the Bagnéres 
Congress on Cosmic Radiation, 1953 (unpublished). 

3H. Blumenfeld, W. Chinowsky, and L. M. Lederman, Nuovo 
cimento 8, 296 (1958), and references given by them. 

*R. Salmeron and A. Zichichi, Nuovo cimento 11, 461 (1959). 


~ 





CROSS SEC TICs ANT 


Fic. 1. One of the two stereo 
views of a double-V event, num- 
ber 209 909. The left-hand V is a 
A of momentum 549+39 Mev/c 
and the right-hand V is a K® of 
momentum 614+15 Mev/c. The 
through tracks are beam w~ me- 
sons of 1.12 Bev/c incident from 
the bottom of the picture. 


SAMPLE, ANALYSIS, AND ASYMMETRIES 
OF THE WALL VEES 


Three sets of film of fifty rolls each were selected 
from the 1.12-Bev/c m~ experiment in the Berkeley 
10-inch liquid hydrogen bubble chamber. This sample 
yielded 189A — p+a~- and 77 K;°—>x++2~ decays 
from 276 events of the type #-+Cu— V. These 276 
events are divided as follows: 23 double AK°, 220 single 
A or K®, 5 e+ pairs, 4 three-body K° decays, 4 K~ inter- 
actions (arising from the 1% K~ in the beam), one 
A+p—A+p elastic scattering, and 19 discarded 
events (unmeasurable events and coincidences, 2-p 
scatterings, and r— yw decays). This sample represents 
40% of the 1.12-Bev/c a film and about 20% of all 
the associated production film of the 10-inch chamber 
at Berkeley. 

The events were measured on the Franckenstein 
measuring projector.’ (See Fig. 1 for one of the two 
stereo views of a double wall-V event.) The analysis 
was done by using IBM 650 programs.® The IBM 650 
computer first reconstructed the geometry, calculating 
the direction cosines of the beginning and end of each 
track. The momentum of each track was computed from 
the curvature in the 10-kilogauss magnetic field. A 
second program corrected the momentum for dE/da 
losses or computed the momentum from range for stop- 
ping tracks. Two calculations were made for each track, 
assuming a 7 in the first case and a p in the second case. 


5 Y. Goldschmidt-Clermont, CERN Report IEP/1, 1957 (un- 
published), p. 21. Hugh Bradner, University of California Radia- 
tion Laboratory Report UCRL-9199, May, 1960 (unpublished). 
Jack V. Franck, Rev. Sci. Instr. (to be published). 

® These programs are described in internal memoranda (un 
published) by the Alvarez Group, Lawrence Radiation Laboratory. 


DECAY ASYMMETRIES 


A third program fitted the decay both to a K,° and toa 
A interpretation by least-squares fits.’ For each in- 
terpretation a x’ function was calculated. By choosing 
the smallest x*, we identified the V as a K,°, asa A, as 
ambiguous (fits either K,° or A), or as anomalous (fits 
neither K;° nor A). The ambiguous events were resolved 
by a measurement of the ionization produced by the 
positive tracks, as determined by the ratio of gaps per 
unit length of the positive track relative to the negative 
track. A minimum ionization indicates a r+ track from 
K® decay in general, whereas a nonminimum ionization 
occurs from the proton from A decay. The anomalous 
events were remeasured and those failing to fit were 
examined and placed in the appropriate category (e* 
pairs, three-body decays, etc.). 

In addition, the double-V events were examined for 
consistency by means of the following checks. 

The point of production (in the wall) of the A or K,° 
was calculated for all V’s. True double-V events had 
to have the same point of production and to fit either 
a AK° or a K®A interpretation for the two V’s. Also, 
rough agreement of the correlation of momentum and 
angle of production for the known beam momentum 


7 The least-squares fit is a one-constraint fit. A wali V has two 
tracks (one positive and one negative) for which both the mo- 
mentum and direction are known. Nothing is measurable on the 
neutral A or K. Of the four constraints of momentum-energy con- 
servation, three are used to eliminate the two angles (for direction) 
and the momentum specifying the neutral particle, leaving one 
constraint for applying a least-squares analysis. The results of the 
analysis gave a x? distribution for the events in good agreement 
with the theoretical distribution for one constraint (x’=1). The 
K,° mass used was 498.0 Mev/c*, in accord with the latest data on 
the K®°-K* mass difference [F. S. Crawford, M. Cresti, M. L. 
Good, M. L. Stevenson, and H. K. Ticho, Phys. Rev. Letters 2, 
112 (1959). 
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and some reasonable Fermi momentum was found to 
hold in many cases, although many A’s were observed 
at large angles (>30 deg). These are attributed to the 
nuclear scattering of the A’s upon coming out of the 
nucleus (see the discussion below). 

After the event was fitted, the direction cosines of 
the negative decay pion were computed in the K or A 
rest frame, with a right-handed coordinate system. 
These direction cosines are o, p, and £, where o measures 
the right-left, p the fore-aft, and £ the up-down asym- 
metries with respect to a ‘defined plane,” which is the 
plane of Tracks 1 and'2 as shown in Fig. 2. This “defined 
plane” is only approximately the production plane, 
since the struck nucleon in the copper nucleus possesses 
Fermi momentum. In some cases the A undergoes a 
subsequent scattering in the same nucleus, thus further 
altering the production plane. These direction cosines 
are defined by the equations 


P;-[P2x (Pix P2)/ 
Be ae 
¥(P;-P2)—nE; 
ra Z 
P;- (PX P:) 
pe 


| Pix Ps} ] 


’ 


Pix P,| 


where P;=momentum, E;=(P?2+M/?)!=energy, y 
= E>/M.2, n= P2/ M2, and where, for example, P,=unit 
vector in direction 1, P.=vector in direction 2, P; 
=momentum vector in direction 3, and P*=rest-frame 
momentum of decay particles. 

An asymmetry coefficient 
distribution 


(a;) for the decay 


f(cos@) = (1+<4; cos@) 

where a;=(aP);, a=parity-mixing parameter, and P 
=average polarization of the decaying particles, can be 
found from the relations® 


)/(N4+N_), 


1 


r “ 
jai] <4 


where p=N,/N, g=1—p, N=N4+N_, Nx=number 
of events with cosé;>0, and N_=number of events 
with cosé;<0 for a given cos#;=p, o, or & The asym- 
metries in the production plane were also looked at in a 
rotated frame p’,o’, in which the rotation is back 
through the production angle cos(P,-P.), so that p’ 
is parallel to incident beam direction. The asymmetries 


8 The a; and 6a; can be found from a more detailed calculation’: 
a; = (3/N) Za(cosd;)a, and a;= +[ (3—a;*)/N ]+. However, as the 
a; here are consistent with zero, and the histograms in six intervals 
in cos@; confirm isotropy,’ only the cruder calculation given in the 
text was made. 
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Fic. 2. Track numbering. 

were calculated for the A’s and A’s for the 
subdivisions of the sample: (a) all events, (b) all events 
within the geometrical cutoff used for the cross-section 
calculation (see below), (c) all A with p,<700 Mev/« 
(as was done in some prior works?*) and (d) an “en- 
riched” sample of events in which the A lies in a rela- 
tively small band about the +-+ (hydrogen) kine- 
matical region (which is expected to yield a sample 
containing a larger fraction of nonscattered A’s). 

Table I summarizes the experimental results. 

In all cases, the assignment of a;=0 is satisfactory 
within statistics—that is, consistent with no asym- 
metries.? There is no evidence here for the nonconserva- 
tion of parity in the production process. 

The absence of a large up-down (a;:) asymmetry re- 
quires examination. Two effects necessarily reduce the 
up-down asymmetry. First, the 2°A° production events 
decay into A’s having only one-third of the original 
polarization of the 2°.'° Second, the defined plane used 
for calculating the asymmetry is not, in general, the 
plane of production, because the struck nucleon pos- 
sesses Fermi momentum. One might reasonably expect 
an up-down asymmetry of the order of two-thirds of 
the value observed in hydrogen for A’s, which value is 
((aP)s)av=0.57+0.066."' The asymmetry can also be 
reduced if the A’s scatter upon another nucleon on 
emerging from the nucleus in which they are produced. 
This reduction occurs even without spin-dependent 
scattering forces, and is caused by the random orienta- 
tion of the A+ JN scattering plane relative to the pro- 
duction plane, so that the defined & axis bears little 


following 


® The breakdown of the a; into six intervals confirms that the 
distributions /(cos#;) are essentially isotropic except for one 
“hole” in the K,° fore-aft (p) direction cosine. This ‘“‘hole’’ occurs 
between +0.67 and +1, and is probably a bad statistical fluctua- 
tion. It is possible that some events may have been missed here, 
as these correspond to K® > x~+7* with high x~ and low x* 
momentum such that the r* can decay into a ut which may or 
may not decay within the chamber. If it does not, then the “V” 
looks roughly like a r+—y*+—e* decay in flight and may not have 
been recorded. All listed +—y*+—e* decays were reexamined to 
see if any could be K® decays. The results were negative and we 
must attribute the “hole” to statistics, as there is no other 
apparent bias. 

1 R. Gatto, Phys. Rev. 109, 610 (1958). 

1 F. S. Crawford, M. Cresti, M. L. Good, M. L. 
H. K. Ticho, Phys. Rev. Letters 2, 114 (1959). 
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CROSS SECTION AND 
relation to the original polarization direction of the A. 
We might reasonably expect, therefore, an up-down 
asymmetry for the A’s of approximately 0.3. The data 
are in accord with this value. 

Qualitatively, more A’s were observed at angles 
greater than 30 deg to the beam direction than is ex- 
pected on the basis of independent-particle interactions 
identical with elementary +~+.V interactions and the 
effects of the Fermi momentum. In order to check this 
quantitatively, the distribution of angle, V(@,), of the 
A’s was calculated on the basis of individual ~+-.V 
interactions in the nucleus with the nucleon possessing 
Fermi momentum. The A laboratory-system angles (64) 
versus the center-of-mass angle of the A(6’) were calcu- 
lated from the kinematics for Fermi momentum P;=0, 
100, 200, and 300 Mev/c for angles of the Fermi mo- 
mentum vector with respect to the beam direction (@r). 
By use of suitable angular intervals in 6¢ and 6’, the 
distribution .V(@,) versus 6, was calculated for each Pr. 
This was done by weighting the kinematics with the 
known energy dependence for hydrogen total cross sec- 
tions in m-+p— A (or 2°)+A° (as a function of the 
center-of-mass momentum of the outgoing A or 2°) and 
with known angular distributions (from the Berkeley 
data)."* The A’s arising from =° decays were treated as 
isotropically populating a band of angles in the labora- 
tory system about the ~° production angle (lab). 
Finally these distributions were folded with a Fermi 
momentum distribution. Two distributions were used: 

(a) A Gaussian {(T)dT=exp(— p*/pr’)dT, where T 
=kinetic energy, with pf, corresponding to kinetic 
energy of 20 Mev, a value observed in lighter nuclei, 
1.e., 2<6,% 

(b) A completely degenerate Fermi gas, 


f(T)dT=1 for T<To, 

0 for T>To, 
with 7)=33.2 Mev, corresponding to a maximum of 
250 Mev/c, which approximates that given by energies 


Tas_e I. Tabulation of asymmetry coefficients 

(for negative decay pion). 

“En- 
riched”’ 

73 A 
(error 
+0.24) 
—0.28 
—0.03 
+0.28 


Events within 
geometry 
45 K,° 104 A 
(error (error 
+0.30) +0.20) 


—0.18 
+0.06 
—0.06 
—0.04 
+0.25 


Pa <700 
Mev/< 
143 A 
(error 
+0.17) 


—0.01 
40.07 
+0.18 
+0.2i 
+0.07 


All events 
77 K,° 189 A 
(error (error 
+0.23) +0.13) 


—0.10 
+0.14 
+0.14 
+0.12 —0.03 
+0.20 +0.19 


Coeff 
cient 


a, _ 0.34 
dg —0.08 
+0.03 
—0.23 
+0.34 


—0.49 

-~0.04 
+0.04 
—0.49 
+0.40 


12 F. S. Crawford, M. Cresti, M. L. Good, F. T. Solmitz, M. L. 
Stevenson, and H. K. Ticho, Lawrence Radiation Laboratory 
(private communication), data to be published. 

13 J. B. Cladis, W. N. Hess, and B. J. Moyer, Phys. Rev. 87, 
425 (1952). 

4 J. Wilcox and B. J. Moyer, Phys. Rev. 99, 875 (1955). 
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Fic. 3. Distribution of angle, V (@q), of A. 


in infinite nuclear matter.'® The distributions N (@,) 
are relatively insensitive to the momentum distribu- 
tions and are plotted in Fig. 3 along with the observed 
distribution shown in histogram form, for 104A (same 
see below). We see 
that the observed and predicted distributions disagree, 
and we attribute the discrepancy to the scattering of 
the A’s on emerging from the nucleus. Such scattering 
of the A’s is consistent with the known AN cross sec- 
tions.'* We find that the fraction of scattered A’s is 
greater than the fraction 0.23+0.07 of the observed 
values lying outside the predicted distribution. We con- 
clude that a large fraction of the A’s must be scattered, 
and thus expect the value of a; will be small. The result 
is consistent with either a small or zero value. It is to 
be noted that Blumenfeld ef a/. found no up-down asym- 
metry in the same sample that gave the fore-aft 
asymmetry.’ However, their up-down distribution was 
not isotropic, but was peaked at cos@= +1. This is not 
possible for the known value of one-half for the spin 
of the A," which gives a linear distribution in cosé. 
Also, Bowen eé al. and Boldt ef al. have not observed 
up-down asymmetries,'’ although in their experiments 


sample as used in cross sections; 


18 L. C. Gomes, J. D. Walecka, and V. F. Weisskopf, Ann. Phys. 
3, 241 (1958). 

16 F. S. Crawford, M. Cresti, M. L. Good, F. T. Solmitz, and 
M. L. Stevenson, Phys. Rev. Letters 2, 174 (1959). 


17 T. Bowen, J. Hardy, G. T. Reynolds, G. Tagliaferri, A. 
Werbrouck, and W. H. Moore, Phys. Rev. Letters 1, 11 (1958); 
E. Boldt, H. S. Bridge, D. O. Caldwell, and Y. Pal, Phys. Rev. 
Letters 1, 256 (1958). 
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the polarization may be smaller because of the higher 
energies involved. 


CROSS SECTION 


In order to determine a cross section one must evalu- 
ate many effects. These are scanning efficiency, detec- 
tion efficiency, neutral-decay corrections, and path 
length of the beam in the material. In order to have a 
sample of events in which the scanning and detection 
efficiencies can be evaluated and in which the total path 
length of the beam is known, definite geometrical cut- 
offs need to be applied. A determination of the “lifetime” 
of the particles indicated an almost complete lack of 
decays near the entrance to the chamber (i.e., within 1 
cm of the wall), which necessitated using events that 
decayed beyond 1 cm. The number of beam tracks was 
determined for a central region of the chamber corre- 
sponding to the bubble chamber’s thin-window area, 
and for high-quality film (less than 30 tracks per 
picture, no large bubbles, good illumination, etc.). 
From the sample of 189A and 77 K,° decays, the 
application of the above criteria left 104 A and 45 K,° 
events. These decays showed an exponential distribu- 
tion in proper time. The maximum-likehood solutions 
for the lifetimes are in good agreement with the accepted 
values”:'® [104 wall A gave r,= (3.1+0.3)10-" sec; 
45 wall K,° gave rx= (1,040.2) 10-" sec ]. 

The scanning efficiencies were determined by re- 
scanning some of the film. In the sample used, one-fifth 
had been rescanned in a normal manner similar to the 
first scan. An additional one-fifth was rescanned, with 
a careful search for vee events near the entrance wall. 
This is a poorly illuminated region of the chamber (see 
Fig. 1). The number of events found in this region 
(decay length less than 1 cm from wall) agrees favor- 
ably with the number required to decay in there by 
calculation from the number of observed decays beyond 
1 cm. An equivalent of 80+ 20 events was found versus 
the 85+10 required. The scanning efficiency for the 
wall vees was determined to be 0.93+0.04 (versus 
0.98+0.02 for the events in hydrogen"). 

The geometrical escape correction or detection effi- 
ciency, which is the probability that the production 
and decay of the vee occurs within the acceptable region 
of the chamber, was calculated. The calculation was 
made by using the midpoint thickness of the wall as the 
average point of production (so that the 1 cm from the 
wall for the counting of decay time becomes 1.35 cm 
from the production point). The calculation averages 
over the known true beam distribution, over the random 
orientations of the production and decay planes and 
over a set of laboratory-system angles and momenta. 


18 1958 Annual International Conference on High-Energy Physics 
at CERN, edited by B. Ferretti (CERN Scientific Information 
Service, Geneva, 1958), p. 148, p. 181, and p. 270. 

” F.S. Crawford, M. Cresti, R. L. Douglass, M. L. Good, G. R. 
Kalbfleisch, M. L. Stevenson, and H. K. Ticho, Phys. Rev. 
Letters 2, 266 (1959). 


KALBFLEISCH 


These angles and momenta were picked from a suitably 
divided momentum-versus-angle histogram. The true 
counts in each histogram interval were calculated and 
an average (DE),, was determined : 
r > Nv; 
(DE)ay ’ 
(DE); | 


where .V;= number of events observed in interval 7, and 
(DE) ;=calculated detection efficiency for interval i. 
The results are ((DE),)sv=0.684 and ((DE)x°*)sv 
=0.602. It turns out that these DE’s are essentially 
the probability that the decay occur beyond 1.35 cm 
from the production point. Under these conditions, the 
detection efficiency for observing each double is just 
the product of the probabilities for each associated A 
and K,° to decay beyond this point, so that we have 


1 
((DE)ax)ar= Vax / ( > -), 
a =(AK events (DEx)a(DE)a 


with the result ((DE)ax)sy=0.410. Table II gives the 
results of the corrections for scanning and detection 
efficiencies. The corrections due to the branching ratios 
(BR) into the neutral or charged decay modes now can 
be made. The observed ratios are: 


A— pt+r 
BR(— ——- ) 
all A 


Van/ (SE) X (DE) ak 


(VactNVx)/(SE)X(DE)«K 


$7+11 
0.60+0.16, 
(18+ 26) /0.602 


\ AK (SH KX (DE) ar 


KY r+ 
BR(——*_ )- 
all K® 


(Vaz T V,) (S/ \X (DE), 


7 t 11 
0.30+0.08. 
(18+83)/0.684 


These branching ratios are in agreement with the 
hydrogen results and the predictions according to the 
| AI| =4 rule'* (i.e., BR,=0.67, BRx°=0.33). Using 
the 0.67 and 0.33 values, we can calculate mire associ- 
ated “AK” observables from 


A 
r+p—( )+K: for 2°— A+7. 
wo 


We obtain 
(24K) true= Nax/BRaBRx= (9/2) (47411) =212+50, 
(aK) true= (Nx+Nax), ‘BRxe=3(94+14) = 282+42, 
(aK) true= (Na t+Nax)/BRa=$(178418) = 267427. 


Upon averaging these, we obtain (#,x)true= 254420, 
which is taken as the “best” value. This number, 





CROSS SECTION AND 


TaBLe II. Corrections to data. 


Efficiencies 
Detec- 
tion 


Actual number 
=N/[(DE)X(SE)] 


Scan- 
Observed number, V ning 
18 AK® doubles 

(86—3 AK*)=83 single A 0.684 0.93 
(27—1 2~-K°)=26 single K,° 0.602 0.93 


0.410 0.93 47+11 


131414 
47+ 9 


coupled with the track count and path length, gives 
the cross section. The good-quality film in the sample 
used has 38 153 good frames with an average of 12.7 
+0.2 tracks per frame through the defined thin-window 
area. The path length (L) per track is very nearly the 
thickness of the wall, 0.63+0.01 cm (} inch). Thus for 
the density p of copper of 8.60.1 g/cc, A =64 (atomic 
weight), and the K-, u-, e~ contamination of the beam 
of approximately 6% (i.e., 94% z’s) we obtain (taking 
into account that the average w~ flux in the wall is 2% 
higher than in the chamber) 


A Nevents 
Osx, 2*xe= (pL) —___ ——— 
N Avogadro ‘ tracks 


64 


= (8.6X0.63)"! 
6.03 * 1078 


(254—4) 


x er 
[ (3.82 X 10*) (12.7) /0.98 0.94 


= 10.5+0.9 mb/Cu nucleus. 


(The number 4 is subtracted from 254 since four events 
are estimated to be due to interactions in hydrogen less 
than 2 mm from the edge of the wall.) This result can 
be compared with an A! law utilizing the hydrogen data 
for r +p— A(2°)+A°. Averaging the energy depend- 
ence of the known cross sections":'® for 6’ and @¢ over 
the Fermi momentum distribution [see discussion of 
N (6s) above }, we obtain, for an incident s~ momentum 


* Frank S. Crawford, Jr., University of California Radiation 
Laboratory Report UCRL-8876, August, 1959 (unpublished). 
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of 1.12 Bev/c on copper, 
a-+p—A+K®: 0.64+0.08 mb, 
x +p— °+K°®: 0.3740.06 mb. 


Thus, on the basis of an A! scaling of these cross sec- 
tions (Cu: A=64, Z=29, Ai=16=7.3 protons+8.7 
neutrons), we obtain 


oaz’4z°K’? = 7.3(0.64+0.37) =7.340.7 mb/nucleus, 


and a ratio of 1.44+0.20 for the observed to predicted 
cross sections. 

Several factors can contribute to the increase of the 
observed over the predicted cross section. The first 
factor is a volume-effect deviation from an A? law. A 
strict A! law would apply only if the pions interact 
only once in traversing the nucleus. Some increase in 
associated production can then follow from pions that 
undergo a small-angle elastic scattering and then make 
an associated production. The second factor is a con- 
tribution from *~p— AK°r® events, which are ener- 
getically possible in approximately half the cases be- 
cause of the Fermi momentum. The cross section for 
such a process is not known, but is expected to be small. 
The third factor is a contribution from m~+n inter- 
actions. The #~+ interactions can yield only 2~K° 
events. However, a =~ can be absorbed to give a A by 
the reaction =-+p—A-+n'* and thus appear as a 
A+K°. 

Thus, the observed cross section of 10.5+0.9 mb/ 
nucleus is reasonably well explained on the basis of 
elementary x-N interactions according to an A? law 
with some modifications which depend on multiple-step 
processes, such as described above. 
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Two-Pion Exchange Mechanism in K*N Scattering*} 


BENJAMIN W. Leet 
Department of Physics, University of Pennsylvania, Philadelphia, Pennsylvania 
(Received October 31, 1960) 


The exchange of two pions resonating in the 7=1, J=1 state between the K* 


meson and nucleon in 


“+N scattering is considered in the double dispersion representation to account for the energy dependence 
the J=4 amplitudes. The result here is in qualitative agreement with that of Ferrari et al. obtained for 


“-N scattering. 


i Spsgpncnn the experimental information available 
at present on A*N scattering may still be 
considered as meager, there are nevertheless certain 
conclusions one can draw unambiguously from the 
existing data.' The K+? cross section is almost isotropic 
and constant over a wide range of energy (laboratory 
kinetic energy of K meson $300 Mev), and the 
dominant s-wave phase shift is known to be repulsive 
from the Coulomb interference.? The phenomenological 
analysis of Rodberg and Thaler® indicates that the 
scattering length and the effective range are both 
positive in this state. For A*m one can infer that the 
amplitude in the isotropic spin state, T=0, is small 
compered with that in the 7= 
appreciably with energy. 

We have investigated the A*.V scattering amplitudes 
in the double dispersion representation. The analytic 
properties of the partial wave amplitudes for this 
process have been reported previously.‘ Lack of crossing 
symmetry in the present case is an additional com- 
plexity which was not encountered in the mr and rN 
problems. 


1 state and changes 


In the present approach we shall represent by a 
phenomenological parameter (essentially the scattering 
length) the effects of the short-range forces associated 
with the crossed process V+A— V+4K and higher 
mass intermediate states in the channel K+K — V+N, 
which are expected to be fairly energy insensitive. The 
longest range force, due to the exchange of two pions 
between the nucleon and K meson, is then assumed 
most responsible for the energy dependence of the 
K-matrix elements (& coté). Recent advances in the 
study of the rm interaction® and the electromagnetic 

* Supported in part by the U. S. Atomic Energy Commission. 

T Based on part of a Ph.D. thesis submitted to the University 
of Pennsylvania (unpublished); Preliminary version of this work 
was reported at the Tenth Annual Conference on High-Energy 
Nuclear Physics. The present article rectifies some numerical 
errors in the report. 

t Harrison Special Fellow. 

1 For comprehensive bibliography, see, for example: D. F. 
Davis, K. Kwak, and M. F. Kaplon, Phys. Rev. 117, 846 (1960) ; 
O. R. Price, D. H. Stork, and H. K. Ticho, Phys. Rev. 119, 1702 
(1960). 

2T. F. Kycia, L. 
118, 553 (1960). 

3L. S. Rodberg and R. M. Thaler, Phys. Rev. Letters 4, 372 
(1960). 

4S. W. MacDowell, Phys. Rev. 116, 774 (1959). See also W. 
R. Frazer and J. R. Fulco, Phys. Rev. 119, 1420 (1960). 

5G. F. Chew and S. Mandelstam, University of California 
Radiation Laboratory Report UCRL-9126, 1960 (unpublished). 


T. Kerth, and R. G. Baender, Phys. Rev. 


structure of the nucleon® enable us to estimate the 
strength of this force. Here we adopt the point of view 
that the virtual r+nx—K+K below the 
physical threshold is strongly enhanced in the T=1, 
J=1 state because of the resonance in the initial state, 
and that the resonance is in fact described by the 
parameters of Frazer and Fulco® deduced from the 
electromagnetic structure of the nucleon. Our consider- 
ation here is very similar to that of Ferrari, Frye, and 
Pusterla’ applied to K~.V scattering. We are particu- 
larly interested in the agreement or disagreement of 
the conclusions drawn from the two cases. The possi- 
bility of the strong 3-pion exchange mechanism is 
disregarded in the subsequent discussion. 
We shall deal with the amplitude gy? (W 


process 


8 


defined by 
Ww? exp (i504) sindy, 7 


go? (W)= 
W+m+mx 


(1) 


In studying the s-wave phase shift we the 
left-hand branch cut (in the W plane) associated with 
the p,; state’? completely. The branch cut associated 
with the 2-pion exchange (mm cut) starts at W 
—p?)'+ (mx?— 2)! and extends to the left. 

The discontinuity across the 2m cut is computed 
from the unitary condition neglecting all other channels. 
We assume that because of the wm resonance in the 
T=1, J=1 state, the matrix element r+*— K+K 
can be approximated well by that of the T=1, J= 
state’: 


neglect 


= (m-" 


(K (q2) | 1K | 2 (k1,@; K2,8) i") 


= ————rg,rq |[2EF x(t) |[3xgPi(e2-G2)] (2) 
(8k 10K20g20)# 


where F,(/) is the meson form factor of Frazer and 
Fulco® and ¢ is taken to be a real, constant parameter. 
The contribution of the rz cut computed in this manner 


®W. R. Frazer and J. R. Fulco, Phys. Rev. Letters 2, 365 
(1959); Phys. Rev. 117, 1609 (1960). 


7F. Ferrari, G. Frye, and M 
615 (1960). 

§ Our notation here follows that of Frazer and Fulco, reference 4. 

See Frazer and Fulco, reference 4. 

© The quantity B,(t)=£(t)F,(t) satisfies the dispersion relation 
with branch cuts from — « to 0 and 4y? to ©; it has the phase 
of the rm phase shift of the 7=1 and J=1 state for 4u?<t< 16p’. 
See B. Lee, Phys. Rev. 120, 325 (1960); and thesis (unpublished). 


Pusterla, Phys. Rev. Letters 4, 
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can be approximated well in the physical region by a 
pole, 
ER 
go? **(W)=Br1,.——_,, R=1.02,', (3) 
W—9.8u 


where §;,; is the element of the crossing matrix such 
that Bii= ,, Boi= —3. 
The resulting approximate dispersion equation: 


go? ( W) = go? (Wo) 
A oe Imgo'? (W’) 
+ " 


T’Wo 


———(W—W,) 
(W’—W)(W’— Wo) 


1 1 
or eee 
W—9.8u W o—9.8u 
XWo=m+mx, (4) 


is solved by the standard V/D method." By requiring 
that the solution to Eq. (4) agree at the point W=W, 
with the effective-range relation given by Rodberg and 
Thaler for the state 7=1, we fix the two constants in 
Eq. (4), and in particular find =0.5/u?. In Fig. 1, 
k cotéo,™ is plotted for &=0.5 and 1.0/y? and com- 
pared with the Rodberg-Thaler result. For the 7=0 
state, we take a (scattering length)=0 and —0.05/u 


1 
-k cot Sotinp) 
4 


=e 1.0/p? 
~~ Rodberg-Thaler 
&=2.0/2 





| | | 
100 150 200 250 
C.M. Total Kinetic Energy(Mev) 





__. Rodberg-Thaler 
€=1.0/p? 
€+0.5/p? 


a ee a a we 
i 200 300 400 


E, (Mev) 





Fic. 1. (a) —k cotés™ vs (W— Wo); the solid lines are obtained 
by the subtraction method; the dot-dash line is obtained by 
representing the short-range interactions by a pole at W=0; 
these are compared with the Rodberg-Thaler effective-range 
relation (dotted line). (b) a,“ (nuclear) vs kaon kinetic energy 
in the lab system (/,). The symbols are the same as in Fig. 1; 
the cross represents the experimental value of Kyeia ef al. at 
E,=225425 Mev. 


1G, F, Chew and S, Mandelstam, Phys. Rev. 119, 467 (1960). 


MECHANISM IN KtN 


SCATTERING 


tan 85 (ings) 


1,0 
0. we €=1.0 /pe a0 
sereeet (20.5/p% ao 


150 200 250 ‘€+0.5/p® a-0.05/p 
C.M. Total Kinetic Energy (Mev) 





Fic, 2 'cotd)™ (in uw!) vs (W—Wo). The shaded area repre- 
sents the Rodberg-Thaler scattering length with uncertainty. 


with €=0.5/u?. The results are plotted in Fig. 2. Since 
the exact zero-energy limit of k~ tando, is unknown, 
it is possible to reproduce either a repulsive or an 
attractive phase shift by slightly adjusting go (Wo). 

We may also try to represent the short-range inter- 
action by a pole with a phenomenological residue which 
is to be determined by fitting the scattering length. 
Because the shapes of the singularities are symmetrical 
around the origin in the W plane, we place the pole at 
the origin, hoping that this represents approximately 
the short-range effects. If we assume that the dominant 
effects of the short-range forces come from the singu- 
larities on and inside the circle |W | = (m?—mzx?)!, then 
one expects that this pole represents the effects of these 
singularities on the left-hand physical branch cut 
associated with the p; state as well as it does on the 
right-hand physical cut associated with the s; state, at 
least as regards the sign and order of magnitude. For 
this purpose it is more convenient to use the amplitude 
ho? (W) of Frazer Fulco.t. The approximate 
dispersion relation takes the form 


and 


Ve? Bryer 1 f*  Imhd? (W’) 
ho? (W)= + + f "——_——.—. 
W W-9.8u 2r/wWo W'—W 


where y,r=0.15,2. 
In order to fit the scattering lengths, a =0.25/u 


and a =0, one requires, for £=0.5/y?, 


y.%=—98, »,0=3. (6) 


For given scattering length and &, the results of the 
subtraction method and of the present one practically 
coincide. As an illustration, the result of the present 
method with y,“=—98, £=0.5/? is plotted and 
compared with the result of the subtraction method in 
Fig. 1. 

The result £=0.5/y2 means that, in the framework of 
our model, the longest range force due to the 2-pion 
exchange is attractive in the 7=1 state, and repulsive 
and 3 times as large in the T=O state. The value 
§=0.5/u? is to be compared with §=1.1/y? obtained 
from K~N scattering by Ferrari ef al.’ In view of the 
crude models used in both cases, the agreement in 
sign and order of magnitude is to be noted. In the 
T=1, s, state, the short-range force is weakly attractive 
(this force is too weak to sustain a bound state) 
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TaBe I. The contributions of singularities to f:._(W) at the 
threshold; superscripts, s, wr, and H refer, respectively, the 
short-range, rx-cut, and the static Chew-Low type hyperon pole 
contributions. 


k-fi9(Wo) kY** (Wo) 


ke 2f,_H (Wo) 


0.065 1 Pr) 
wp mk? \ fet+fe 


Assuming that the pole y,/W represents approxi- 
mately the effects of the short-range force in the 
state as to the sign and order of magnitude, we can 
make estimates of the contributions of forces of different 
ranges to the k-?/,.“. These are tabulated in Table I. 
We first note the numerical values quoted in Table I 
are all small. Especially the contributions from the 
hyperon static poles are negligible even with f,,2 
~0.1." Based on Table I, we are in a position to make 
certain predictions on the p; amplitudes which are as 
yet uncertain experimentally. 

(1) In the 7=1 state, 5, is likely to be negative 
(repulsive). In this state there is a large cancellation of 
the short- and long-range forces, the former slightly 


0 —0.12/p3 


—0.07/n3 +0.04/y3 


‘2 The pseudoscalar coupling of N—K—Y, Y=A, 3, is assumed. 
fy, fy are the unrationalized pseudovector coupling constants. 
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EE 


dominating. Since the net repulsion comes from the 
short-range force, whose effect is relatively energy 
insensitive, k~* exp(i6,_) sind, will not depend strongly 
on energy, and therefore stays small. 

(2) In the T=0 state, 5, will be negative and small, 
but larger than that of the 7=1 state. The repulsion 
comes almost entirely from the long-range force. There- 
fore the energy variation of k-* exp(id,_)siné; 
pected to be appreciable. Our model therefore favors 
the solution D of the analysis of Chinowsky ef al." 

Recently a new set of parameters for the rm resonance 
has been proposed." We believe that the qualitative 
conclusions of the present paper will remain valid even 
if these parameters are used. The value of £ will however 
be modified considerably. A consistent and simultaneous 
treatment of K+N scattering and K~N reactions with 
this new set of the wm resonance parameters is in 
progress. 


is ex- 
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Spin and Parity Analysis from Production and Decay of Hyperon Resonant States* 


R. Gatrof AND H. P. Srapp 
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Processes dominated by the A-w resonance state, Y*, should 
exhibit correlations permitting the determination of the ¥* spin; 
the relative parities of the A, 2, K, and Y*; and the ratios of the 
various hyperon decay asymmetry parameters. The cases of Y* 
spin 4 and 3 are examined in detail and a number of exact rela- 
tions between measurable quantities are given for the various 
spin and parity assignments. The longitudinal component of 
polarization of the hyperon from the ¥* decay is, for parity- 
conserving reactions, the same for all final hyperons, independent 
of their parities. This allows the ratio of the decay asymmetry 
parameters for various hyperons to be determined. For a given 
Y* spin the transverse hyperon polarization is determined by the 
longitudinal polarization up to a sign which is fixed by the Y*- 
hyperon parity. Thus the transverse polarizations for final A and 


VIDENCE for a pion-hyperon resonant state with 

a mass of about 1.37 Bev has been reported re- 
cently.' In this note we list some methods for deter- 
mining from angular correlations in the production and 
decay of this resonant state, which we call Y*, its spin 
S, and the relative parities of A, 2, Y*, and K. 

Let us consider a two-body production mode of Y%*, 
such as K+N — Y*+-a or r+ -» Y*+K, and the 
subsequent decay Y*—> Y+2.23 We let u and wu’ be 
the unit vectors along the initial and final center-of- 
mass momenta in the production process, n be the unit 
pseudovector along uXu’, and v be the unit vector 
along the momentum of the final Y, measured in the 
decay rest system. Then for S=}4 the polarization P of 
the final Y is related to the polarization P* of Y* * by 

P= P*, (1) 


* This work was supported in part by the U. S. Atomic Energy 
Commission and in part by the U. S. Air Force monitored by the 
Air Force Office of Scientific Research of the Air Research and 
Development Command and the Office of Naval Research. 

+ Permanent address: Laboratori Nazionali, Frascati, Italy. 
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Tenth International Rochester Conference on High-Energy Nu- 
clear Physics, 1960 (to be published); Phys. Rev. Letters 5, 520 
(1960). M. Ferroluzzi, J. P. Berge, J. Kirz, J. J. Murray, and A. 
H. Rosenfeld, University of California Radiation Laboratory 
Report UCRL-9431,1960 (unpublished). 

2 We assume spin 3 for A and © and spin zero for K, and use the 
notation Y for A and &. Strong interactions are assumed to con- 
serve parity. 

From present data the width of the resonance seems to be 
smaller than 70 Mev. We assume throughout that processes pro- 
ceeding through a single resonance state can be isolated. 

‘If Y* is produced in an s state, it has no vector polarization, 
only spin tensor alignment, and one has the well-known decay 
angular distributions 1, 3(u- v)?+1 and 5(u-v)*—2(u- v)?+1, for 
Y* spin 4, 3, and §, respectively, independent of parity. The same 
distributions occur in Adair’s analysis for ¥* emitted backward 
or forward in the production rest frame. R. K. Adair, Phys. Rev. 
100, 1590 (1955). 
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> particles will be the same or opposite if the parities are the same 
or opposite, respectively. For the spin } case there are four in- 
dependent contributions to the longitudinal polarization, each 
proportional to a different pseudoscalar spherical harmonic of the 
decay direction. These give four independent experimental deter- 
minations of the ratios of the decay asymmetry parameters. 
Similarly, from the transverse components there are six inde- 
pendent determinations of relative parities. 

If the initial and final states of the production process are re- 
stricted to S and P waves, all ten of the experimental parameters 
determining the hyperon polarization are given, except for the 
aforementioned sign dependence on the Y*-Y relative parity, by 
a single parameter in a manner fixed by the K-Y* parity. 


for Y—Y* relative parity, (Y,Y*), equal to —1; or 
parity 1 


P= — P*+2(P*-v)v, 
for (Y,Y*) equal to +1. Since P* is along n, any po- 
larization of the final Y normal to the plane specified 
by n and v is evidence that S>}.5 In the decay of the 
final Y there can only be an up-down asymmetry with 
respect to the production plane for (Y,Y*)=—1. But 
for (Y,Y*)=+1 such an asymmetry must occur to- 
gether with a forward-backward asymmetry in the 
ratio fixed by (2). 

If S equals $, the Y* density matrix after production 
in a parity conserving two-body reaction with an un- 
polarized initial nucleon is of the form® 


= }10(0)+61(6)T (n) +c: (6)T (u,u) +c2(6)T (w,w) 
+-¢3(0)T (u,w)+d,(6)T (n,n,n)+d,(0)7 (n,u,u) 


+d3(6) T(n,u,w), (3) 


where w=nXu, Jo is the production angular distribu- 
tion, and 8, c, and d are functions of the production 
angle @, determined by the production amplitudes. The 
quantities T are spin operators defined as in reference 6. 
Only 4;, di, d2, and d3 appear in the expression for the 
polarization of the final Y. The components of P along 


5For Y* spin S>4, P may contain terms originating from 
tensor polarizations of Y* proportional to the pseudovectors 
(n-v)uand (n-v)u’. However, an average of P over the directions 
of v, or any weighted average with a scalar weight function, will 
again be proportional to n. 

®R. Spitzer and H. P. Stapp, University of California Radia- 
tion Laboratory Report UCRL-3796 (unpublished); Phys. Rev. 
109, 540 (1958) (abbreviated version). In the relevant Eqs. (2.20), 
and (2,13), respectively, of the above papers, the 3 in the factor 
5(us* - v) (us*- v) —3(u* — us*) should be replaced by 1 when the 
factor multiplies either of the two terms containing (u,* Xv). 
Using the linearity of the 7’s in their arguments and identities 
such as 7(n,n,n)+T7(n,u,u)+7(n,w,w) =0 one can obtain from 
the corresponding relations of this reference the explicit depend- 
ence of 5, c, and d upon the production amplitudes. 
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v, VXn, and vX (nXv) are given by 


(y 5)IolP- Vv 
= 6,2 cosO— (di— de) (15 cos*O—9 cosO) 
+T — do( 15/2) cos@ sin?@ cos2@ 


—d;(15/2) cos@ sin? sin24, 


(\/5)Iol P- (vXn) 


= ed.5 cos sin’?O sin2&— ed;5 cos sin? cos2%, 


(\/5)Tol P-L vx (nx v) } 
= — eb)4 sin’? @+ €(d,;— 4d) (15 cos?@— 3) sin?O 
+ edo} (1—3 cos*@) sin?@ cos26 


+ed;3(1—3 cos?@) sin?@ sin2@, (4”) 


where the angles © and @ are the polar coordinates of 
v in a system where n is the polar axis and u the x 
axis,’ and J is the decay angular distribution: The 
symbol ¢ is +1 for (Y,¥*)=—1; —1 for (Y,Y*)=+1. 
The coefficients 5;, d;, dz, and d; are given experimen- 
tally by certain weighted averages of these components 
of polarization over the final hyperon direction: 


(ToL P- v¥ ,°(O,8))= 6, (0) (1/152)}, 
(IolfP- vY;°(0,®) 


(5a) 
(5b) 
(5c) 


: —[d,(6)—4d.(6) ] 8 352)}, 
(of P- vV3;*+2(0,6))= — [d2(0)+id3(6) ](3 567)!, 
(IJ P- nx vY;+(O) 

= e| —d;(0)+id2(6) ](1 42r)', (6) 


(Io P- vX (mX v)) = — €b; (0) (8/345), 


(7a) 


(T oI P- vx (mX v)(15 cos*@—3) 
= €[.d:(0) —}d2(6) ](48/74/5), (7b) 
(Tol P- vx (nX v)e*?** 


= e[d2(0)id;(8) ](1/34/5). (7c) 
For S=} the same formulas are valid with the d’s set 
to zero and with an extra factor of (—4) on the right- 
hand side of (7a). In particular, provided only },(6)#0, 
the ratio of (5a) to (7a) gives an unambiguous distinc- 
tion between S=}$ and S=3. For S=3 


the values for 
6; and d; obtained from Eqs. (5) must correspond in 
magnitude to those given by Eqs. (7). This gives four 
independent conditions that must be satisfied for $=, 
and Eq. (6) gives two more. The parity is fixed by the 
relative sign of the averages appearing in Eq. (5) 
versus Eq. (6) and (7), where there are again six inde- 
pendent determinations. Since the d;(6) and 6,(@) are 
the same for final A and final © the averages in (6) 
and (7) are the same for these two cases except for the 
relative sign, which is just the A-2 parity. 


7 Relativistically this system is that rest frame of Y* which is 
obtained by a direct Lorentz transformation of that production 
center-of-mass frame with z axis along m and with x axis along w. 
[See H. P. Stapp, Phys. Rev. 103, 625 (1956), and University of 
California Radiation Laboratory Report UCRL-8096 (un- 
published) ]. 
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TABLE I. Relations among the averages for different 
spin-parity assignments 


pi=p2= fa, ps=0, 0; 


pi =p2= 2a, ps =0, P| = 0.= 


2 
haan 
15 


Relations: 6 


(IV) S=3, ¥* 
10 2 
a=—bh, 0, = 0.= 


(—bi+-3d,-+¢ 
3 15 

2 2 
pi =—(9b,+-3di+d:2), p2= 
15 


(9b, +-3d 
15 
Relations: @;= 0s, P3:+ 0.=0, 0; 


Averages of P with the scalar weight functions® 
1,(w-v)(w-v), (u-v)(u-v) and (w-v)(u-v) have only 
a component along n, whereas averages with the pseudo- 
scalar weight functions (n-v)(u-v) and (n-v)(w-y) 
have components only along uand w. We therefore define 
the following experimentally independent quantities: 
a= (4/5) (4) (Jol (P-n)) 

(\/5) (4) (average polarization). 
P1= (0/5) (4) Tol ( P-w)(n-v)(w-v)), 


a= (x/5) (4) (oI (P- u)(n- v)(u-v)), 
3= (4/5) (49) (ol (P- u)(n- v) (w- v)), 
Py= (\/5) (4) (Tol (P- w)(n-v)(u-v)), 
pi= (4/5) (4) (701 (P+ n)(w- v)(w-v)), 
5) (4) (ol (P- n)(u- v)(u-v)), 


5) (4) [oI (P- n)(u-v)(w-v)). 


p2=(y 
ps=(y 


Table I contains the relation of these eight averages to 
the four unknowns 0; and d; together with the four 
independent relations among the averages resulting 
from eliminating the unknowns. The analogous rela- 
tions for S=}4 are also included. All these relations are 

8 Weight functions odd in 


give zero average if parity is 
conserved. 





SPIN AND 
linear and are therefore valid not only at a given pro- 
duction angle but also after integration over production 
angles, or after integration with arbitrary weighting 
factors, such as sin(m@), for instance. It is apparent 
from Table I that measurement of these averages can 
in principle distinguish between Y* spin } and 3 and 
give the Y*-A and Y*-> parities, and thus also the 
A-= parity. For example,’ from Table I, if A and = have 
the same parity the ratio between their average polari- 
zations is 1; if they have opposite parity, it is —3, —4, 
— %, or —5/3, respectively, for: S=}, (Y¥*,2)=+1; 
S=}, (¥*,2)=-1; S=$%, (Y*,2)=+1; and S=3 
(Y*,2)=—-1. 

The decay distribution in Y* — Y +7 is independent 
of the parity. It is isotropic for S=} and for S=§ it is 
given by 


, 


Tol =Io(0)—c1(0)[3(u- v)?—1 J—ce(6)[3(w- v)?—1] 
—c;(0)[3(u-v)(w-v) }. 
One finds 


(Tol (3 cos*@,,—1))= — $[ c2(8)— 5€1(8) | 


(Io sin’, cos2®,,.) 
and 

(Io sin20,, sin®,,.) = — 3c3(6), 
for the choice of w as polar axis and n as azimuthal axis, 
and similar equations when n and uw are chosen as polar 
axes. These independent determinations of the c; must 
agree if S=%. Also, the limiting angles for Adair’s 
analysis, which depends on the fact that c+ 3/o=ce 
=c;=0 at 6=0° or 180°, may be experimentally deter- 


* This result has been noted by Ph. Mayer, J. Prentki, and 
Y. Yamaguchi. 


PARITY 


ANALYSIS 


mined by using these independent determinations of 
the ¢;. 

If in K-+p— Y*+-7 at sufficiently low energy only 
s and p states occur initially and finally,” the produc- 
tion angular distributions are A+B cosé, A+B cosé 
+C cos*@, A+B cos@, and A+C cos’6, respectively, for 
S=3 and (K,Y*)=+1, S=3 and (K,Y*)=-—1, S=3 
and (K,Y*)=+1, S=$ and (K,Y*)=—1. Furthermore 
the hyperon polarization P has in all cases a unique 
form depending only on the Y* spin, the K-Y* parity, 
and the Y-Y* parity. Equations (1) and (2) apply for 
S= 3, and for S= } Eqs. (4) apply with d;=d; tané 
= 6b, tané= (constant) sin’@, d;,=0 for K-Y* parity 
—1; or with 6,;=(constant) sind, dj=d:=d;=0 for 
K-Y* parity +1. 

In A~ capture by nuclei, Y* production may occur 
on many nucleons without real meson emission. If 
these processes occur frequently enough, angular cor- 
relations in, for instance, K~-+He* — He®’+ Y*-, Y*- > 
A+n~ could measure S. For capture at rest the decay 
angular distributions are 1, 
—2 cos*a+1 for spin 3, 


/ 


cosa= (u'-v). 


rk 


3 costa+1, and 5 cos‘a 
$, and $, respectively, where 
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It is shown that in general relativity a “wave zone” may be defined for systems which are asymptotically 
flat. In this region, gravitational radiation propagates freely, independent of its interior sources, and obeys 
the superposition principle. The independent dynamical variables of the full theory which describe the 
radiation are shown to be coordinate invariant in the wave zone and to satisfy the linearized theory's 


equations there. Thus, the basic properties of free waves in linear field theories (e.z., 


electrodynamics) 


are reproduced for the gravitational case. True waves are also clearly distinguished from so-called “coordi 
nate waves.” Reduction to asymptotic form (taking leading powers of 1/r), is not identical to linearization, 
since, for example, the Newtonian-like 1/r part of the metric begins quadratically in the linear theory's 
variables. The Poynting vector of the full theory, which measures energy flux in the wave zone, is corre 
spondingly shown to be given by the linearized theory’s formula. This Poynting vector is also shown to 
be coordinate-invariant in the wave zone. All the physical quantities may therefore be evaluated in any 
frame becoming rectangular sufficiently rapidly. A brief discussion of measurements of the canonical 
variables in the wave zone is given. The relation between the present work and other treatments of gravi 


tational radiation is examined. 





I. INTRODUCTION; DEFINITION OF 
THE WAVE ZONE 


T is well known that in the linearized approximation 
of the full theory of relativity there exist wave 
solutions whose physical interpretation can be framed 
in terms identical to those used in classical electro- 
dynamics. However, it has also: been realized that a 
gravitational wave carries energy, which should there- 
fore give rise to a Newtonian gravitational field at 
infinity. Such a term is not present in the free theory’s 
linearized approximation (the energy being quadratic 
in the amplitudes). It is therefore necessary to investi- 
gate the validity of the linearized approximation as a 
description of waves escaping from a strong field 
interior region. In this paper, we will examine the 
asymptotic behavior of the full theory and compare it 
with the linearized form. Our procedure will differ from 
that commonly used in electrodynamics; it cannot be 
based on retarded Green’s functions relating the radi- 
ation amplitudes to the sources, since in general 
relativity neither these Green’s functions nor equivalent 
existence theorems are available. We shall therefore 
base our approach on a study of the Einstein equations 
and their solutions as specified by Cauchy data (a 
procedure also applicable in electrodynamics). As a 
result, no relations between the sources and the radi- 
ation field will be obtained. However, the behavior of 
the radiation field after its emission will be specified. 
We will see that one can define a ‘“‘wave zone” in which 
the canonical variables' (see III) describing the radi- 
* Research supported in part by Wright Air Development 
Division, Air Research and Development Command, U. S. Air 
Force, and the Air Force Office of Scientific Research. 

+ Research supported in part by National Science Foundation 
and by Air Force Office of Scientific Research. 

t Alfred P. Sloan Research Fellow, on leave from Palmer 
Physical Laboratory, Princeton University, Princeton, New 
ersey. 

1 Related previous papers by the authors are referred to in text 
by Roman numerals: I—R. Arnowitt and S. Deser, Phys. Rev. 


ation do obey the linear theory’s equations. Beyond 
the wave front, there remain the (coordinate-inde- 
pendent) Newtonian parts of the metric (which include 
the nonlinear effects resulting from the interior domain), 
as well as coordinate-dependent parts of the metric. 

The “wave zone” is defined in analogy with electro- 
dynamics. We consider a general situation in which the 
gravitational canonical modes behave asymptotically 
as ~ fe'‘*-*-*/y in some region; beyond this region 
(i.e., past the wave front) they are assumed to vanish 
more rapidly. This assumption is made to insure that 
the total energy contained in the wave be finite. The 
first requirement on the wave zone is the familiar one 
that kr>>1; this implies that gradients and time deriva- 
tives acting on the canonical modes also fall off as ~1/r. 
However, two further requirements, not made in 
classical electrodynamics, must be imposed in view of 
the nonlinear nature of the field. We first demand that 
all components of the metric g,, deviate from the 
Lorentz metric ,, by terms small compared to unity, 
and decrease at least as 1/r in the wave zone. (Note 
that gu»—ny»~t/r is forbidden, since //r is not small in 
every Lorentz frame.) This requirement can always be 
met when radiation is escaping to infinity by taking r 
sufficiently large and waiting for the wave to reach 
this distance. There are three different parts of? g,,: 
(1) the canonical variables for which the above condi- 
tion implies f/r«1; (2) the Newtonian-like parts 
(which behave as ~ M/r), so that by M/r<1, the wave 
113, 745 (1959); III—R.. Arnowitt, S. Deser, and C. Misner, 
Phys. Rev. 117, 1595 (1960); IV—Phys. Rev. 118, 1100 (1960); 
V—Phys. Rev. 120, 313, 321 (1960); IVc—R. Arnowitt, S. 
Deser, and C. Misner, Phys. Rev. (to be published); IV b 
present paper. 

* Notation and units are as in IH, etc.: c=l6ryc*=1=c, 
where y is the Newtonian gravitational constant. Latin indices 
run from 1 to 3, Greek from 0 to 3, and 2°=¢. All tensors and 
covariant operations are ¢hree-dimensional unless specified, g* 
being the matrix inverse to g;; and the subscript vertical bar 
indicating covariant differentiation with respect to gi; (not ‘gus 
Partial differentiation is denoted by a comma or by 0,. 
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zone must lie well beyond the gravitational radius of 
the total system; and (3) the gauge variables whose 
specification fixes the coordinate frame being used. For 
this last case, the condition defines how rapidly the 
coordinate frame must become rectangular at infinity. 
We shall see that derivatives of the Newtonian part go 
as ~1/r’ and are negligible, while derivatives of the 
gauge parts may or may not be negligible, depending 
on the amount of “coordinate waves” present. Further, 
it will be shown that such ‘“‘coordinate waves” may be 
completely isolated in the wave zone and beyond it. 

The final requirement can be stated in terms of 
the derivatives of the metric: it is necessary that 
| dg/d(kx)|*<<|g—n| in order that a wave of frequency 
(or wave number) & will behave as free radiation. 
Alternately, frequencies above some Rin will behave 
as free radiation provided kmin>>Rmax(a/r)', where 

g—n|~a/r and kmax is the maximum frequency 

appearing in the metric. This condition can always be 
fulfilled for any desired &,,;, by taking r large enough, 
and waiting for the radiation to reach the region. For 
fixed r, the condition represents a lower bound on 
frequencies which may be treated in this part of the 
wave zone. 

The requirements that |gy,—m»|<1, | dg/d(kx) |? 
<'!g—mn| are necessary so that usual definitions of 
radiation, first stated for linear fields, be applicable 
here. These definitions presume that the radiation is 
“free”, i.e., that it propagates independently of the 
sources and that superposition holds. In relativity, 
then, one can only meaningfully speak of radiation if 
the energy density in the wave zone is small. Otherwise, 
the self-coupling of the theory comes into play and 
effectively acts as a source in the region, giving rise, 
for example, to scattering of waves by the Newtonian- 
like parts of the field as well as to the scattering of two 
waves of high frequency to yield waves of other fre- 
quencies. A similar situation exists in quantum electro- 
dynamics, due to vacuum polarization. There, one has 
an effective nonlinear 67°)~a?(E*?— B?)+O/(a*) for the 
Maxwell field, so that in the presence of an arbitrary 
external electromagnetic field, the self-coupling can 
produce distortion of “waves” (Delbriick scattering). 
Also, the 67% term produces scattering of light by 
light. The usual definitions of electromagnetic radiation 
would thus fail in a domain where 67% is significant, 
and in fact the wave zone is then defined only when the 
self-coupling has no physical effects. Of course, numeri- 
cally, the nonlinear effects we are forbidding are 
automatically small in most conceivable situations for 
gravitation. 

It should be remarked that our restrictions on 

£u»—Nu»| and its first derivatives have been imposed 
on all components, and so, in particular, on the parts 
depending on the choice of coordinates. Thus, for the 
same physical situation, it may be necessary to go to 
larger distances in some frames than in others in order 
to reach a region where the equations of motion of the 
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dynamical modes are flat-space wave equations. How- 
ever, we will see that one can distinguish coordinate 
waves from the true physical waves and that the former 
may be transformed away if desired. The isolation of 
coordinate waves will be discussed ia Sec. III. 

With the above definition of the wave zone, we shall 
find that the full field equations reduce to those of 
linear theory for the canonical variables, so that these 
variables propagate as free radiation. We shall see, 
further, that the energy flux of this radiation is meas- 
ured by the Poynting vector of the linearized theory. 
Both this vector and the canonical variables themselves 
are coordinate-independent in the wave zone, and thus 
form a suitable invariant basis for the analysis of 
radiation. One can, in fact, obtain these quantities 
invariantly from measurements of the spatial part of 
the metric and its first time derivatives. 

Beyond the wave front, the dynamical variables 
vanish, leaving only the Newtonian-like and coordinate- 
dependent parts. In a subsequent paper (IV c), we 
shall show that from the Newtonian-like parts of the 
field one may obtain a coordinate-invariant definition 
of the energy-momentum vector of the total system. 


II. FIELD EQUATIONS IN THE WAVE ZONE 


A complete set of Cauchy data specifying the state 
of the gravitational field* on a space-like surface (which 
we take to be /=const) is provided by the variables? 
gi; and w*?, Here g;; is the spatial part of the metric and 
defines the intrinsic geometry of the surface, while x‘? is 
effectively the first time derivative of g;;: r‘4=(—‘4g)! 
XK (TP img!igt?— gi? T°, ng’). Equivalently, x‘ is related 
to the second fundamental form,‘ K;;, by m‘4=— (*g)! 
X (K‘/— g4K';), and thus describes the external curva- 
ture of the surface as imbedded in the four-space. This 
set of Cauchy data determines not only the state of 
the system, but the four coordinates of the surface as 
well. Thus, four of these twelve quantities fix the 
coordinates, leaving four dynamical variables, and four 
Newtonian-like components determined as functions 
of the other eight by the constraint equations G°, 
= 4R°,.— 65, 4R=0. The division is best seen in terms 
of the orthogonal breakup of the symmetric g;; and 2‘? 
into transverse and longitudinal parts (as in ITI): 


£ij—955= ig + gis + (gis +8;.4), (2.1a) 


mids gi iT + (et 54-2) ,,). (2.1b) 
The quantity g,;;7=4$[6.;¢7 — (1/V*)g" .; ] is determined 
by the single component g’, where 1/V? is the inverse 
of the flat space Laplacian with solutions vanishing at 
spatial infinity. In a coordinate system specified by 


’ The first paragraph of this section is a brief review of the 
results of IIT. 

‘See, for example, L. P. Eisenhart, Riemannian Geometry 
(Princeton University Press, Princeton, New Jersey, 1949). 
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g:=0=n", or equivalently by 
gi3,;=0, (2.2a) 
(2.2b) 


it was shown in III that g;;"", r‘*77 form two pairs of 
canonically conjugate variables, while g’ and 7‘ are the 
Newtonian-like parts. The g? and x‘ are obtained as 
functions of the canonical variables by solving the four 
constraint equations 

(2.3a) 


§R+49—rite,;=0, r=r"), 


wh =a) +2) in =. (2.3b) 

In the wave zone, the conditions of Sec. 1 imply that, 
when one wishes to use a frame different from (2.2), 
the new metric g,,’ differs from n,, by terms of order 
a/r1. Therefore in the coordinate transformation 
x’*=a*—£* the quantities &*, must go as a/r. The 
coordinate changes themselves, £“, can then behave as 
~alnr, ax‘/r, aexp(q,x")/r (as well as, of course, 
higher structures like 1/r). When differentiated, these 
forms all give ¢*,~a/r (this behavior is also permitted 
past the wave front). In this connection, we may 
distinguish functions: those 
derivatives are ~1/r smaller than the functions (which 
we will call “‘static’”’) and those whose derivatives are 
of the same order (which we will call “‘oscillatory’’). 
Thus, the structures Inr, x'/r, b/r fall into the former 
class; such £* appear, for example, in transforming from 
Schwarzschild to isotropic coordinates (which involves 
t'~ mx'/r). The exp(ig,x*)/r form falls into the second 
class, representing a (which can 
also exist past the wave front). To order ~a/r, the g;; 
and x‘ transform according to the linearized coordinate 
transformation law: 


two classes of whose 


“coordinate wave” 


, 


£ij ~=2it hth, (2.4a) 


_ ; +f) e 
r’’ =f +-(£ = © 1), 


j (2.4b) 
the nonlinear terms being O(1/r*) or higher. (Corre- 
spondingly, goo =goo—2# 9 and goi’=goit£'o—& i.) 
Comparing Eqs. (2.4) with (2.1), we see that only g;,; 
and x’? are affected by the linearized transformation. 
To make sure that the remaining quantities g;;77, 
wT? 9? and x‘; are invariants in the wave zone, one 
must show that the neglected O(1/r*?) terms do not 
have O(1/r) effects on these components. Such terms 
arise in the nonlinear parts of the coordinate transfor- 
mations, and in Appendix B it is shown that they 
indeed do not affect, to O(1/r), the gi;77, ‘77, g? 
and x'‘;. This is in spite of the appearance of 1/V 
operators in the definitions of the relevant orthogonal 
components. 


,’ 
> 
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To illustrate the behavior of the various parts of the 
metric in the wave zone, let us first examine them in 
the frame of Eqs. (2.2). The canonical variable g;;77 
may, in the interior, have arbitrary amplitude, but will, 
for a radiation case, fall off as a/r in the wave zone 
(e.g.. ~ f exp(ik,«“)/r). Note that in this region both 
space and time derivatives acting on g,;;7" maintain 
its ~1/r character. Beyond the wave front, however, 
gij’? vanishes more rapidly, since the system is bounded. 
The g’ component is determined from the constraint 
equations (2.3) to be g?™=(1/V*)T%[_g77,x77 ], where 
—Sfd*r T[g77 x7 | is the Hamiltonian of the gravi- 
tational field. Beyond the wave front, g? then has a 
static behavior as ~ E/r, where E is the (ofal energy of 
the system (including the waves). In the wave zone, 
additional 1/r? terms (both static and wave-like) enter 
in g’, as is shown in Appendix C. While g” is the 


dominant part of the metric beyond the wave front in 
the full theory, the linearized theory neglects g? 
everywhere, since g’ begins quadratically in the canon- 
ical variables. [That this is the case is seen by solving 
for g’ in the constraint equations (2.3) in terms of the 
g'?, x77. | The situation for the conjugate variables 


t 


wii=q_iTT (7! +27 5) (2.5) 
is in close parallel. Here the canonical variables r‘/77 
go as kfe'**/r in the wave zone, and vanish rapidly 
beyond it. On the other hand, the constraint variables 
m (which are quadratic in g?", 47? hence are 
neglected in linearized theory) are static and go as 
~ P'‘/r (where P* is the total momentum) outside 
the wave zone [from the constraint equations, r 
= (1/V*)T% | and so x‘ ;~ P‘/r? there (for details, see 
end of Appendix C). In the wave zone, other terms of 
comparable magnitude appear in 7° ; (e.g., ~ & fte"**/r*). 
Finally, we will see, in Appendix C, that the remaining 
components, gou—mo,, Of the metric correctly behave 
as O(a/r). 

We shall now show that, in the wave zone, the dy- 
namics of the full theory rigorously reduces to that of 
the linearized approximation. This is not a trivial fact, 
since, as we have seen, g” and r‘ go as ~a/r in the 
wave zone, and are not zero, as they would be in 
linearized theory. The distinction here is clearly due to 
the difference between linearizing (expanding to first 
order in gy»—y») and going to the asymptotic form 
(expanding in powers of 1/r). The quantities that will 
obey linear equations of motion are g,;;7" and r‘?"’, 
We have seen previously that in the frame of Eqs. 
(2.2), these quantities represented the canonical vari- 
ables of the theory; further, as was discussed above, 
they are coordinate-invariant to O(1/r) in the wave 
zone. They are therefore a suitable complete set of 
variables to describe the dynamics of the radiation. 
The proof itself will be given in an arbitrary frame and 
is subject only to the three inequalities characterizing 
the wave zone, as stated in Sec. 1. The field equations 


and 
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of the full theory are Eqs. (2.3) and: 


Oogij = 2N (8g) (ni 5— 850) + tn, 
Oyr'4= — N(8g)' (GR —Fg') 8R) 
+3N (8g)-3g'3 ("2 mn— 3m) 
—2N (8g)—3 (99? — dar’) 
+ (8g)'(NI— gin '™,,) 
+[ (9! ”™) | m 
In the wave zone, all components of g,,—n,, and mr’? 


go at most as ~a/r; as a result, all nonlinear terms are 
O(1/r*) and Eqs. (2.6) reduce to 


O0gij= 2 (9 — 96:9) +05; +0; +0(1/r), 


(gij kT Ber ij— Qik, kj — Zire, et (N i; —82N wv) 
+36'( gre, 1ce—gZut,nn) FOC; 7”). (2.7b) 


=F (<9 nn” }. (2.6b) 


(2.7a) 


To examine the motion of the dynamical modes, we 
perform the orthogonal breakup of Eq. (2.1) on Eqs. 
(2.7), noting that it commutes with both 0» and 4). 
Formally, the “77” parts of the equations are obtained 
by applying the linear operation, 


fi jl = fii sbi; fu (1 W)C fiat Situ 


— $55; fim im 4 fu ;-(1 BV") firms, tes.) (2.8) 


As is shown in Appendix B, this operation is well- 
defined even for f;;~1/r, 1/r° and yields then /;;7" 
~1/r, 1/r°, respectively. The equations obeyed by 
gij7? and x77 to order 1/r are just 


Oogij?? = 2r'377, (2.9a) 


domi? = 1Y2e, TT, (2.9b) 
To complete the proof, it remains to be shown that the 
terms of order 1/r? dropped in Eqs. (2.9) are indeed 
negligible. First, if one is to neglect ~1/r? terms, then 
one must also neglect 1/r? terms in derivatives of g’” 
or #77, With g™’, r7’~e'**/r this means neglecting 
e'*=/f2 with respect to (k/r)e‘**. Our first condition, 


kr>I1 (2.10a) 


’ 


guarantees this. Correspondingly, Eqs. (2.9) yield 
information only about Fourier components satisfying 
the condition kr>>1, as the lower frequency parts give 
a contribution comparable to the 1/r? terms. Thus, 
Eq. (2.10a) has arisen just as in electrodynamics, where 
this condition is needed if one is to neglect the source 
terms. Turning to the O(1/r*) terms in Eqs. (2.7), we 
first consider nonlinearities arising from undifferentiated 
£uv—Nu» (as in expansions of g*” in terms of gu»). These 
give rise to quadratic terms at least | gy»— ty» 
times the leading linear ones. By our second condition, 


~a/Tr 


Suv— Nu» | ~a/rK A, (2.10b) 


such terms (as well as all higher powers of g,,—my») 
are negligible. The last class of ~1/r’ terms involves 
derivatives of gy», which are Skmax| Suv Mur) ~ Rmaxd/?. 
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We wish to show that a component of g;;~ae’/r can 
be treated by linearized theory in the presence of other 
Fourier components extending up to frequencies ~ Rmax. 
Equation (2.7a) then shows that the k frequency part 
of mr’? is ~kae**/r, which we will use in estimating the 
O(1/r*) terms of Eq. (2.7b). Every term in Eq. (2.7b) 
contains ,two derivatives of g,, (counting w‘/ as 9g). 
A k fréquency component in the leading linear terms 
is then ~#ae"**/r. In the nonlinear terms, factors 
containing frequencies up to Rmax may interfere to 
produce a k frequency component. The maximum 
value of such a term is ~Ryax2(a/r)*e"*”. [Higher order 
nonlinear terms, which contain no additional deriva- 
tives, are smaller by higher powers of (a/r).] By the 
third condition, 

k>k 


nax(@ r)*, 


(2.10c) 


these too are negligible. Similar arguments then show 
that the O(1/r*) term in Eq. (2.7a) is smaller than the 
leading term there by a factor (Rmax/k)(a/r)K1. This 
shows that the O(1/r’) terms in Eqs. (2.7) are negligible 
compared to the leading linear 1/r structures. 

Equations (2.9) were obtained by applying the “TT” 
operation of Eqs. (2.8) to Eqs. (2.7). As we have 
mentioned, Eqs. (2.9) are only meaningful for the high 
frequency components. For these components, the 
significant point (shown in Appendix B) is that the 
“TT” operation preserves magnitudes so that the 
O(1/r*) terms yield a negligible contribution to Eqs. 
(2.9). This completes the derivation that the dynamical 
modes in the wave zone obey the linearized equations 
(2.9) at a fixed time. 

Finally, we will show that these modes continue to 
propagate according to the linearized equations for a 
sufficiently long time. To do this, we show that the 
neglected O(1/r*) terms (which were negligible initially) 
do not produce large cumulative effects upon time 
integration. We proceed by iteration, that is, we 
integrate the linear equations, and use these solutions 
to estimate the integrated effect of the higher terms. 
For example, we take Eq. (2.9b), and consider the k 
wave number component: 

OyrITT = —Ik?g, TT+O,(1/r’). (2.9b,) 
The linear solution has frequency w=/|k!|, but the 
O;,(1/r*) terms may be time independent even with 
wave number k. Such terms, in fact, being secular, will 
grow fastest in time integration. The ratio, A, before 
integration, of O; to k’g?” is X~ f/r<1 by Eq. (2.10b). 
Integrating for a time r, the leading term is multiplied 
by w'=|k|~, the secular O, term by +. Thus the 
ratio becomes A~kr(f/r) and thus remains much less 
than one for many periods. We now see that this 
available time is sufficient for our purposes. Initial data 
are available for Eqs. (2.9) only in the wave zone, r>R. 
Thus at a point r=R+Z, one can only integrate the 
linearized equations up to a time ZL later (since after a 
longer interval one would be within the light cone of 
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the interior region). Thus the error becomes at most 
A~ (kf) L/r. To estimate kf, we note the mass contained 
within R<r<R+L is, by the linearized Hamilton- 
ian, Sr®+’d7[4(Vg??)2+ (977) I~ RPL < mot. Thus 
ASK (L/r)*(meor/r)', and since L/r<1, and mrot/rK1, d is 
quite small. 

The remaining field equations in the wave zone, 
ie., the equations for dog", dogi,;, Aow*,;, and Ogr™ can 
be obtained by similar arguments. They are 

Gog? =[—74': ], 


(2.11) 
dor’ ;=0, (2.11b) 


Ni,j— (1 V*)e? i; 
+[29* ;—(1/V?)4" 1:5], 


—2VV—[AV%9") 


008i, 5 = 


(2.12a) 
da? = 


and again are meaningful only for high-frequency 
components. From the constraint equations (2.3), one 
can see that r* ;, V?g?’~1/r*. Thus the bracketed terms 
in Eqs. (2.11, 2.12) are to be discarded. Note that Eqs. 
(2.11) are Bianchi identities, while Eqs. (2.12) deter- 
mine N and »; when coordinate conditions are imposed 
on x” and g;. In Appendix C, an alternate derivation 
of Eqs. (2.9) is given under slightly stronger assump- 
tions than those used here. The extra assumptions are 
of the type needed in order that higher multipole terms 
in (1/V*) 7°, be negligible compared to the monopole 
term in the wave zone (which can always be satisfied 
by suitably increasing the radius of the wave zone). 
The derivation then shows that Eqs. (2.9, 2.11, 2.12) 
are valid also for low frequencies. 


Ill. OBSERVABLES IN THE WAVE ZONE 


The main result of the previous section was embodied 
in Eqs. (2.9) for the 1/r parts of the dynamical modes 
of the full theory, g?” and 277, in the wave zone. 
Equations (2.9) are identical in form to the equations 
for the canonical variables in linearized theory and 
therefore correspond to the linearized Hamiltonian 
density 5 jin=4(Vg"")?+(x77)*. These equations are, 
of course, linear, ensuing that superposition holds; 
further, they are source-free, indicating that the radi- 
ation propagates independently of its origin, and with- 
out any self-interaction or dependence on the New- 
tonian-like part of the field. Thus, the flat-space wave 
equation 1)" riatgij77 =0 represented by (2.9) shows the 
absence of curvature effects on the radiation. Note also 
that coordinate effects have disappeared from the wave 
equation, since the coordinate-dependent parts of the 
field, gi, 7, and go, are no longer present. Since g,;77 
and x‘/7T are invariant to order 1/r under coordinate 
transformations which leave the metric asymptotically 
flat (and which do not involve a Lorentz transformation 
at infinity), they represent a coordinate-independent 
description of the radiation in a fixed Lorentz frame. 
When a Lorentz transformation is performed, one must 
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use the “7T” variables in the new Lorentz frame to 
describe the radiation, just as in electrodynamics one 
must use the transverse parts of the transformed A’ 
and E’. 

In the presence of matter (e.g., the Maxwell field), 
the above derivation may be carried through equally 
well, provided, of course, the matter system is contained 
in the interior region (and has finite energy content). 
Under these circumstances, any gravitational waves in 
the wave zone are still independent of the matter 
sources. Even if electromagnetic waves are propagating 
in the wave zone with small amplitude (and ~1/r), 
the gravitational radiation is still unaffected by the 
electromagnetic waves, since the latter couple quad- 
ratically (~1/r*) into the field equations (2.6). Thus 
in the common wave zone, the two systems are cor- 
rectly independent. 

Our discussion has so far been concentrated on the 
dynamical (“TT”) modes in the wave zone, where 
they are coordinate-invariant and represent the 
physical waves. We can also examine coordinate waves 
in this region; the only components of g;; and 2‘? 
affected by coordinate transformations to ~1/r are 
gi,; and x” (as are also go,, by the equations of motion). 
Therefore, g;,; and w” carry the effects of the choice 
of coordinate system. One may then adopt the con- 
vention that a frame for which these quantities are 
nonoscillatory (in order 1/r) has no coordinate waves. 
The frame of Eqs. (2.2), for example (where g,,;=0 
=m"), falls within this class, as does the “isotropic” 
frame (see V) specified by g;,;—(1/4V*)g’ ,;=O=27 
+2‘ ;. For such “static” frames, the frequency kmax 
appearing in condition (2.10c) is then a physical wave 
frequency rather than one connected with a coordinate 
wave. However, in an “oscillatory” frame, where g;,; 
or x” are not static, the highest frequency in the full 
metric may reside in the coordinate waves. In this case, 
condition (2.10c) may be unnecessarily restrictive, due 
to the choice of coordinates. Such a situation may be 
recognized independent of our convention simply by 
noting that the full metric contains frequencies higher 
than those in the canonical modes. One has then defined 
the wave zone to be further out than is necessary. By 
making the coordinate transformation x'’=x'+g,, 
t=t—(1/2V*)"™, one may remove these excessively 
high-frequency coordinate waves (of course, only the 
high-frequency parts of g; and x” need be included in 
the transformation). Similarly, condition (2.10b) may 
also be too restrictive if the size of the metric is governed 
by its coordinate parts g; and x’. 

We turn next to the question of energy flux in the 
wave zone, i.e., to the Poynting vector 7”. In the 
canonical formalism, as developed in III and IV, an 
expression for J“ has not been derived. It is not @ priori 
the same as the momentum density 7, which was 
shown to be —2z7‘’,; in the frame (2.2). However, a 
simple physical argument proves that, for the wave 
zone, at least, T®= 7%= —2n') ;=2n'"I"',,,. We have 
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seen that, in the wave zone, the full metric g,, satisfies 
the linearized equations (2.7), along with linearized 
form of the constraint equations (2.3): 


£i5,4j—8ii,j;=OA/P)~0, —2xr*? ;=O(1/r)~0. (3.1) 


Thus, if one imagines a dilute absorber of energy in 
this region (i.e., one whose energy content is not so 
highly concentrated as to produce strong fields), then 
the behavior of such an absorber is governed by 
linearized theory.® Since linearized theory is a standard 
Lorentz-covariant theory, its symmetric stress-tensor 
can be obtained by conventional techniques; the result 
has been recorded in I. In particular, the energy 
absorbed is given by this T”. One may also carry out 
the proof of this result from the point of view of 
emission of the energy rather than its absorption. 
Although the physical metric we are considering satisfies 
Eqs. (2.7) and (3.1) without the O(1/r*) terms, only in 
the wave zone, it is possible to construct a parallel 
situation in which the field is everywhere weak, but 
agrees with the first in the wave zone. Since it is weak, 
the parallel field satisfies linearized equations every- 
where. However, in order to obtain agreement between 
the corresponding solutions in the wave zone, one must 
introduce fictitious matter sources in the parallel 
situation (whether or not there were any in the original 
case). This is needed in order to simulate the effects in 
the wave zone solutions produced by the O(1/r’) terms. 
Thus, while the interior O(1/r?) terms do not affect 
the high-frequency components of the solutions (Sec. 2), 
they can conceivably modify the low-frequency parts, 
which include the dominant parts of g? and x‘. For 
example, Eqs. (3.1) for the parallel situation read: 


8ii,j5— 8i3,ij>= Vg" = Ts°0, (3.2) 
(3.3) 


— 2a) = — l(a ptr g=Ts°:, 


where the simulating sources 75°, vanish in the wave 
zone and are to be distributed sufficiently thinly within 
the interior region so that linearized theory remains 
valid. To show that the simulation can be achieved by 
dilute sources, consider for example, Eq. (3.2). We wish 
to reproduce the physical g’ by (1/¥*)Ts%o. Since g’ 
satisfies the Laplace equation in the wave zone (and 
beyond), is of the form >> r~'" Vim(0,¢)M im. Therefore, 
one need only choose Ts°» such that /o%d*r r'VimT 3° 
= Mim. By the condition (2.10b), Mi»,/r't!~a/r\, ie., 
Mim~ar'. Thus, the conditions on T 5° can be satisfied 
with a | Ts°o| of the order of magnitude a/R* (where R 
is the inside radius of the wave zone) up to r~ R and 
zero outside. For such a source, (1/V?)Ts°s~a/R<1 
everywhere, so that the analog g’ is kept small through- 

5To analyze the behavior of the dilute absorber, consider 
initial Cauchy data for both the field and the absorber specified 
in a region many wavelengths in size around the absorber. These 
data are sufficient to determine the state of the absorber for a 
time many periods long, during which the absorber’s backward 
light cone intersects only this region. Since the system is in the 
wave zone, the final state of the absorber is given by linearized 
theory [by the discussion of Eq. (2.9b,)]. 
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out. Equation (3.3) can be similarly analyzed for 2‘. 
The fictitious Ts°, we have introduced will require a 
Ts‘; such that Ts*,,,=0 to maintain the Bianchi 
identities. This Ts‘; will also be small; it will appear 
in the analog of Eq. (2.7b) and, like Ts°,, vanishes in 
the wave zone. With the analog g’ and 7‘; now guaran- 
teed weak everywhere, we may specify the remaining 
analog components of g;; and 7‘? initially to agree 
with the physical field in the wave zone and to be weak 
in the interior. The components go, may be similarly 
specified for all time, since no time derivatives of them 
appear. The linearized version of Eqs. (2.6) [i.e., Eqs. 
(2.7) ] now holds rigorously for the analog metric for 
all space. The latter then propagates maintaining 
smallness, and hence, according to linearized theory, 
for sufficiently long times,® i.e., /~R. We have now 
guaranteed the identity of the two situations in the 
wave zone. Note that the analog metric is a solution of 
the full theory’s equations; due to its smallness it was 
seen to be a solution of the linearized equations as well. 
An absorber of gravitational radiation in the wave 
zone, then, clearly cannot distinguish between the two 
situations, and we can therefore use the Poynting vector 
of linearized theory to measure the energy flux of the 
radiation. 

The Poynting vector as given by linearized theory, 
must of course be time-averaged, as in electrodynamics. 
However, since coordinate waves do not necessarily 
have frequency related to wave number, one must also 
average over wavelengths to obtain the physical 7” 
in the presence of such waves.’ From I, one finds that 


T in™ " or (2gi:77 m— Zim?) (3.4) 


to O(1/r’?), where the averaging is understood. In 
establishing Eq. (3.4), it is easiest first to verify it in 
the coordinate system (2.2), where g;=O=27. One 
may then show that 7);," in any other frame differs 
from its value in this frame by divergences of quadratic 
structures such as (£ ,,¢',;),;, as well by terms mani- 
festly O(1/r*). If &, represents a coordinate wave 
(fe'»*/r), then the divergence is either oscillatory and 
~ 1/r or the phases cancel, in which case it is ~ (1/r*), ; 
~1/r’. Thus, with the averaging over oscillations, T* 
is coordinate-independent through O(1/r?). The right- 
hand side of Eq. (3.4) is obviously coordinate-invariant 
through O(1/r*) since 7? and g’” are invariant through 
O(1/r) and the change due to transforming the gradients 
is also ~1/r*®. Hence Eq. (3.4) provides an invariant 
formula for the wave-zone Poynting vector. Note that 
g’ and r‘ do not enter to O(1/r*), showing that the 
Newtonian-like parts do not affect the energy flux of 
radiation. Similarly, in electrodynamics, E% does not 
contribute to EXB since E’~1/?’. 


6 The derivation is similar to the one used in the discussion 
Eq. (2.9b,). 

*One can always recognize the existence of such coordinate 
waves in the Poynting vector since, starting from the frame (2.2), 
they are found entirely in g; and x”. In frame (2.2), Thin‘ is just 
the right-hand side of Eq. (3.4) without spatial averaging. 
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We now show that the Poynting vector is indeed 
— 29"? ;=2n'"T'im. The right-hand side of (3.4) is just 
2r'"T'im+O(1/r*) in the frame of Eqs. (2.2), and 
2n'"T"',,, can be verified to be coordinate invariant 
through O(1/r*) as above (the transformation terms 
forming divergences of quadratic structures). Finally, 
—2nr') ;=2n'"T'1, in all frames. (The invariance of 
r'? ; is also directly verifiable from its definition.) The 
invariance of the Poynting vector holds only if the 
Lorentz frame at infinity is left unchanged by the 
transformation, since the invariant components of g;; 
and 7‘? discussed earlier in this section would otherwise 
be altered. Under Lorentz transformations, 7 trans- 
forms, of course, like the (70) component of a Lorentz 
tensor, as can be seen from its linearized theory defi- 
nition. 

In the presence of matter, the constraint equation 
(2.3b) used above is modified to become 


as 2x') 5= Qe!” Tint Tu”, 


(3.5) 


where to O(1/r*), any metric dependence in Ty may 
be replaced by its flat space value. The total Poynting 
vector, i.e., the energy flux carried by all fields, in- 
cluding the gravitational field, is 


(3.6a) 


rT of -_ t 
T tot = —2nr o ts 


while the measure of purely gravitational energy flux 
remains 
T erav = 2n'"T lm: 


(3.6b) 


The separate fluxes are clearly additive. 

The canonical variables can be measured in any 
frame by means of Fourier analysis of the field, since 
the kr>>1 condition implies that the wave zone is large 
enough to single out a particular Fourier component. 
If one takes such a Fourier component of g;; and dog;,, 
gijs(Rk)™? and w‘4(k)™? can be extracted algebraically. 
Alternately, one may measure the curvature tensor 
*R,",g to obtain these physical quantities’: 


gij(k)?? = (2/k*) *Ry"(R), 
7 i(R)TT — (ikm k?) 4Romj(R), 


(3.7a) 
(3.7b) 


where k is the propagation vector. Such measurements 
find a parallel in Maxwell theory, where E’, A’ are 
found from E and B by 


E’ (k)= E(k) —k(k- E)/k’, 
A’ (k)=ikX B(k)/k’. 


(3.8a) 
(3.8b) 


While Fourier measurements are, in principle, nonlocal 
in space, for a fixed desired accuracy, the region 
required is finite. In fact, electromagnetic wave meas- 
urements are commonly of this type, as are recent 
proposals for measuring gravitational waves.® 

§ Equations (3.7) again demonstrate the invariance of g;;77 
and x'i7T in the wave zone, since, as is well known, ‘Ra*yg is 
coordinate invariant in linearized theory. 

9 J. Weber, Phys. Rev. 117, 306 (1960). 
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Finally, it may be noted that ‘S-matrix’” types of 
measurements made in the asymptotic domain are 
sufficient to determine a great deal of other information 
about the interior region. For example, Plebanski' has 
recently shown that the properties of orbits (even if 
they remain in the strong field interior) can be deter- 
mined by geodesic projection to the asymptotic domain. 
Thus, with knowledge of the invariant physical quan- 
tities at infinity, one may, in principle, discuss a wide 
class of characteristics of the system with apparatus 
located entirely outside strong gravitational fields. 


IV. DISCUSSION 


In this investigation, we have considered under what 
circumstances the full self-interacting gravitational field 
possesses a wave zone in which its wave modes behave 
as a radiation field propagating independently of the 
sources and according to the equations of the linearized 
approximation." To do this, it was necessary to examine 
the rigorous field equations; it was then found that, if 
the full metric becomes flat as 1/r at spatial infinity, 
a wave zone always exists. In this region, the basic 
physical quantities describing the radiation’s amplli- 
tudes and the energy it carries are invariantly defined. 
Further, the above boundary condition on the metric 
necessarily implies that a wave front exists, beyond 
which the physical waves fall off rapidly. Otherwise, 
one would find an infinite contribution to the energy 
from the radiation in the wave zone (using the linearized 
Hamiltonian (which is valid there), and then from 
g™ = (1/V*) 7%, g? would violate the asymptotic require- 
ment. The necessity for the existence of a wave front 
has previously been noted by Papapetrou.”*! 

It is instructive to compare our results with some 
previous investigations on radiation. In a recent work, 
Trautman" has discussed the generalization of the 
Sommerfeld outgoing wave conditions to gravitation. 
The main aim of Trautman’s work was to formulate 
appropriate radiation boundary conditions in the hope 
that these conditions would be sufficient to replace the 
initial Cauchy data for the gravitational field. In that 
case, one would have an analog of the retarded Green’s 
function specification of solutions in linear theories, in 
which knowledge of the external sources plus outgoing 
wave boundary conditions are sufficient to determine 


10 J. Plebanski (private communication). 

1! A. Peres and N. Rosen, Nuovo cimento 13, 430 (1959), have 
suggested that linearized theory may not be a valid approximation 
even when g;; and dog;; are weak. In arriving at this, they fail to 
recognize that the apparently linear quantity yg" is really. of 
second order, this being the content of the constraint equation 
(2.3a). Their difficulty is due to their “inconvenient” choice of 
Cauchy data, g;; and dog;; (rather than g;; and 7’), which, as 
they show, leads to an unstable determination of the solution. 

2 A. Papapetrou, Ann. Physik 2, 87 (1958). 

8 The possibility of using a wave front to make the energy 
finite seems to have been overlooked in a calculation similar to 
Papapetrou’s by A. Peres and N. Rosen, Phys. Rev. 115, 1085 
(1959). 

4 A. Trautman, Bull. Acad. Sci. (Poland) 6, 403, 407 (1958). 
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the solutions uniquely. Since Trautman was concerned 
with characterizing outgoing waves, he did not investi- 
gate the structure of the full field equations; in this 
paper, we have stated under what circumstances (i.e., 
the wave zone criteria) such radiation may exist. Also, 
the coordinate frames he considered were restricted by 
asymptotic DeDonder conditions, so that all his 
coordinate waves satisfied the wave equation asymp- 
totically. Hence, no general separation was made 
between the invariant wave amplitudes and coordinate 
effects. 

A minimal invariant statement of the outgoing wave 
boundary conditions is provided by g;;'" itself: 
(0,+0,)g:;77~1/r’; this condition is significant in the 
wave sone, where g;;'" is ~1/r. Since g;;7" is expressible 
in terms of the curvature tensor [Eqs. (3.7) ], these 
two conditions may be rephrased as k*R,;jo~ 1/r’, where 
k* is the outgoing propagation vector, k,=0,(r—(). 
The “pure radiation” conditions of Lichnerowicz'® are: 
R*Rya8y=O=kyRasjor, and it is easy to see that these 
are satisfied in order 1/r in the wave zone, using the 
field equations. It is interesting to note that, on physical 
grounds, the conjecture that outgoing wave boundary 
conditions determine the solution uniquely can be 
related to one made by Papapetrou.” In turn, these 
ideas are connected with the question of the positive- 
definiteness of the gravitational field’s energy.'® Papa- 
petrou has given arguments for believing that every 
solution of the Einstein equations satisfying g,,—n» — 
0 as r— © is such that for /— ~, the field becomes 
time-independent in a suitable frame. That is, g,,— 
g*y» th, where g*,, is time-independent, while 4,,— 0 
at ‘=~, According to a theorem of Lichnerowicz,'’ 
the only time-independent solution of the source-free 
field equations is given by flat space, i.e., g°,..=My», 
the Lorentz metric. Thus, one would expect'* by this 
theorem, that the energy (which is, of course, con- 
served) is positive-definite since the linearized theory’s 
energy expression (see 1) E= f-d*r[4 (gij77 .)?+ (9! 77)? | 
20 is valid as /— «. The physical situation at /= ~, 
then, is of a spreading radiation field, such as f(¢—r)/r, 
which gets more diffuse with time. The conjecture of 
Papapetrou therefore states that all initial field con- 
figurations (however intense) eventually dissipate into 
free radiation. The contrary possibility, namely a bound 
state of the field (e.g., a completely stable geon), which 
Papapetrou excludes from his discussion (since it 
cannot be treated by perturbation expansions), should 
physically have negative energy. No such bound-state 


18 A. Lichnerowicz, Compt. rend. 246, 893 (1958). 

16 For some classes of solutions, it can be shown that the field’s 
energy is positive-definite: D. Brill, Ann. Phys. 7, 466 (1959); 
R. Arnowitt, S. Deser, and C. W. Misner, Ann. Phys. 11, 116 
(1960). 

17 A. Lichnerowicz, Theories Relativistes de la Gravitation et de 
l’ Electromagnetisme (Masson, Paris, 1955), p. 142. 

'8 Actually, Lichnerowicz’s theorem would have to be general- 
ized to make this argument rigorous, since g‘,, does not rigorously 
satisfy the Einstein equations (the /,, acting as effective weak 
sources). 
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solutions are known at present. Returning to Traut- 
man’s radiation boundary conditions, then, it would 
seem physically reasonable that such conditions could, 
in fact, replace initial conditions on the independent 
gravitational wave modes. For, with the exception of 
bound states, these modes would eventually spread out 
to spatial infinity and be determined by the radiation 
conditions there. 

Another approach to radiation has been that of 
Petrov’ and Pirani” in terms of the algebraic structure 
of the Riemann tensor, Ry»as. By analogy with Maxwell 
theory (where E-B=0= E*—B? are the characteristic 


algebraic properties of plane waves, and hold asymp- 


totically for an outgoing radiation field), Pirani sug- 
gested that the form of R,,as representing radiation 
should be the case II-null of the Petrov classification. 
Thus, their approach would suggest that the curvature 
tensor represents free radiation in the wave zone only 
if its 1/r leading term has the II-null structure. This, 
in fact, agrees with the results obtained here. Thus, 
using the linearized form of the Riemann tensor and of 
the field equations (valid in the wave zone), one easily 
finds” that Ry,ag is type [I-null to order 1/r. 

The provides the information 
concerning the behavior of radiation; it is also of 


wave zone metrik 
interest to investigate the properties of the metric past 
the wave front. More generally, one may examine the 
truly asymptotic form of the metric whether or not 
radiation exists. This will be carried out in a following 
paper (IVc). Beyond the wave front, the dynamical 
variables g;;7"7, ;;'" are negligible, leaving only the 
Newtonian-like parts of the metric g’? and a‘ and the 
and «7, It is 
shown in Appendix C that g’ and r' are determined 
entirely by the energy-momentum /P* of the system; 
they are of order P*/r and their derivatives are ~ P*#/r° 


coordinate-dependent components g; 


(see also [Vc). Thus it is possible to choose coordinates 
, no coordinate 
waves). It would seem reasonable, therefore, to expect 
that one can choose frames in which Lichnerowicz’s 
boundary conditions"? g,,.¢~1/r are satisfied even when 
radiation is present. Of course, they must be understood 
to hold in the truly asymptotic region beyond the wave 
front at each fixed time. 


yielding nonoscillating g, and 2” (i.e., 


9 A. Z. Petrov, Sci. Notices Kazan State Univ. 114, 55 (1954). 

*F. A. E. Pirani, Phys. Rev. 105, 1089 (1957); see also H. 
Bondi, F. A. E. Pirani, and I. Robinson, Proc. Roy. Soc. (London) 
A251, 529 (1959). 

*1 By a suitable choice of reference frame at a point, the II-Null 
criterion states that Rj212= Rj220= R3i30= R2020= Riszi = Rosso, with 
all other components not obtained by symmetry vanishing. This 
condition is satisfied by a wave travelling in the “1” direction, and 
polarized in the ‘2, 3” directions: go2?? = —gs; j 
(w=|k}) all other g;;77?=0. Note that the II-Null criterion is 
satisfied by a superposition of spherical waves, provided they are 
purely outgoing (or purely incoming). However, it is conceivable 
that, from our wave zone definition, there may exist radiation 
propagating in more than one direction. In that case, the I-null 
criterion is satisfied by the separate contributions to the curvature 
from each propagation direction. Of course, at sufficiently large 
distances, all waves look spherical. 


~ gag? T = fei ted) /p, 
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APPENDIX A 


We state here a form of solution for the Poisson 
equation which is useful in making estimates of size 
of terms in text. In V?g=—4p, we expand ¢ in 
spherical harmonics: 


(A.1) 


¢o(r)=)>> Xim(r)r'V im. 


” Min(r')dr 
Xim(1) -{ ’ 
: y/2t+2 


M tm (r) = f dy’ or’! oe 
0 


The solution (A.1) has incorporated 
condition that ¢ 
have for ¢.;: 


One finds 
(A.2a) 
with 


(A.2b) 


the boundary 
-»0 at infinity. Correspondingly, we 


Gc » & Xim r' Vim), i— >, M tm(r)x'r—**¥V im. (A.3) 


We will use these equations to obtain the asymptotic 
behavior of ¢ and ¢,; both in the wave zone and 
beyond. We first establish the behavior of ¢ in a region 
where p has the oscillatory character p~ Yine'*’/r”. 
For our uses, the region will always extend over many 
wavelengths, and of course -kr>>1. Then only the 
moment M;,, survives. By Eq. (A.2b), 


R r 
Min=(f +f )ere'¥ mo 
0 R 


> (ik) "2 1+-O(1/kr) |+cim. (A.A) 
Here R is a radius beyond which the asymptotic form 
for p is valid. The constant c;», is determined by the 
interior behavior of p; it is the integral up to R plus 
the contribution from the lower limit (R) of the re- 
maining integral. From Eq. (A.1), one finds 


k 


e**r 1 
e~ (1/2?) —V wml 1+O0(1/kr) ]+-CimY¥ tm — 


r’ git 


(A.5) 


We shall be interested in text in the oscillatory part of 
gy. The cim term does not contribute to it; hence for 
high frequencies, V? can be inverted locally. This is 
true even if the ci, term is numerically very large in 
the wave zone. 

A second case of interest is one in which one knows 
only /o*d*r| p| =B is finite. Then 


Mim| < Br', (A.6a) 


so that 


I"! Xim| < B/r. (A.6b) 


For this situation, g~1/r and ¢ ;~1/r’. 


APPENDIX B 


In this appendix we consider the orthogonal decom- 
position of a symmetric tensor /;;, and relate its asymp- 
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totic behavior with that of its orthogonal components. 
These components are defined by 
fig= (A/V?) fik.e3—3L01/V97) fim, im 
fas? =4L f78,,— (1/02) f? 
fF = (1/9?) (furmm— fim,im); 


(B.1a) 
(B.1b) 


fix? = fis— faz™ — ( fi54 f; i) (B.1c ) 


where 1/V? means that solution of the Poisson equation 
which vanishes at infinity. Note that only the operator 
(1/V*?)0,0; appears in Eqs. (B.1), and that the order of 
these operations (0,0; and 1/V*) can be important to 
insure that 1/V* exists. We restrict ourselves to a 
“static” asymptotic behavior for /,; since oscillatory 
terms have been separately treated in Appendix A. 
Thus we assume 


(B.2) 


and, of course, that /;; is regular for some interior region 
where this asymptotic expansion is no longer valid. 
By linearity, it is sufficient to consider one term in /;;, 
say fij=y~a,/r". To compute (1/V*)y,;;, then, we 
need the moments M;,, of y,;;. The monopole and 
dipole moments can be evaluated explicitly : 


Ma= f attr by aS; ~(d,)/7r" 
0 
Mu= Mudr= G sV.d5i— $ yd 


~ (a ie 


(B.3b) 


The symbol (a, is used generically to represent angle 
averages such as fdQa,Yim. For the higher moments, 
we have 


R r 
Min=( f +f ) rh Y r~ (ay) T Cim- (B.4) 
0 R # 


Here R is a radius beyond which the asymptotic 
expansion for y is valid. The constant ¢;,, is determined 
by the interior behavior of y; that is, it is the integral 
up to R as well as the lower limit (R) contribution from 
the remaining integral. [Note that in Eq. (B.4), but 
not in Eq. (B.3), “r” Inr.| Then from 
Eqs. (A.1,2) we have 


can mean 


” Y ta 
(B.5) 


yl 


Thus, for 7<3, the leading term in (B.5) is determined 
by the asymptotic behavior of y (and no Inr factors 
appear), while for »>3, the leading term is affected 
by the interior behavior of y (and the term with 
1+1=n may also contain r~* Inr). 
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We summarize our results relating to the decompo- 
sition of f;;: First, the orthogonal components are 
defined whenever /;; vanishes as 1/r* at infinity. 
Secondly, terms slower than 1/r’ in the asymptotic 
expansion of /;;77, f;;7, and /;,; are determined by, and 
are comparable in magnitude to, the corresponding 
terms in f;;. (By Appendix A, the identical statement 
holds for oscillatory terms.) Finally the 1/r* and higher 
terms are influenced by the interior behavior of /;;, so 
the magnitude of their coefficients cannot be estimated 
from the asymptotic behavior of f;;. [These static 
“interior” terms in Eq. (B.5), which involve cin, can 
be numerica!iy quite large if the system has enormously 
high interior multipole moments. In that case, they 
could, in some region, be the dominant terms of the 
orthogonal components of /;; even though they may 
not be the leading terms in powers of 1/r. For the 
cases n<3, however, they can always be made negligible 
by taking r large enough. This procedure will be used 
in Appendix C, but is not necessary for the wave zone 
derivation in text. ] 


APPENDIX C 


We give an alternate derivation of Eqs. (2.9), that 
the rigorous dynamical modes obey the linearized 
equations in the wave zone. The proof is performed 
directly on the asymptotic form of the field equations 
without applying the orthogonal decomposition oper- 
ator on them. This can be done by use of coordinate 
conditions (2.2), and it will then be seen that the 
results hold in any asymptotically rectangular frame. 

The usefulness of the frame (2.2) lies in the fact that 
for it, g;,;=0=2'’". Thus by substituting for g;; and 
x’ their decomposition (2.1) into Eqs. (2.7), the latter 
may be written as 


Oogis? + O0gis" 
= Qe TT (2e'+-ni), 5+ (24?+05),. 
— 28; .+0(1/r2), (C.1a) 
dom '3TT+ Oo (wi +45 ,) 
07g. 57? —3L6,;V?(2N+38") 


—(2N+4g"),:;J+0(1/r), (C.1b) 


where the O(1/r*) terms are negligible by the two 
conditions on the wave zone which eliminate nonlinear 
terms. We will derive Eqs. (2.9) by showing that all 
terms except those involving g,;;77 and w‘#7? are negli- 
gible. We first show that w*,;~1/r* and is negligible. 
(Note that 1/r? is nol a priori negligible with respect to 
1/r, since the ratio of such terms might be a large 
number such as R/r where R is a length of the order of 
the wave front radius.) From the constraint equation 
(2.3b), we have 


Ver = — 9 (al in) c= — 3 (Dl) (C.2) 


By Appendix A, the oscillatory parts of m'; arise 
entirely from the oscillatory parts of (#I"'),, in the 
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wave zone. These behave as ~k*a’e'**/r’?, and, by 
Eq. (A.5), contribute to r',; there a term ~ka®e**/r’, 
which is negligible. We may therefore assume in the 
remainder of the derivation of x‘; that (I) is non- 
oscillatory in the wave’ zone. The moment (see Ap- 
pendix A) associated with the source (zI") ,; is 


Mim f 9! Vim’ (xT) dy’ 


0 


me gor Vim’) (a) dS 


-{f (7”"Vim’),(xT*)d*r’, (C.3) 


0 
We estimate M),, as follows: 


r 


M imSr'*( | xT *|)+4' f rl | d*r’, (C.4) 


0 


where the symbol (_ ) represents the angular average. 
Hence from Eqs. (A.1), (A.2a), 


ie dr’ 44 : 
(| eT*| )d3e’ +f f d'r|aT'|, (C.5) 
_ ae 


We note first that, since 2(7I"') is just the momentum 
density of the field, 2,/o%d*r(xI)=P'< P*. In the 
inequality (C.5), there appear the absolute values of 
the density. It can be shown (see end of this Appendix) 
that '/ and I‘;, each go as ~1/r'** beyond the wave 
zone, so that | I*| ~ 1/r*** there; hence these integrals 
exist (assuming, as always, the regularity of the field 
throughout the interior). Setting 0*d*r|*eT|=P*, 
one sees that |2‘,;| < P’/r*. For most physical situations 
one expects P’~P'< P®; it is conceivable that there 
can exist situations with portions of the interior field 
carrying enormous momenta (P’~R, the radius of 
the wave zone) such that these cancel to the small 
number P'(<R). Here, one would have to redefine™ 
the wave zone to be a region of larger r such that P” 
again becomes <r (and wait for the waves to reach the 
larger boundary). For simplicity, then, we shall assume 
that P’’<r, so that 


x 


srf 


nr’ «~(P"/r)(1/r), 


(C.6) 


and is negligible in (C.1). To establish that the full 
nr’; is also negligible one again uses the methods of 
Appendix A, since 


Vx j= — (aI), ,— 0,09”. ». 


(C.7) 


The first source term, (wI"‘)_ ;, may be handled as before, 
while the 0;0;r?,, source can be shown by Appendix B 


2 An identical situation holds in electrodynamics in the presence 
of a current j,. One usually requires that /”| j,|d°r is comparable 
in size to f-j,d*r. For anomalous situations, the wave zone must 
be redefined as in the gravitational case. 
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to contribute ~ (P"”/r)1/r, using the previous estimates 
(C.4, C.5) for 3? ». 

We next examine the behavior of g’,;; this is 
obtained from Eq. (2.3a). The linear part of *R is 
clearly — V?g? and so the equation may be rewritten as 

—V2g7 = 0 (g;;,r'’). (C.8) 
Since § Pd'r=— f V°g"d'r= P*, one may think of # 
as an energy density. {Note, however, that @ is not 
the Hamiltonian density — 7% o[g,;77,r'477], as g? and 
xr’ have not been eliminated in terms of canonical 


variables in @° (see III).} From the wave zone condi- 
tions, it is clear that ®°~1/r? and is negligible, so that 
Vg" is to be discarded in Eq. (C.1b). To see that g? ;; 
is also negligible in this equation, we use the multipole 
expansion of Appendix B. The source term is then & ;;. 
Again the oscillatory terms of ®° can be treated sepa- 
rately, and shown to be negligible, i.e., to contribute 


to g’ ;; a term ~F*f*e'**/r?, From the remaining part 
of &, which is nonoscillatory in the wave zone, one 
then finds a contribution to g?,;~P”’/r’, where P” 
= fi*d*r| |. One can show P” to be finite, since 
7~1/r*** beyond the wave zone; its magnitude is 
expected in general to be ~P*= f{d'r0. Again, if 
there exist situations of large positive and negative 
energy contributions to the total P®, each much greater 
than P®, then P” would greatly exceed P*, and one 
would redefine the wave zone appropriately further out. 

The remaining terms to be proven negligible in 
Eqs. (C.1) (now that g’ mw’; and hence dor‘; are 
known to be negligible) are 7;,; and \,;; as well as 
dcg’,;. The n; and N terms are determined by the 
coordinate conditions, Eqs. (2.2): g;;,;=O0=a7. Thus 
the divergence of Eq. (2.6a) provides an equation from 
which »; may be estimated by the techniques of 
Appendix A. Similarly, the trace of Eq. (2.6b) allows 
N to be estimated. These estimates show that ;,; and 
Ni; go as ~1/r and are negligible, by use of the 
absolute value bounds on multipole integrals. (Note 
also that »; and N go as ~1/r.) Thus Eqs. (2.9) have 
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been derived; at the same time, one sees that Eqs. 
(2.11, 2.12) are also valid in the frame (2.2). 

To see that Eqs. (2.9) hold in any asymptotically 
rectangular frame, one uses the invariance of g;;77 and 
rTT to O(1/r) and the fact that the transformation 
of the explicit derivatives in these equations only 
introduces higher order terms. Equations (2.11) are 
similarly invariant, while (2.12) are clearly the trans- 
form of the above results to an arbitrary frame, due 
to the transformation properties of V and n; (i.€., goy). 
The above analysis has therefore shown that, in the 
wave zone, the full set of linearized theory equations 
are valid at all frequencies. 

We conclude this Appendix with a brief discussion 
of the behavior of the metric beyond the wave front. 
A more complete analysis of this domain will be found 
in IVc. The canonical modes g;;7? TT must fall off 
at least as ~1/r'** in order that the energy in the 
asymptotic region, $d 4(gi;77 4)?+ (i477)? ] be 
finite. In the frame (2.2), g3=O0=-27 while the quantities 
g’ and zw‘ are determined by the constraint equations 
(2.3). As shown in III, these equations may be re- 
written as 


bd ie 


Te, (C.9a) 


ie (C..9b) 


where 7°, is the energy-momentum density in the frame 
(2.2). Since these are Poisson-like equations, the leading 
1/r terms in their solutions depend only on the monopole 
moments of the-sources, P, =f 7°,d*r. One has then** 


g’~P»/r, (C.10a) 


n'~ P,;/r. (C.10b) 


Thus g’,; and x’; go as 1/r*, and by conservation of 
P, their time derivatives go faster than 1/r. Conse- 
quently, (wI"') goes faster than 1/r* and /d*r|xI" 
exists. A similar derivation shows that /d'r| ®| exists. 

%3 In distinction to the wave zone analysis, one need not estimate 
here the coefficients of terms going faster than 1/r since r may be 
taken arbitrarily large beyond the wave front. 
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It is proved that every term in the perturbation series for a scattering amplitude satisfies the Mandelstam 
representation when there are no anomalous thresholds. The absence of anomalous thresholds can be in- 
vestigated from a few low-order diagrams, or reduced diagrams. Under certain conditions it is shown that 
their absence in fourth order ensures their absence in every order. 


1. INTRODUCTION 
(a) Statement of the Problem 


N this paper I will describe a proof of the Mandelstam 

representation for a scattering amplitude for every 
order in perturbation theory. The proof applies to any 
collision process that does not have anomalous thresh- 
olds. It is shown that under certain conditions the 
absence of anomalous thresholds in fourth order en- 
sures their absence to all orders, and more generally 
that only certain lower order diagrams need be con- 
sidered. For simplicity the main account of the proof 
will be described for equal-mass scalar particles, and 
special features for more general particles will be 
discussed afterwards. 

The starting point of the proof is the scattering 
amplitude for a general Feynman diagram. This is a 
function of any two of the three invariant energies 
squared, s, /, and #. It is defined for real values of these 
variables in physical scattering regions by an equation 
of the form 


1 
F(s,t) = limit os f aby o* f ax, . 


II (¢7?—m’?+ie) 
j=l 


(1.1) 


where the internal four-momenta are denoted &,- - - k;. 
The four-momentum gq; for any internal line of the 
diagram will be a linear function of the k; and the 
external four-momenta p.. The small imaginary part 
—ie associated with each mass m? ensures that causality 
is properly included in the scattering process. The 
definition (1.1) is valid for each of the three physical 
scattering regions, which are denoted I, I, and III in 
Fig. 1. A change of variables can be effected by means 
of the relation 

(1.2) 


stitu=4m?. 


The problem involves two objectives. The first is to 
construct a function F'(2),z2) of two complex variables 
Z1, 22, that tends to the Feynman amplitude F(s,/) 
when a suitable limit is taken. The same function must 
also give the amplitude in the other physical scattering 

* This work was completed except for minor revisions while 
the author was a visiting physicist at the Lawrence Radiation 


Laboratory, Berkeley. It was reported at the Rochester Con- 
ference on High-Energy Physics in August, 1960. 


regions when we use a relation similar to Eq. (1.2) in 
three complex variables, 


tt Sot 2 
"“lie2 1 #3 


(1.3) 


4m?, 


and again take a suitable limit. The second objective 
is to show, that the function /’(2;,z2) 
dispersion relation proposed by Mandelstam.! 


satisfies the double 


(b) Outline of the Proof 
The amplitude given by Eq. (1.1) can be written? 


F (s,t)= limit Cy da: daw f dy - dk 


6(1—}-a;) 
x a] . 
[>-a;(97?—m?+ie) |” 


N\a@) 


limit C2 [ day: ° -da —, 
0 ° [D.(a,s,t) ]? 


where p is a positive integer and where 


D,.(a,s,t) sf(a)+ ig(a)— mK (a) +1e SjaiC(a). (1.6) 


— 


y@ 


rt 


by 














(a 


Fic. 1. The real s, # plane with equal masses. Physical scattering 
regions are denoted I, II, and III. The relation D<0 is first proved 
for the inner triangle and then extended to the larger triangle. 


1S. Mandelstam, Phys. Rev. 112, 1344 (1958) ; 115, 1741 (1959); 
115, 1752 (1959). 
2R. J. Eden, Phys. Rev. 119, 1763 (1960). 
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The value of D, at e=0 will be denoted D(a,s,t). When 
s and ¢ are real and have physical values, D, is nonzero 
for real values of a in the range of integration, since by 
inspection C(a) is positive when the @ variables are 
positive. Then the integral is weil defined, but it may 
become singular in the limit as « tends to zero, if the 
integrand has either coincident or end point singu- 
larities in each integration variable a;:--a, within the 
(real) range of integration. ® 

The first step in the proof is to show that the function 
F (z,t) defined by Eq. (1.8) satisfies a dispersion rela- 
tion in z; when / is real and in the range 


(1.7) 


— 4m? <t< 4m’. 


1 
Flsu)=cef day: 
0 


It is shown in Sec. 2 that F(z;,t) satisfies a dispersion 
relation and that when 


n(a) 
. da,—— —— 


[D(a,z,t)]” 


(1.8) 


—4m?<t<0, s>4m?—t, (1.9) 


the function F(z,,t) tends to the Feynman amplitude 
F(s,t) for process I as 2;=s+7e tends to s. It is also 
noted that for s<0 the Feynman amplitude for process 
III is obtained as z3=s—/7e tends to s. 

In step two of the proof the analogous single variable 
dispersion relation for a function F(s,z2) is written 
down.’ This contains an integrand 


F (s, t+ie')— F(s, t—ie’), (1.10) 


where / may be in either of the ranges (>4mm’, or i<—s. 
In order to express this integrand by a dispersion 
relation in z;, we must show that there exist analytic 
functions F(z, (+7e’) and F'(z;, t—ie’). Their difference 
must be shown to tend to the function (1.10) in a 
suitable limit and to satisfy a dispersion relation in 2, 
in the limit as e’ tends to zero. These functions are 
defined by the formula (1.8) in which ¢ is replaced by 
t+ie’. The proof that they have the required analytic 
properties forms the third step in the proof and is 
described in Sec. 3. 

The basis of this third step is the method of analytic 
completion® by which a domain of analyticity in the 2, 
plane for a particular value of 2: can be extended 
through a tube in 2), 22 space. The starting point is the 
upper half 2; plane, when 2;=/ is in the range (1.7), 
the boundary of the domain being a large semicircle. 
It is then shown that the semicircle can be displaced 
first to z2=/+7e’ and then to larger values of ¢ without 


*R. J. Eden, Proc. Roy. Soc. (London) A210, 388 (1952). 
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meeting any singularities of /(2;,z2). The same result 
is true for z.=/—ie’ provided e’<e where 2;=s+ic 
along the edge of the semicircle. This ensures the 
required analyticity for ‘>4m. The region t<—s is 
most simply handled by making a change of variable 
and using oblique axes.’ We note in Sec. 4 that this 
completes the proof of the Mandelstam representation 
for equal-mass particles. 

In Sec. 5 it is noted that a key point in the validity 
of the proof depends on the absence of anomalous 
thresholds. When the leading normal threshold bounds 
a physical region for the scattering process that is being 
considered, the fourth order diagram (or reduced dia- 
gram) determines whether anomalous thresholds are 
absent to all orders. This applies to pion-pion scattering 
and to pion-nucleon scattering for example. When there 
is a gap between the region where the amplitude is real 
and the physical region, it is necessary to consider a 
limited number of other lower order diagrams, in order 
to verify that there are no anomalous thresholds to any 
order. This has been for nucleon-antinucleon 
scattering as an example and is discussed in Sec. 5. 
In Sec. 6 some concluding remarks are made which 
note the particular points where knowledge from 
perturbation theory is explicitly used. Two alternative 
procedures for studying the validity of the Mandelstam 
representation are also briefly noted. 


done 


2. SINGLE VARIABLE DISPERSION RELATIONS 


In this section the analytic properties of F(2j,f) 
defined by Eq. (1.8) will be studied and it will be shown 
to satisfy a dispersion relation in z; when / is in the range 
(1.7). In an earlier paper’ it has been shown that 


D(a,s,t)<0, for a,;20, >a, 3 (2.1) 


when s and / are in the Euclidean region defined by 
Eq. (1.2), and 
(2.2) 


s20, 120, u20, 


with the exception of the three points s=4m?*, t=0, 
u=0, etc. We will first show that the function F(2;,t) 
exists, and is analytic for z; in the upper half plane, when 


0<1< 4m’. (2.3) 


Let 2;=5,+ 752; then 


D(a,2;,t) = (Si+ise) f(a) +lg(a)—m'?K (a). (2.4) 


We will assume that the a variables are all real and then 
show that D is never zero, which justifies the assump- 
tion. Since f, g, and K are each real for real a, D cannot 
be zero unless f is zero. If f(a)=0, then 


D(a,s,t)=tg(a)— m?K (a). (2.5) 


The right-hand side of Eq. (2.5) is a value of D(a,s,t) 
at s=0 for a particular set of values of the @ variables. 
But for / in the range given by Eq. (2.3) and with s=0, 
D is negative for all real positive values of the @ vari- 
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ables, including those that give f(a)=0. Hence the 
right-hand side of Eq. (2.5) is nonzero, and D(a,2;,/) 
is nonzero for z; in the upper half plane. Also for 
O0<s<4m?—t, (2.6) 
D(a,s,!) is nonzero and real. This proves that F(2;,t) 
defined by Eq. (1.8) exists, and that it is analytic in 
the upper half plane and in a region including part of 
the real axis given by Eq. (2.6). It therefore satisfies a 
dispersion relation. 
The region in which D is negative can be enlarged 
to the region 


s<4m*, 1<4n*, u<4m’. (2.7) 
Let us consider first the part of this region in which s 
and ¢ are positive. If D was not negative in this region 
(for a positive), there would be a singularity of F(z;,/) 
at the smallest real value s of 2; for which the change 
of sign occurs. By varying /, a straight line or a curve of 
singularities will be obtained. Any straight line of 
singularities would necessarily enter the Euclidean 
region (2.2), or one of the physical regions indicated I 
and II in Fig. 1. There are no such lines since there are 
no singularities of the function F(z,,f) in the Euclidean 
region, and the only straight lines of singularities 
entering these physical regions are the normal thresh- 
olds s=(nm)*, or t= (nm)*, n=2, 3, ---. There cannot 
be any curves of singularities between /=0 and t= 4m’. 
To prove this we assume continuity of curves of singu- 
larities of F(2,t). The continuity assumption will be 
justified later. A continuous curve must have a turning 
point at which 

dt/ds=0. (2.8) 


Otherwise the curve would enter either the Euclidean 
region or a physical region, neither of which is allowed. 
Now it has been shown” that 

dt/ds=— f(a)/g(a), (2.9) 
in which the @ variables are given the numerical values 
for coincident or end-point singularities that lead to 
the curve of singularities under discussion. These will 
be called their ‘‘critical’’values. Since g(a) is bounded, 
f(a) must become zero at a turning point. But if f(a) 
is zero, for this particular set of values of the a variables 
D is given by Eq. (2.5). We have already seen that the 
right-hand side of Eq. (2.5) is nonzero when ¢ is in the 
range (2.3), for all positive a. Hence D cannot be zero 
at a turning point, and the function F cannot be singular 
along such a curve. This argument excludes also the 
possibility that a curve has zero slope only asymp- 
totically. 

We deduce that there are no singularities in the region 
(2.7) by using the symmetry between s, /, and u. Hence 
D is negative throughout this region. We can now check 
that F(z,,t) does indeed define the physical branch of 
the Feynman amplitude in an appropriate limit. We 
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have 
D(a, s+ie, t)= (s—4m?+n) f(a) + (4m?— 1) f (@) 
+ tg (a)—m*K (a)+ ie f(a) 


(2.10) 


When /(a) is positive, this expression has the same form 
as D, given by Eq. (1.6) from which the Feynman 
amplitude is defined. When f(a) is zero or negative, 


and when s>4m?, and e=0, we have 


D(a,s,t)= (s—4m?+n) f+ (4m?—n) f+ig—m?K (2.11) 


< (4m? —n) f+tg—m?K. (2.12) 


This expression is negative for 7 small and real, when 
t satisfies 


—4m?+<t<4m?. (2.13) 


Hence in the limit as e tends to zero, either D is nonzero 
so that it equals D, in the same limit; or it has exactly 
the same form as D, and leads to the same distortion 
of the contours of a integration in this lirait. 

When s is negative, the point z;= s—7e corresponds to 


(2.14) 


Z3=Uut+ie. 


This provides the correct limit giving the Feynman 
amplitude when w is the energy squared. The cut 2 
plane of the function F(z;,/) is indicated in Fig. 2 when 
—4m’?<1t<0. This cut plane defines the physical sheet 
of the amplitude F(z,,/) in the variable z:, and is valid 
for ¢ in the range (1.7). 

The analogous function F(s,z2) can similarly be 
shown to satisfy a dispersion relation in 2: when 
—4m?<s<4m?. This is 


F( §,Z9) 
3 {— 
m ~ 


2ni 


1 § [F(s, t+ie’)—F(s, t—ie’) Jdt 
4 


" : 15) 


1 f * | F(s, t+ie’)—F(s, t—ie’) |dt 


2ri t—2Zo 


We see from this formula that in order to obtain a 
double dispersion relation we must define a function 
F(z, thie’) in the region {>4m?. This will be done by 














\ 


Find 





Fic. 2. The complex 2; plane with —4m?<i<0. The limits giving 
the amplitude for the physical regions I and III are indicated. 
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analytic continuation from the region s2=/<4m? where 
a single-variable dispersion relation has been proved. 
The second integral on the right of Eq. (2.15) will be 
similarly considered after changing variables.’ The 
formula (2.15) defines the physical sheet in the variable 
za. A similar formula can be used to define the physical 
sheet in the variable zs. 


3. ANALYTIC COMPLETION IN THE 
PHYSICAL SHEET 


In Sec. 2 it has been shown that F(z,,) defined by 
Eq. (1.8) has no singularities in the upper half z; plane 
for ¢ in the range (1.7). Hence if C is a contour defined 
by a large semicircle in the upper half 2; plane, we can 
write F(z;,/) in the form 


1 F (s,t)dz 
F (2;,l)= f ——, (3.1) 
2m14c 2-2 


2— 2) 


In the four-dimensional space of the complex variables 
1, 22 the contour C in Eq. (3.1) lies in a plane 
S2= constant. 

The method of analytic completion® consists of dis- 
placing the contour C by varying 22 in Eq. (3.1). 
Provided the integrand does not become singular on 
the contour C, the formula (3.1) shows that F (21,22) 
must be analytic everywhere inside the contour. It 
is therefore necessary only to prove that F(z,z2) is not 
singular when z= s+7e, and z= Re”, (0<0@<7), for arbi- 
trarily large values of R. The initial value of 2 is t<4m?, 
and we will vary it to ‘ie’, and then increase ¢ past 
the threshold 4m?. Higher thresholds can be considered 
in a similar manner. 

The function (21,22) is defined by 


n(a) 


d=af da;: + -dan— - —, (3.2) 
0 [ D(a,21,22) |? 


This definition has been shown in Sec. 2 to be valid 
with real integration paths for the a variables when 2; 
and 2 are near the real region (2.7). Its analytic con- 
tinuation consists in varying 2; and z2 from this region 
and distorting the a paths of integration so that singu- 
larities of the integrand [zeros of D(a,z;,22)] do not 
cross them. For z2=/, with ‘4m? we have also seen 
in Sec. 2 that F(z,) is analytic in the z plane cut 
along the real axis as shown in Fig. 2. We now consider 
displacement of the contour C as indicated in Fig. 3. 
The first displacement of C is to 


i+ie’. (3.3) 
We will be concerned in particular with values of 
on C near the real axis, 


a 
21, 


2:=st+ie. (3.4) 
Since ¢ and ¢’ can be arbitrarily small, it is only neces- 
sary to consider those surfaces of singularities in the 2), 
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Fic. 3. The displacement of the contour C in the complex 2, Z2 
space. Only their real axes, s and ¢, are shown explicitly 


2 space that intersect the real s, ¢ plane. There, they 
will appear as curves of singularities or straight lines of 
singularities. This follows from the fact that the critical 
values of a are real when s and / are real and hence the 
derivative dz2/dz, is real at the intersection with the 
real s,t plane. Accidental degeneracy might lead to a 
point singularity but this can be avoided by a slight 
variation in one or more masses. The reality of the 
critical a values for real s and / is most directly proved 
by the following argument given by Landshoff and 
Polkinghorne (private communication). The Landau- 
Bjorken equations 0D/da;=0 are real for real s and ¢. 
The self-consistency of these equations determines a 
set of curves or points for real s and / (not necessarily 
related to a physical branch). Given s and ¢ at one of 
these points or on a curve, the corresponding critical 
values of the a variables will be unique (except for 
accidental degeneracy such as two curves crossing). 
Since the Landau-Bjorken equations are real the com- 
plex conjugate values of the a’s also provide a critical 
set and by uniqueness these two sets are the same. 
Hence the critical values of the a variables are real, 
and the surfaces of singularities have real derivatives 
for s and ¢ real. 

When ¢ is just below the leading threshold 4m’, the 
only singularities of F(z,,/) are the normal thresholds, 


> 


=(nm)*, n=2,3,--: (3:3) 


21>=S 


Z3=u=(nm)*, n=2,3,--- (3.6) 


The location of normal thresholds in 2; or 23 is inde- 
pendent of the other variables, and they are avoided 
when 


Z)=stie, % 

Z3=utie’”’. (3.8) 
The contour C therefore avoids the singularities given 
by Eq. (3.5) during the displacement to the point (3.3). 
Using Eq. (1.2) and (1.3) we have 


23> u—tile + ¢’), (3.9) 


Hence the singularities given by the normal thresholds, 
Eq. (3.6) are not encountered by the contour. 
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The second displacement of C is obtained by in- 
creasing ¢ in Eq. (3.3) past the normal threshold, 
‘=4m*. The singularity corresponding to the threshold 
itself is avoided by the small imaginary part ie’ in Eq. 
(3.3). We must also consider curves of singularities and 
the corresponding surfaces. It was shown in Sec. 2 that 
there are no curves of singularities just below this 
threshold. Hence any curve of singularities must either 
touch the line /=4m? or tend to it asymptotically. In 
both cases it must lie above this line except at the 
tangent point. Near the tangent point (which may be 
at infinity) the absolute value of the slope of the curve 
can be made less than any given positive number 7, by 
a suitable restriction on /, 


di/ds|<n, for 4m*?<l<4m?+6(n). (3.10) 


The slope of the curve of singularities is also the 
derivative of the hypersurface in 2, 22 space at any 
point on the curve. If the curve has an equation 


t=1(s), (3.11) 


the hypersurface will have an equation 
Zo=1(2)). 
Since this is an algebraic equation, we have 
dz»/dz,\= dl ds, 


at any point 2;=s, 2=/, on the curve of singularities. 
It follows from Eq. (3.13) that when the curve of 

singularities has a slope +n, a point 2;=s+7e, on the 

corresponding surface of singularities will have co- 

ordinates, 

tine. (3.14) 


Zi=Stie, 2 


Given ¢ and e’ in Eq. (3.3) and (3.4), we can always 
choose 6 in Eq. (3.10) so that 


“ , 
nee. 


Hence the contour C can be displaced past the threshold 
up to the point 


t=4m?+-6, (3.16) 


either for positive or negative slope of the curve of 
singularities. If the slope of the curve of singularities is 
negative, the contour C does not meet the surface of 
singularities for any value of n. If the slope is negative 
everywhere then the displacement of the contour C can 
continue to all positive values of / without meeting any 
singularities. 

It will be our objective now to show that in fact with 
the analytic continuation defined by Eq. (3.3) and 
(3.4) the only curves of singularities do have negative 
slope. That is to say F(21,z2) becomes singular on curves 
of negative slope only, in the limit, 


z=sStie—s, zo=t+ie 1. (3.14) 


We will show first that our continuing displacement 
of the contour C must not be prevented by a curve of 
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lic. 4. The surface of singularities from a curve of 
positive slope and positive second derivative. 


singularities of positive slope and positive second 
derivative. Below such a curve would be a concave 
region of the real s, ¢ plane near which F(2j,z2) is 
analytic. By considering the intersections of the corre- 
sponding surface with the plane 


Z2= p21, (3.15) 


where p is real and positive, it is clear that near the 
real curve the surface will extend downwards into the 
interior of the contour C as indicated in Fig. 4. This 
would contradict our result that C can be displaced at 
least a small distance past the first normal threshold. 
Therefore such a curve of singularities cannot exist 
unless the displacement of C is prevented at some earlier 
stage. Since a curve of negative slope never extends into 
the region where 2; and z2 have imaginary parts of the 
same sign the only type of curve that could give trouble 
must have positive slope and negative second deriva- 
tive. Thus it would have to bound a convex region of 
the real s, ¢ plane near which F (2,22) is analytic. We 
will prove that such a curve cannot exist by showing 
that curves of singularities cannot leave the physical 
sheet through a normal threshold at a finite point, and 
by using continuity of curves of singularities. 

We will first consider the general possibility of a 
curve of singularities leaving the physical sheet. When 
F (21,22) is continued along the path indicated by Eqs. 
(3.3) and (3.4) the paths of the @ integrations become 
distorted but still have the end points 0 and 1. On a 
curve of singularities all the variables have either end- 
point or coincident (pinching) singularities. When the 
curve is followed, it can leave the physical sheet only 
at a point where one or more coincident singularities 
falls off the end of the contour of integration. At this 
point these coincident singularities are also end-point 
singularities. Therefore there is also a curve of singu- 
larities for a reduced diagram at the same point and 
having the same critical values of the a variables. (The 
“critical values” are those that give the coincident and 
the end-point singularities.) Since the slope of the two 
curves of singularities, given by Eq. (2.9), is a function 
of these critical values, the curves must touch where 
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the original curve left the physical sheet. We can 
therefore continue along the curve for the reduced 
diagram which is on the physical sheet. The situation 
in the @ integration is illustrated in Fig. 5. This estab- 
lishes that every curve of singularities is associated 
with a continuous curve whose slope is continuous and 
along which F(z;,2) is singular in the limit given by 
Eq. (3.14), after analytic continuation in the physical 
sheet. 

It may be possible for this continuous curve of 
singularities to terminate along a straight line of singu- 
larities. The only such lines are the normal thresholds. 
We will now show that a curve cannot leave the 
physical sheet through a normal. threshold except 
asymptotically. 

The discriminant D(a,s,/) has the form, 


D(a,s,t)=sf(a)+lg(a)—m?*K (a). (3.16) 


We will assume that this corresponds to a suitably 
reduced diagram so that on its curve of singularities 
all the critical @ values correspond to coincident 
singularities. We will also assume that this curve leaves 
the physical sheet at a point of tangency to a normal 
threshold, ‘= 4m? for example. If this diagram can be 
further reduced to give another curve of singularities 
touching the normal threshold and leaving the physical 
sheet at the same point we fix our attention on the most 
fully reduced diagram that has this property. At the 
point of tangency, for the critical a values, 
dt/ds= — f(a)/g(a)=0, (3.17) 
and since g(a) is bounded, 
f(a)=0. (3.18) 


Since the curve leaves the physical sheet at this point 
at least one parameter, a; say, must have its coincident 
singularities at the end point 0. If this was the only such 





(4) 


(¢€) 


Fic. 5. An @ integration; (a), (6), (c) show a coincident singu- 
larity following off the contour of integration as s, ¢ vary along a 
curve of singularities through a point where it leaves the physical 
sheet. (c) keeps on the physical sheet but (d) follows the curve to 
an unphysical sheet. (e) shows the related singularity for a reduced 
diagram. 
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parameter there would be a reduced diagram formed 
from D, Eq. (3.16), by taking a,=0, that has a singu- 
larity on the physical sheet at the point of tangency. 
But we have assumed that D describes the most fully 
reduced diagram having a curve of singularities with 
this point as tangent and leaving the physical sheet. 
Therefore the reduced diagram having a,;=0 must give 
a straight line of singularities. But the only lines of 
singularities are normal thresholds for which all the a 
variables are zero except those in generalized self energy 
parts.” It is not possible to go from a diagram giving a 
curve of singularities to a generalized self energy part 
by putting only a,;=0. The simplest possibility is that 
also a2=0, that is to say another variable has its co- 
incident singularities at an end point at the point of 
tangency. Further, both a; and a: must be factors of 
f(a) in this simplest case. Hence near the point of 
tangency to the normal threshold 
0 f(a) da;— 0. 3.19) 
We also have on the curve near this point, 
OK 
—m 
day 


oD of Og 
=¢ + l 


Oa Oa 0a 1 
fa] g OK 
i——m? 
on YI 


X(). (3.21) 
Oa 


If the expression in Eq. (3.21) were zero, then the 
reduced diagram with a2=0 would have a singularity 
for which a; gives a coincident singularity. Thus the 
line 1 would be on the mass shell although it is not one 
of the lines in the generalized self-energy part that 
gives the normal threshold. This is not possible, so the 
statement (3.21) is valid. Equation (3.19), (3.20) and 
(3.21) are consistent only if as the point of tangency is 
approached, 


s=? @, 


(3.23) 


More generally, several a variables may become zero 
at the point of tangency to a normal threshold. The 
structure of diagrams giving rise to curves of singu- 
larities means that every term in f(a) must contain 
two factors a;’, a2’ from two sets a, a)’, a)’, --- and 
@2, ae’, ae’’, --- all of whose critical values tend to zero 
at the point of tangency.? The argument then proceeds 
as in the simple case considered above. 

We consider next the possibility that a curve of 
singularities has a minimum, at which (di/ds) is zero. 
If it did not leave the boundary of the physical sheet 
at the minimum, it would lead to a horn of singularities 
extending downwards as shown in Fig. 4. The method 
of analytic completion cannot be obstructed by such 
a downward pointing horn, as we noted above when 
discussing curves with positive slope and positive second 
derivative. If a curve had a maximum at some point 
but did not leave the physical sheet, it would either 
have a minimum at some other point or it would tend 
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to infinity at some normal threshold in ¢. In order to 
stop the curve from going below the leading normal 
threshold in s, it is necessary for s to tend to plus 
infinity along both ends of the curve. This means that 
the curve would have a minimum in the variable s at 
which (ds/dt) is zero. As before, the method of analytic 
completion must not be obstructed by such a minimum. 
In this instance the analytic completion would begin 
from the analyticity in the upper half z2 plane and 
proceed by varying 2;. If it were only necessary to 
consider one branch of a curve at a time, this would be 
sufficient to prove that all curves of singularities on the 
boundary of the physical sheet, where s and ¢ are 
positive, must have negative slope. This is because only 
this type of curve satisfies the conditions we have 
proved, namely, that it leaves the physical sheet only 
asymptotically through a normal threshold and that it 
does not have a minimum. For a single branch of such 
a curve, a minimum would always lie below a maximum 
and therefore would obstruct the analytic completion 
in a manner that is not allowed. Also the curve cannot 
have a maximum without also having a minimum. 
Hence it must have negative slope everywhere in this 
region, as indicated by curve (a) in Fig. 1. These curves 
are allowed singularities of the function F(2:,22) ana- 
lytically continued in the upper half 2:, z2 planes and 
in the limit given by Eq. (3.14). Curves of singularities 
with negative slope do not lead to surfaces of singu- 
larities in the physical sheet in this region. Thus there 
would be no singularities of F(2,,z2) for z1=s+-ie and 
z.=!+ie’ for any positive value of ¢ if the curves of 
singularities all have negative slope. 

However, it is necessary also to consider curves of 
singularities having more than one branch. A possible 
configuration is indicated in Fig. 6. In this case a maxi- 
mum of a curve of singularities comes below a mini- 
mum.* It would obstruct the process of analytic com- 
pletion since from either the s or from the ¢ direction 
the maximum would be encountered first. A complex 
surface of singularities would extend into the physical 
sheet, (5;+752, ty +it2) between the curves AB and CD. 





Fic. 6. Curves of singularities that would block the procedure 
of analytic completion. They are excluded because a single 
branch never has both ends tend to infinity in parallel directions. 


® I am indebted to Dr. J. C. Polkinghorne and P. Landshoff for 
discussions on this point. 
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However, we will now show that the type of curve 
shown as EABF is not allowed. At £, near the normal 
threshold in ¢, the coefficient g of ¢ in the discriminant 


D, Eq. (3.16) satisfies 


for the critical values of the a variables. Since the slope 
is negative, we also have at E, from Eq. (3.17), 


f(a)>0. (3.25) 


At A the slope becomes infinite and g changes sign; 
hence, on AB, g is negative and f is positive. Similarly 
at B, the slope is zero so f changes sign. Hence at F 
both f(a) and g(a) must be negative. This contradicts 
the fact that near a normal threshold in /, it is necessary 
for g to be positive, as in Eq. (3.24). Hence the type of 
curve EA BF in Fig. 6 is not allowed. A similar argument 
shows that no curve can have an odd number of turning 
points. Since this discussion depends only on one branch 
of the curve, it is sufficient to show not only that the 
situation in Fig. 6 is not allowed, but also that we need 
not consider more complicated topologies. Each single 
branch of the curve must have an even number of 
turning points (if any) in each variable in order to 
have f and g with the known positive signs near the 
normal thresholds. This ensures that it starts from a 
normal threshold in ¢ and ends at a normal threshold 
in s, in each case approaching the threshold asymp- 
totically. For this type of curve a minimum always 
occurs below a maximum, that is for smaller values of 
t. Then the method of analytic completion applies and 
shows that no minimum is allowed. 

This leads to the conclusion that the only curves of 
singularities of F(2;,z2), in the limit shown in Eq. (3.14) 
in the region where s and ¢ are positive must have 
negative slope. Their characteristic form is shown by 
the curve (a) in Fig. 1. In the limit shown in Eq. (3.14), 
there can be no curves of singularities in the region 
where / is positive and s is negative. We deduce that 
for 

2=St+ l€, S2 -t+ie’, 


(3.25) 


there are no singularities of F(2),22) for any positive 
value of ¢. There is no special significance attached to 
our earlier use of the threshold ‘= 4m? as an illustration. 
Similar arguments apply to all thresholds. 

This completes the proof that the function 


F(z, t+ie’), (3.26) 
has no singularities in the upper half z; plane for all 
positive values of ¢. 

The analytic properties of the function 


(3.27) 


can be similarly investigated. By making a change of 
variable to z3, the argument proceeds exactly as above. 
It shows that F(2:,22) is singular in the limit (with 
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e>e’), 
(3.28) 


: ae 
Z=Stie— 5S, so=t-—te — 1, 


only in the region {>4m’, u>4m?. There it has curves 
of singularities that touch the normal thresholds in / 
and u. They are illustrated by curve (6) in Fig. 1. The 
restriction in Eq. (3.26) ensures that z; has a negative 
imaginary part. This is required to avoid the normal 
thresholds in u. This proves that the function (3.27) 
is analytic in the upper half z; plane above the line 


2,=st+ie’. 
4. DOUBLE DISPERSION RELATION 


The results of Sec. 3 permit us to transform the first 
integral on the right-hand side of Eq. (2.15). From the 
analyticity properties obtained for F(2;,22) the contour 
C in Eq. (3.1) can be displaced to give, for t>4m?, 


F (2, t+ie’)= . @8%) 


1 § F(s+ie, t+7e’)ds 


2ri * stite— 2 


1 * F(stie, t—ie’)ds 
F (21, t—ie’)= f —, 
2ri st+ie—2 


x 


(4.2) 


The difference between the expressions on the left of 
Eq. (4.1) and (4.2) is real for s3=s, (—4m?<s<4m’*) 
in the limit as e, e’ tend to zero. From Eqs. (4.1) and 
(4.2) both functions are analytic in the upper half 2, 
plane in this limit. Hence their difference satisfies a 
dispersion relation. The first integral on the right-hand 
side of Eq. (2.15) then leads to 


1 . . . p(s,t) 
f al f ds +f is ’ 
(2mi)? J 4m? = ae (s—2) (t—22) 


where we have replaced s in Eq. (2.15) by 21, so as to 
obtain the relevant term in F'(z;,z2). 


(4.3) 


p(s,t)=limit [F(s+ie, t+-ie’) —F (st+-ie, t—ie’) 


— F(s—ie, t+ie’)+F(s—ie, t—ie’) ]. (4.4) 

The second integral on the right of Eq. (2.15) can 
be considered in a similar manner by making a change 
of variable so as to keep w constant when transforming 
the integrand to give the second dispersion relation. 
This procedure was described in an earlier paper.’ 
After taking account of the use of oblique axes, the 
integrals can then be combined to give the Mandelstam 
representation. This the proof of the 
Mandelstam representation with equal-mass particles. 


completes 


5. GENERAL MASSES WITHOUT 
ANOMALOUS THRESHOLDS 


In order to prove in a similar manner the validity of 
the Mandelstam representation for general masses we 
require (a) that there is a region in the real s, ¢ plane 
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where the amplitude is real, (b) that when / exceeds its 
least value in this real region the amplitude has no 
curves of singularities in the limit of F (s+ ie, +-ie’) for 
which di/ds is positive and decreasing, and (c) similar 
restrictions with respect to the other variables. 

In the equal-mass case the condition (b) was proved 
from the fact that the curves of singularities tend 
asymptotically to the normal thresholds in s and ¢, and 
do not leave the physical sheet in any other manner. 
This same condition applies in the general-mass case. 
If there are no anomalous thresholds, then the only 
straight lines of singularities are normal thresholds. 
Curves of singularities leave the physical sheet only 
asymptotically through normal thresholds (taking into 
account the discussion on continuity in Sec. 3). The 
condition (a), that the amplitude is real, is sufficient 
to prove single-variable dispersion relations. These 
establish the starting region for the method of analytic 
completion with the contour C. The required displace- 
ment of the contour C will not be prevented by normal 
thresholds nor by the surfaces related to the curves that 
tend asymptotically to norma! thresholds. No curve of 
singularities can have a minimum since this would 
contradict the proven displacement of the contour C to 
positive values of /. Since the curves are continuous 
there can be no maximum either. This then establishes 
the characteristic negative slope of curves that are 
singularities of F (21,22) in the limit 2:=s+de— s, and 
z2=t+ie’— 1. Similarly, given that there are no 
anomalous thresholds, the required analyticity can 
also be proved in the other limits. 

We will now show that condition (a), that there is a 
region of the s, ¢ plane where the amplitude is real, is 
ensured for all orders if its holds in fourth order. The 
discriminant D(a,s,t) for a general diagram has the 
form,? 


4 
D(a,s,t)=s f(a) +tg(a) +32 M?K;(a) 
1 
—>aym?C(a). (5.1) 
1 


If the variable a; corresponds to an internal line of the 
diagram, then 


dD (a,s,t)/da;= D(a,a;,s,t)—am?C (aja 


—m?C (a). 


The notation a;~! indicates that the line labelled a; is 
to be removed before evaluating the expression con- 
cerned. The coefficient C(a) in Eq. (5.1) is positive for 
a real and positive for all diagrams. Hence C(a,a;~') 
is positive. 

From Eq. (5.2) we see that if, in some region of the 
real s, ¢ plane, for real positive a, we have 


D(a,a;,s,t) <0, (5.3) 
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then in the same region 


dD (a,s,t)/da;<0. (5.4) 

This proves that in the region in which Eq. (5.3) is 
valid, the variable a; cannot have coincident singu- 
larities (for the physical branch of the amplitude). 
Hence in considering the singularities corresponding to 
D(a,s,t), it is sufficient to consider those with a;=0 so 
that the corresponding line is reduced. In this manner 
we can obtain a lower bound on the leading singu- 
larities of any diagram either by reducing any internal 
line, or by removing any internal line. It is clear from 
Eq. (5.1) that an increase in the mass m; of any internal 
line will not cause a negative D to become positive. If 
the line 7 is on the mass shell, D will decrease as m; is 
increased. It is therefore sufficient to consider only 
diagrams in which the lightest “allowed” masses occur 
in internal lines. Allowed masses are those that are 
compatible with selection rules. In removing lines from 
a diagram, selection rules must not be violated if the 
best lower bound is to be obtained for the location of 
singularities. However, the statement in Eq. (5.3) and 
(5.4) does not itself depend on selection rules and it 
may be convenient in some instances to ignore selection 
rules in removing internal lines, provided it is re- 
membered that this may not give the best lower bound. 

The above method of reduction or removal of internal 
lines will lead in general to the simplest reduced dia- 
gram having the structure of a fourth order diagram. 
The simplest such diagram will have the lightest 
allowed masses. We conclude that the condition for 
the amplitude to be real in some region of the real s, 
t plane is that the amplitude given by this reduced 
“fourth order” diagram shall be real in some region of 
the s, ¢ plane. 

We consider next the possibility of anomalous 
thresholds. We assume that there are none for the 
reduced ‘fourth order’? diagram. Then the region in 
which D is negative will extend up to the leading 
normal threshold in each variable. If the leading 
normal threshold bounds not only the real region but 
also bounds a physical scattering region in each variable 
then there can be no anomalous thresholds. This is 
because any straight line of singularities must intersect 
a physical region since it must not enter the region 
where the amplitude is real. In physical regions the 
only singularities are at normal thresholds.? Examples 
of this type of process are given by pion-pion scattering, 
and by pion-nucleon scattering. For these processes 
there are no anomalous thresholds. 


However, the leading normal threshold may not 
bound a physical region for the scattering process we 


are considering. For example, the leading normal 
threshold for nucleon-antinucleon scattering is given 
by an intermediate state of two pions. In considering 
the possibility of anomalous thresholds in such a case 


it is sufficient to limit the discussion to vertex parts. 


OF MANDELSTAM 


REPRESENTATION 


Then D is a function of one variable only, and 


D(a,s)=sP\(a)+M2Po2(a)+M3P3(a) 

—Yam?C(a), (5.5) 
where P;(a) is positive when a is real and positive. For 
ease of description, the nucleon-antinucleon case will 
be discussed. Below the two-pion threshold, D is 
negative for all vertex parts since the fourth order term 
leads to a vertex part that has D negative in this region. 
Above the two-pion threshold, if two pion lines for any 
diagram contain four-momenta satisfying 


s= (gitqz2)*, (5.6) 


then the diagram cannot have a singularity with 


grv=m,", g2°=m,’. 


(5.7) 
This result follows from the fact that only at the 
threshold 

(2m,)", 


(5.8) 


will the Feynman diagram have an end-point singu- 
larity in the relative momentum of the two pions. It 
follows that one of the two pion lines can be reduced 
when s exceeds the threshold value. In the reduced 
diagram s must be carried by at least three pion lines. 
It can be seen by inspection that the simplest of these 
vertex diagrams will have D negative below the three- 
pion threshold. This is done by noting that the deriva- 
tive of D with respect to a parameter for one of the 
nucleon lines is always negative. Hence this line cannot 
be on the mass shell and the diagram can be further 
reduced. The reduced diagram is known to have no 
anomalous thresholds. An argument similar to that 
used below the two-pion threshold can now be applied 
to show that all vertex diagrams having at least three 
pion lines carrying the energy squared must have 
negative D below the three-pion threshold. This argu- 
ment is a generalization of the “majorization” pro- 
cedure developed by Symanzik.'® It shows that below 
each normal threshold only the simplest vertex dia- 
grams corresponding to that threshold need be con- 
sidered. The argument can be fairly readily applied to 
any individual case, and it shows for example that 
multiplarticle states do not lead to anomalous thresholds 
in nucleon-antinucleon scattering. 

We conclude that (1) when the leading normal 
threshold in each variable bounds a physical region for 
the process under consideration, the absence of anoma- 
lous thresholds ensures their absence to all orders, and 
(2) when the leading normal threshold lies below the 
relevant physical region, the absence of anomalous 
thresholds can be verified by considering the simplest 
mu!tiparticle reduced diagrams whose normal thresh- 
olds lie in the gap between the region where the ampli- 
tude is real and the region where it is physical. 


0K. Symanzik, Progr. Theoret. Phys. (Kyoto) 20, 690 (1947). 
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6. CONCLUDING REMARKS 


The proof of the Mandelstam representation given 
in this paper applies when there are no anomalous 
thresholds. It has also been shown that the absence of 
anomalous thresholds is ensured when they are absent 
from a limited number of lower order diagrams. In 
some instances the fourth order diagram itself gives 
‘this information, as for example with pion-pion scat- 
tering, or pion-nucleon scattering. It may also be true 
in general that the fourth order diagram determines 
the absence of anomalous thresholds to all orders, but 
this has not been proved yet. It can fairly easily be 
checked for special cases, and for example it is true for 
nucleon-nucleon scattering. 

The method of proof used in this paper can in prin- 
ciple also be applied when there are anomalous thresh- 
olds but not when there are super-anomalous thresholds. 
The characteristic of the latter is the existence of two 
branches of a curve on which the amplitude is singular 
in one spectral region, the two branches being con- 
nected by a singular surface in the physical sheet. The 
difficulty in practice of applying the method when there 
are anomalous thresholds is that curves of singularities 
can leave the boundary of the physical sheet through 
these thresholds at a finite point. There is therefore no 
simple continuity argument that prevents such a curve 
from having a maximum at some positive value of one 
of the energy variables. The aim of further investi- 
gation of anomalous thresholds must be to find out 
whether certain low-order diagrams, possibly the fourth 
order alone, determine the validity of the Mandelstam 
representation to al! orders when there are anomalous 
thresholds. 

There are several points in the proof where the 
perturbation series has been explicitly used. The method 
of analytic completion beginning with knowledge 
obtained from a single-variable dispersion relation is 
not specific to a perturbation treatment of the problem. 
However, the perturbation series, in particular the 
parametric representation of a Feynman diagram, has 
been used in showing that the required analytic com- 
pletion is possible without distortion of the contour 
surrounding the tube of analyticity. This representation 
was required (1) to extend the single-variable dispersion 
relation up to the leading normal threshold, (2) to 
establish continuity of curves of singularities on the 
boundary of the physical sheet, and (3) to prove that 
a curve of singularities that leaves the boundary of the 
physical sheet through a normal threshold does so 
asymptotically. 

In a previous report on this proof," an alternative 
method was mentioned whereby the nonexistence of 
spurious turning points (i.e., minima of curves of 
singularities not at anomalous thresholds) and dis- 
connected complex singularities can be established for 
the physical sheet. This method consists of tracing 


" R, J. Eden, Phys. Rev. Letters 5, 213 (1960). 
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curves of singularities through the complex part of the 
physical sheet beginning from either a minimum of a 
curve of singularities or a disconnected complex singu- 
larity if either of these exist in the physical sheet. It 
can be shown that this complex curve must lead to a 
singularity below the leading normal threshold, for 
example in the variable ¢, with ¢ real. This contradicts 
the single-variable dispersion relation and proves that 
the starting assumption of a spurious turning point or 
a disconnected complex singularity was wrong. This 
alternative method will not be described in detail since 
the manner in which it traces complex singularities is a 
special case of another alternative method that has been 
developed independently. 

This alternative method for proving the Mandelstam 
representation has been developed by Landshoff, 
Polkinghorne, and Taylor.” Their method of approach 
starts from the opposite side of the problem to that 
used in this paper. Here we have started from a region 
in 21, 22 space know to be free from singularities and by 
standard methods have extended this region to show 
that there are no singularities inside a tube in this 
space. Several applications of this procedure were 
sufficient to prove the analyticity required for the 
Mandelstam representation. In contrast to this method, 
Landshoff, Polkinghorne, and Taylor assume the 
existence of singularities in the physical sheet, and then 
study the properties of the associated surfaces of singu- 
larities. By tracing curves of singularities in the complex 
space, they show that if one part of a branch of a surface 
of singularities is in the physical sheet, then all parts of 
this branch of the surface must be singular in the 
physical sheet. Since any such branch must intersect, 
for example, a forward scattering region (‘=0, s com- 
plex) where there are no complex singularities, they can 
deduce that their original assumption of singularities 
in the physical sheet was incorrect, and there can be no 
complex singularities in the physical sheet. Their 
method is dependent also on a continuity argument that 
is related to the one used in this paper, but it is ex- 
pressed as an induction procedure which is the converse 
of the way in which it is used here. 
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